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PREFACE TO THE SECOND EDITION 


In issuing a second edition of the present volume it has 
been found desiiable to enlaige it consideiably beyond its 
oiiginal limits The necessity for this has aiisen partly 
fiom the increased lequiiements of the class of students foi 
v^hom the book was oiigmally written, and paitly fiom the 
expiessed opinion of many teacheis that its sphere of useful- 
ness might be thereby extended 

Chapters have been added on Maxima and Minima of 
Seveial Independent Vaiiables, on Elimination, on Lagiange’s 
and Laplace’s Theorems, on Changing the Independent Vari- 
able, and one giving a shoit account of the piincipal piopeities 
of the best-known cuives, which may be convenient for 
reference A number of isolated theoiems and piocesses, 
which do not find a convenient place elsewheie, have been 
put into a sepaiate chapter entitled Miscellaneous Theorems 
Consideiable additions have been made to some of the oiiginal 
articles, and otheis have been lewiitten. 

Many additional sets of easy examples, specially illus- 
tiative of the theoiems and methods proved oi explained 
in the immediately pieceding bookwoik, have been inseited, 
in the hope that a selection fiom these will firmly fix in 
the mind of the student the leading piinciples and pio- 
cesses to be adopted in their solution befoie attacking the 
geneially more difficult pioblems at the ends of the chapters 
In a text-book of this character theie will not be found 
much that is new or oiiginal, the object being to piesent 
to the student as succinct an account as possible of the 
most important lesults and methods which aie up to the 
present time known, and to affbid sufficient scope for 
piactice m then use 
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PREFACE 


To attain this object many tieatises on this and allied 
subjects have been consulted, and my acknowledgments of 
assistance aie theiefoie due to many anthois More pai- 
ticulaily I am indebted for much infoimation to the admiiable 
works of Ciamer, Gregoiy, De Morgan, I’Abbd Moigno, Senet, 
Fienet, Beitiand, Fiost, Todhuntei, Williamson, and Salmon, 
whose labours have done so much to develop and extend 
the piinciples and applications of the subject 
I have consulted a laige number of univeisity and college 
examination papeis set in Oxfoid, Cambiidge, London, and 
elsenheie, and manj'’ of the examples given have been 
exti.icted from them Such papeis cleaily define the extent 
of knowledge expected fiom students by the laige body of 
distinguished scholais who from time to time aie engaged 
in conducting these examinations, and the piesent woik 
has been constructed to meet these requirements as fai as 
possible 

Hy thanks are due to several fi lends and correspondents 
who have kindly sent me valuable suggestions and lists of 
eriata oecuiiing in the fiist edition 

JOSEPH EDWARDS 


80 Cavbpidce Gardens, 
North Kessington, W 
Febiuaiy, 1892 


THIED EDITION 

In this edition several eiiois have been eliminated, and a 
few additional articles inserted in Chaptei XX on Eoulettes 
and on the Numbers of Bernoulli and Eulei 


Jmnan, 1896 


JOSEPH EDWARDS 
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PRINCIPLES AND PROCESSES OF THE 
DIFFERENTIAL CALCULUS 




CHAPTER I. 


DEFINITIONS. LIMITS. 

1 Primary Object of the Differential Calculus 

When increasing or decreasing quantities are made the 
subject of mathematical investigation, it frequently becomes 
necessary to estimate then rates of giowth The primary 
object of the Diffeiential Calculus is to describe an instrument 
for the measurement of such rates and to frame rules for its 
formation and use . 

2 The whole machinery of the Differential Calculus will 
be completed in the firat six chapters, and the student should 
make himself as pioficient as possible in its manipulation 
The remaining chapteis simply consist of vanous applications 
of the methods and formulae here established 

3 We commence with an explanation of several technical 
teims which are of frequent occurrence in this subject, and 
■with the meanings of which the student should be familial 
from the outset 

4 Constants and Variables 

A CONSTANT 'IS a quantit'y wJach, durviig any set of matlie- 
mahcal alterations, retai/ns the same value 

A VARIABLE is a quantity which, during any set of mathe- 
matical operations, does not retain the same value, hut vs 
capable of assuming different values. 

Ex Tbe area of any triangle on a given base and between given 
parallels is a constant quantity , so also tlie base, the distance between 
the parallel lines, the sum of the angles of the triangle are constant 
quantities But the separate angles, the sides, the position of the vertex 
are vanables 

EP c A ® 
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CHAPTER 1. 


It has become conventional to make use of the letters 
a, b, c, , a, A y. » beginning of the alphabet to 

denote constants , and to letain latei letters, such as it>, v, w, x, 
y, z, and the Greek letters tj, for vaiiables 

5 Dependent and Independent Yanahles 

An INDEPENDENT VARIABLE onc xvlvick may take up any 
arbitral y value that may be assigned to it 

A DEPENDENT VARIABLE IS oue wliicli ossumes its value m 
consequence of some second variable or system of variables 
taking up any set of arbitral y values that may be assigned to 
them 

6 Functions 

When one quantity depends upon another or upon a system 
of others, so that it assumes a definite value when a system of 
^finite values is given to the others, it is called a function of 
those others 

The function itself is a dependent variable, and the vaiiables 
to -which values are given are independent vanables 

The usual notation to express that one variable y is a func- 
tion of another x is 

y=fix), or y-F(x), or y=(i>{x) , 
the letters /( ), F{ ), ), x( ). •• being generally retained to 

represent functions of arbitrary oi unknown form Occasion- 
ally the brackets are dispensed with when no confusion can 
thereby arise Thus fv will sometimes be written for f(x) 
If u be an arbitrary or unknown function of several variables 

Vi z, we may express the fact by the equation 

y, z) 

Ex In any tnangle, two of whose sides are x and y and the 
included angle B, we have A—\xysmB to express the area 
Here A is the dependent variable, and is a function of known 
form — of 05, y, and B, which are the independent variables 

7 It will be seen that we could write the same equation in 
other forms, 

eg, sin0=— , 

xy 

which may be regarded as an expression for sin B in terms of 
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the area and tn'o sides , so that novr sin 6 may be regarded as 
the dependent variable, ■while A, x, y, are independent vaiiables. 

And ifc is clear that if theie be one equation between, four 
variables, as above, it is sufficient to determine one in terms of 
the other three, so that any one tariahle may he regarded ae 
dependent and the others as independent 

This may be extended. For, if there be one equation between 
u variables, it will suffice to find one of them in terms of the 
lemaining (oi — 1), so that any one lariahle can be considered 
dependent and the remaining (%— 1) independent 

And, further, if there be r equations connecting n variables 
{n being greater than r) they will be enough to determine r of 
the variables in terms of the other n—r variables, so that any 
r of the variables can he considered dependent, while the rC' 
maining (n— r) are independent 

8 Explicit and Implicit Functions 

A function is said to he explicit when expressed directly 
in terms of the independent variable or variables 

For example, if c=tr, or Z’^rmxO, or z^sry, 
or ra=a*’6''IogA+(«+A)" 

z is expressed directly in terras of the independent variables, and is there- 
fore in each of the aboic cases said to be an explicit function of those 
variables. 

But, if the function be not expressed directly in terms of the 
independent variable (or variables) the function is said to be 
LMPLICIT 

If, for example, ajr+yA-b=0 , 

or arf=(a- - fYb+y )' . 

y in each case is said to be an implicit function of x 

Sometimes, however, we can solve the equation for y eg, the first 

equation we can write as y=- , and in this form y is said to be an 

explicit function of a 

It appears then that if the equation connecting the variables be solved 
for the dependent vaiiable, that i anable is reduced from being an implicit 
to being an explicit function of the remaining variable or vanables 
Such solution is not, ho'w ei or, ahi aj s possible oi com enient. 

9 Species of Known Functions 

Functions which are made up of powers of variables and 
constants connected by the signs -f — x — are classed as 
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algebraic functions If radical signs or fractional indices 
occur in tlie function j it is said to be vri'atwnal ^ if not, i atiotiat 
All othei lunctions aie classed as ti anscendenial functions 
Of transcendental functions, sines, cosines, tangents, etc., aie 
called tngonometi icid oi ciiciilar functions 
Functions such as sin"^®, tan-^T, etc., are called inverbc 
tiigononietrical functions 

Functions such as d^, of, in which the variable occurs in the 
index, aie called exponential functions 
While if logaiithms are involved, as foi instance in log^T; or 
log^oCa+hu), etc, the function is called logarithmic 

Besides the above we have the hypei holic functions, sinli x, 
cosh % etc , of which a short desciiption follows m Art 23 


10 Limit of a Function 

Def When a function can be made to appioach continu- 
ally to equality imth some fixed value so as to differ from it by 
less than any assignable quantity, hoioever small, by making 
the independent variable (or variables) approach some assigned 
value (or values), that fixed value is called the limit of ike 
function for the value (or values) of the variable {or variables) 
refen ed to 


11 Illustrations 


Ex. 1 If an equilateral poh gon be mscnbetl m any closed curve, and 
the sides of the iwh gon be decreased indefinitely and at the same tune 
increased in nnmbci indefiuitelv, the poh gon continiinlli approximates 
to the fomi of the cun-e, and ultimately differs from it tn aiea by less than 
any assignable magnitude, and the enn c is said to be the limit of the poly- 
gon inscribed in it 

E\ 2 The limit of hen r IS indefinitely diniuiished is 3 For 

T + 1 

the difference bet-ween and 3 is-£_ , and bi dimimsluns a lude- 
i + l r+l ' ° 

finitely can be made less than any assignable guantUy hoveicr small 


Hence it is said that the limit of =i±l\\ben x is nulefimtelv diminished 

A +1 

IS 3 3 

2 +- 

The expression can also be wintten — |, nhich shows that if x be 

increased indefinitely it can be made to continually approach and to differ 
by less than any assignable quantity from 2, which is therefore its limit iii 
that case 
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Ev 3 


The hmxts of some quantities aie scio, eg , 



air'+bi,' 

1 

sin.i, 

pi hen 1 IS zeiOj 

1 -cos r,_ 


1 - sin >,1 

■when 

cos r,J 

2 



When the linnt of a quantit\ js rero fm nin \ahie oi values of the iiulc- 
{HMuleiit \ntiablc oi \ai tables, the quantity is said to be a iamshng 
quantity iox those \ allies. 


It IS useful to adopt the notation Xfjcsm to denote the words 

*' the limit when xs=a of" 

E\ 1 The sum of a (7 /* of mUicIi (ho fust lei in is ct, cotiiiuon latio r, 
and M the miiiibor of teniis, is a 

j - 1 

If r<l, the sum to innniti is . Fni the dineioncc , and 

1-r r-1 

since /-/„••■ — r=0 (when r< 1), this dilTuiencc is a vaniihng qitaniiti/ 
r—i 

IX 5 Wo s.i) C«2i K' ''huh ue mean that by taking enough sivea 
s\e can make 6GG tfifer by as little ire please from 3 


Ex C. The DErLviTiox or a tangent is another example. 

Dei’. Let PQ he a chord joining P, Q, two adjacent 2 >oinis 
on a curve. Let Q travel alone/ the curve towards P and come 
so clow us uliiinatcli/ to coincide vjith P Then the limiting 
jiosition of PQ, viz, PT, is called the tangent at P 



The angle QPT is a vanishing quantity , for it ean bo made 
less than any assignable quantitj'^ b}' making Q move along the 
curve sufficiently close to P. 

12 We proceed to state several important principles with 
regard to limits which aie of ficqucnt use • — 

(!) The hmii of the sum of a finite numbei of quantities is 
equal to the sum of their limits 
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(2) The liimi of ilie product of a finite number of quantities 
IS ^'n, general equal to the product of their Ivm/its 

(3) The linnt of the ratio of two quantities (whose limits 
are not zero or infinity is equal to the ratio of their limits 

(4) The hmits of two quantities (whose UmiU are finite) 
are equal when the limit of their difference is zero 

These statements are almost Belf-e^ ident, and their formal proofs may 
be left as an elementary exercise for the student 

Examples 

1 If «i, he the varying quantities, pro\ e 

i<(«j + Wj + W3+ ) = Zn£i + X<Ks + 

[Let Vj, Vj be the respective hmits of «i, «.>, etc , and let «i=ri + ai, 
«2=i>„+os, etc , where aj, oj, become less than any assignable quantities 
when the variables Mi, Kj, approach their limits 

Tlien «j+i£s+ =(t’i+®2+ )+(ai+o-.+ )i 

and if a be the greatest of the quantities aj, og and n their number, 

01 + 02+ <«o. 

But by hypothesis Z<a=0 , and therefore if n be finite Ltna=0, 
whence Z<(«i+«j+ )=ri+Vi+ 

—ZtUi+Z(ih+ ] 

2 Prove Z<«iM2=Zfi{i ZtUa 

and ' Zi(unt« «„)=Zf«i Ztita ZUh , 

pointing out any exceptions 

3 Piove Z<K"=(Zfte)", Zia'‘=a^'' , Z(log«=logZh£ , 

pointing out any exceptions 

13 Indeterminate or Illusory Forms 

When a function involves the independent variable (or 
variables) in such a mannei that, for a ceitain assigned value 
of that variable, its value cannot be found by simply substitut- 
ing that value of the variable, the function is usually said to 
take an indetei'minate foimi oi to assume an indetei'minate 
value 

14 The name indeterminate, though sanctioned bj'’ common 
use, IS open to objection, inasmuch as it wiU be found that the 
true values of such foims can in geneial be arrived at by 
means of certain piocesses which we shall heieaftei discuss at 
length in a special chapter , wheieas it would seem to be 
implied in the name indetei'minate that it would be impossible 
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to obtain tbe value of a function to which that name was 
applied Undetei mined ” oi Illusoiy Forms ” appear to be 
bettei designations foi such cases. 

15 One of the commonest cases occurring is when the 
function takes the form of a fraction whose Numerator and 
Denonmiator both vanish for the assigned value of the vaiiable. 

The limit of the ratio of two vanishing quantities may he 
cero, finite or infinite. 

Several other indeteiminate fonnsare treated fully in Chapter 
XIII. 

« 

16 Two functions of the same independent vaiiable are said 
to be ultimately equal when, as the independent variable 
appioaches indefinitely near its assigned value, the limit of 
their ratio is unity 

Tlius , 

and tlicrcfoic, when an angle is indefinitely diminished, its sine and its 
circular measure aie ultnnatcly equal. 

Exampi^es 

1. Find the limit w hen r=0 of X, 


(i ) 'When y=mx 

(li) Wlien 

(ill.) When y—ftar-Vh 


2 Find 

2-^1 + 2r j ^—0 , (ii ) when a’—oo. 

3 Find 

when y-=2ar- it. 

4 Find 

when — 

X a- 0 - 

5 Find 

V 

G Find 

n 

w’hen y*=scfr+&ar + ci’® 

7 Find 

If 

x — a , 

8 Find 

when (i ) ar=0 , (ii.) x—m 

9 Find 

Zi*=,» ‘JxAr I — •Jx) 

10 Prove that 

p~qx and q—px tend to equality as x diminishes to 

zeio, but } et that their limits are not equal 
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11 The opposite angles of a quadiilatei-al insciibed m a circle are 
togethei equal to two right angles What does this become when in the 
limit tn 0 angular points coincide ? 

12 Find the ultimate position of the point of intersection of the dia- 
gonals of a ihombus, when one of the angles diminishes indefinitely 

17 We now proceed to consider the limits of foui very 
important undetei mined forms 

18 I The pi oofs of the well-known lesults 

j. sin 6 - 

Q *•» 

if<;^ocos6=l, 

T. tan 0 _ 

=i> 

can be found in any standard book on Plane Tiigonometry, 

19 II 

Let a!=l-f 2 ; Then when a; appioacbes the value unity 
2 appioaehes zeio, and ve can therefoie considei c to be less 
than 1, and tbeiefore can apply the Binomial Theorem to 
expand ( 14 - 2 )”, whatever n may be 


„ ,, a:”-l (l-i-2)"-l 

Hence 


■Lt 




' 1=0 




= 91 


20 III =e, wheie e IS the base of the Napiei- 

lan system of logaiithms This numbei e is defined as the 

1 1 

value of the senes fo °®> s-^d it may easily 

be shown to be 27182818 

Since ai is to be ultimately infinite, we may throughout 
consider ~ to be less than unity, and may theiefore apply the 

Binomial Theoiem to the expansion of (l+^* We thus 
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lA A . A® 1 , 1 . x(x—l) 1 , x(x—l)(x-2) 1 , 
obtain (1+J =l+a^+-^' g+ 12 3 P + - 


= 1 + 1 + 


2» 3> 


f • • 


2» 

= l+l + i+i + ... 

in the limit, when x is indefinitel 3 ’^ inci eased 
Con. 


21 IV. if„o^=logrft. 

Assume the expansion for a*, ^ iz. : 

a*=l+a;logca+^-2^^+. . 

Tliis is a convergent sciies, for the test fraction is 

^ ’ n 

and can he made less than any assignable quantity by making 
11 sufficiently large 
We have theiefoie 

^=log^+^>... 

and the limit of the righ+hand side, when x is indefinitely 
diminished, is cleailj^ loge® 

22 The limit IV can bo deduced fiom III thus: 

1 


Let 

then 


a'-l=- 


t/ 


a*=l+i, 

y 

and therefore 'wlien x becomes zero y becomes infinite, and 


r=log.(l+l), 


"a4r=0 — 


1 


X 


—Ltt 


log.(n-i) 
■ =U 


j^ai» rrr — 

ylog.(j+-) 'og.(l+j) 


>»e-» 

=log«a 


[Art 20] 
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Examples 


1 Prove 


2 Prove 


3 Pro\e 

4 Prove 


5 Prove 


[Put 

1 

i^*=o(l+«^)*=e“ 

7- . sill mT m 

Jjtx^O ■ 

smm 7^ 

T, a*-l-Aloga_' 


=Kiog«)® 


6 Prove — i=» without assuming the Binomial theorem , con- 

X- 1 

sidenng the several cases, (i ) n a positive integer, (ii ) n a positive fraction, 
(ill ) n negative, (iv ) n incommensurable 

23 Hyperbolic Functions 

By analogy with the exponential values of the sine, cosine, 
tangent, etc , the exponential functions 

gO_g-o ^ 

2 c»+e-^' 

are respectively written 

sinh 0, cosh 6, tanh 0, etc , 

and called the hypo hohc svne, cosine, tangent, etc , of 0, and as 
a class are styled hyperbolic functions 

Since sin 0= — = , and cos 0= = — , 

a 

where i=>n/— 1, it will be cleai that 

sin t0=tsinh 0, 
cos 10 = cosh 0, 

and hence or from the definition 

(1) tant0=t^^=ttanh0, 

' ' cosh0 ’ 

(2) cosh®0— sinh®0=l , 

(3) sin (0 + 1 (f)) = sin 0 cosh ^ + 1 cos 0 sinh ^ ; 

with many other foimulae analogous to, and easily deducible 
from, the common formulae of Trigonometry 
If aj=smh0, 

we have 0=sinh~^, 

an vnverse hyperbolic function of x analogous to the inveise 
trigonometrical function sin“% 
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This species of function however is merely logarithmic, for, 

e® — 


since 


X 


2 ’ 


we have e® = aj + a/i + 

and 0=loge(a;+>/l+a;’*), 

while coiTespondmg lesiilts hold for cosh"^, tanh"*aJ, etc 


Examples 


1 


Piove the following formulae — 

(cr) _ cosech“0=coth-0-l , 

(6) sinli (5 + 0) = sinh 6 cosh 4* + cosh 6 smh ^ ; 


(c) 

(rf) 


1+tanh 0tanh<^ 

sinh 0+smh ^=2smh ^-^cosh^ 




2 Show that the co ordinates of any point on the rectangular hyperbola 
ar—^—a- may be denoted by a cosh 0, asmh 6 

SO 

3 Piove (a) 8inh~*As=tanli“^-jf==^> 


(6) 2 tanh'^A? = log 

X SO 


4 If a;+iy=atan(M+ iv), show that the curves ?{=:constant and v=coii- 
stant aie ciicles whose radii aie respectively acosec2i« and acosech2v 
cutting each other oithogonally 

5 Show that suiha and coslia; have an imaginary penod 2(7r, and that 
tanh X has an imaginary penod tw. 


Infinitesimals, 

24 All measurable quantities are estimated by the ratios 
which they bear to ceitain fixed but arbitrary units of their 
own kind The whole raeasuie of a quantity thus consists of 
two factors — the unit itself and an abstiact number which re- 
presents the ratio of the measured quantity to the unit. The 
magnitude of the unit should be chosen as something com- 
parable with the quantity to be measured, otherwise the 
abstract number which measuies the ratio of the quantity 
to the unit will be too laige or too small to lie within the 
limits of comprehension For instance, the radius of the earth 
is conveniently estimated in miles (roughly 4,000) , the moon’s 
distance in eaHh’s mdii (about 60), the sun’s distance in 
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moon’s distances (about 400) , the distance of Sinus in swn s 
distances (at least 200,000) Again, for sucli lelatively small 
quantities as the wave-length of a particular kind of light, 07ie 
ten-milhonth of an inch is found to be a sufficiently large 
unit the wave-length foi light fiom the led end of the 
spectrum being about 266, that from the violet end 167 such 
umts (Lloyd, "Wave Theoiy of Light,” p 18) 

26 Any comparison of two quantities is equivalent to an 
estimate of how many times the one is contained in oi contains 
the othei , that is, die one quantity is estimated in terms of 
the other as a unit, and accoiding as the number expressing 
their latio is very large compared with unity oi a veiy small 
fraction, the one is said to be very laige oi very small in 
comparison with the other The terms great and small are 
therefore pui ely relative 

The standard of smallness is vague and arbitrary An 
erioi of measurement which, centuries ago, would have been 
reckoned small would now be considered enoimous The 
accuracy of observation, and theiefoie the smallness of allow- 
able eiTois of observation, increases with the continual im- 
provement in the construction of instruments and methods 
of measurement 

26 Orders of Smallness 

If we conceive any magnitude A divided up into any large 

A 

number of equal parts, say a billion (10^®), then each part 

IS extremely small, and for all practical purposes negligible, in 
comparison with A If this part be again subdivided into a 

billion equal parts, each= each of these last is extremely 

small m comparison with and so on We thus obtam a 

AAA 

senes of magnitudes, A, , each of which is 

excessively small in comparison with the one which precedes 
it, but very laige compaied with the one which follows it 
Tins furnishes us with what we may designate a scale of 
smallness 
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Moic generally, if we agree to consider any given fi action / 
as being small in compaiison with unity, then fA will he 
small in compaiison with A, and we may term the expiessions 
fA, f^A, pA, small quantities of the fii $t, second, third, etc , 
orders, and the numeiical quantities/,/-,/®, , may he called 
small fractions of the fimt, second, third, etc., ordeis 

Thus, supposing A to he any given finite magnitude, any 
given fiaction of A is at oui choice to designate a small 
quantity of the first Older in compaiison with A When this 
is chosen, any quantity -which has to this small quantity of the 
first ordci a ratio which is a small fiaction of the fiist older, is 
itself a small quantity of the second order Similail}’-, any 
'quantity whose ratio to a small quantit}^ of the second Older is a 
small fiaction of the first ordei is a small quantity of the third 
Older, and so on. So that geneiallj^ if a small quantity he such 
that its ratio to a small quantity of the Older he a small 
fraction of the Older, it is itself termed a small quantity of 
the (^1 order. 

27. Infinitesimals. 

If these small quantities Af, Ap, Ap, , he all quantities 
whose limits aie zeio, then supposing/ made smaller than any 
assignable quantity by sufficiently incieasing its denominator, 
these small quantities of the fiist, second, third, etc, orders are 
teimed infimicsimals of the first, second, third, etc, orders 
Fiom the nature of an infinitesimal it is clear that, if any 
equation contain finite quantities and infinitesimals, the in- 
fmitesinials may he rejected 


28 PiiOP In any equation hetivcenmfinitesimals of differ- 
ent orders, none hut those of the lowest order need he retained. 
Suppose, for instance the equation to he 

••• =0# (i) 

each letter denoting an infinitesimal of the older indicated by 
the suffix 

Then, dividing by A^, 


1 I I I Ida I I F j , f\ \ 

T^-l— 3^ + ...=0, (n) 

A^ A^ A^ A^ A^ 


the limiting ratios ^ and ~ axe finite, while aie in- 

•"i -“i -^i 
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fimtesimals of the fiist oidei, is an infinitesimal of the 

■"1 

second ordei, and so on. Hence, by Ait 27, e(][uation (ii ) may 
be replaced by 


1 + ^+$ = ®' 
Ai 


and therefore equation (i ) by 
'which proves the statement 


29 Prop hi any equation connecting injinitesimals we 
may substitute for any one of the quantities involved any 
other which diffeis from it hy a quantity of higher order 

Foi if =0 

be the equation, and if Ai= Fj+Zg, 

/g denoting an infinitesimal of higher oidei than F^, we have 
Fi+5i+Ci+/2+-i5o+ =0, 

i.e , by the last proposition we may write 

which may therefore, if desirable, leplace the equation 

Aj+-Bi+(7i=0 

30 Illustrations 

Since sin 0=6— — . 

02 04 

and 003 0=1—^,+!^- .. 

sin 0, 1 —cos 0, 0— sin 0 aie respectively of the first, second, and 
thud orders of small quantities, when 0 is of the first order , 
also, 1 may be written instead of cos 0 if second ordei quantities 
are to be rejected, and 0 foi sin 0 when cubes and higher 
powers aie rejected 


31 Again, suppose AP the arc of a circle of centie 0 and 
radius a Suppose the angle A OP ( = 0) to be a small quantity 
of the first order Let PjV be the perpendicular from P upon 
OA and AQ the tangent at A, meeting OP produced in 0 
Join P, A 
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Then arc AP=ad and is of the iirst older, 


jVP=ttsm6 

do 

do. 

J.Q=cttand 

do 

do. 

chord AP ~ 2a sin g 

do 

do. 


NA ~a{l —cos 9) and is of the second older. 
So that 0P — 02\f is a small quantity of the second order. 



9 6^ 


=a0-2a(|~^ 


8 3' 




4 3 ’ 


•etc, 


) 


and is of the third order. 

PQ-NA =PrA(sec 9-1) 

2 sin®^ 


and similarly for other^.. 


^ITA - . 

COS0 

= (second oider) (second order) 

= fourth order of small quantities. 


32 Such results may also be established without the use of 
the series for sin 9 and cos 9 



For example, let APB be a senucircle, P any point very near to A, so 
that the arc AP may be considered a small quantity of the first order - 
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join JP, BPy and let BP produced cut tlio tangent at A m R, and let the 
tangent at P cut AR in T, and dra’w the perpendicular PN upon AB T 
■vrill be tlie middle point of AR, and AT=TR=TP 
(1) We ina^ take it as axiomatic that the length of the arc APis inter- 
mediate hetacen the chord A P and the sum of the tangents A T, TP , i c , 
between chord AP and tangent AR Hence choid AP, arc AP, tangent 

AR are in ascending order of magnitude, and therefore 1, 


tangen^JE ascending ordei of magnitude 
chord AP 


Now, 

Ti 1 

■^Uoid AP ^^BP ’ 

whence 

T, arc AP , 
chord Ay» ’ 


and tlierefore, if arc APhe leckoncd a small quantity of the first onler, 
the chord APand the tangent AR aic also of the first order of sinalliicss 

(2) Again, since 44 = 44» Ai* is of the fii-st onlci of sinalliicss, 

AP AR 

AN i& of the second older 
PR BP 

(3) Also ^=:^, which IS ultimately a ratio of cqualitj,nnd thciefore 
PR 18 also of the second older 

(4) Similaily, since and since PIC- is 

a small quantity of the fourth ortlei, and AR+AP is a small quantity of 
the first order, we see that AR-AP is of the third order of small 
quantities 

And similarly foi othei quantities the Older of smallness ma\ be 
geometrically im estigaled 

33 The hose anglea of a trmnglc being given to he small 
quantities of the first older, to find the order of the di^erence 
between the base and the sum of the sides 



By what has gone befoie, (Ait 31) if APB be the tiiangle 
and PM the perpendicular on AB, AP~AM and BP-BM aie 
both small quantities of the second oider as compaied with 
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Hence AP+PB'-AB is of the second order compaied with 
AB. 

If AB itself be of the first older of small quantities, then 
AP+PB—AB IS of the third order 

34 Degree of a'pproximatwn in talcing a small chord for a 
small arc in any curve 


V 



A B 

Fig 5 


Let AB be an arc of a cuive supposed continuous between 
A and B^ and so small as to be concave at each point through- 
out its length to the foot of the perpendicular fiom that point 
upon the choid. Let AP, BP be the tangents at A and B 
Then, when A and jB aic taken sufficiently neai together, the 
chord AB and the angles at A and B may each be considered 
small quantities of at least the fii*st older, and therefore, by 
what has gone befoie, AP’\-PB—AB will be at least of the 
third order Now wo may take as an axiom that the length 
of the a/)'c AB is internudiate between the length of the chord 
AB and the sum of the tangents AP, BP Hence the difiei- 
ence of the arc AB and the choid AB, which is less than that 
between AP+PB and the choid AB, must be at least of the 
third order 


EXAJMPLES 

1 Show that, in tlie figure of Art 31, the area of the segment 
bounded by the chord AP and the arc AP is of the third ordei of 
small quantities 

2 In the same figure, if PM be drawn perpendicular to AQ, show 
that the triangle PMQ is of the fifth order of smallness 

3 A straight hue of constant length slides between two straight 
lines at right angles, viz , GAa, OhB , AB and ah are two positions 
of the line and P their point of intersection Show that, in the limit, 
when the two positions coincide, we have 

Aa _0B .PA _CB'^ 

Bb~GA PB~CA^ 

4 Fiom a point T in a radius OA of a circle, produced, a tangent 
TP is drawn to the circle, touching it in P , PN is drawn perpen- 

BDC, B 
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dicular to the radius OA Show that, in the limit, when P moves 
up to A, NA =AT 

5 Tangents are drawn to a circular arc at its middle point and at 
its extremities Show that the area of the triangle formed by the 
chord of the arc and the tu o tangents at the extremities is ultimately 

four times that of the triangle formed hy the three tangents 

[Frost’s Nevmox ] 

6 If, in the equation sin((i) -6) = sin t» cos o, 6 be very small, show 
that its approximate value is 

2 tan ( 1 ) sin^^^l — tan^w sin^^^ [ICS] 

7 If be the centre of gravity of the arc PQ of any uniform 

cun-e, and if PT be the tangent at P, prove that, when PQ is in- 
definitely diminished, the angles GPT and QPT vanish in the latio 
of 2 to 3 [L C S ] 

8 If a side of a regular polygon be a small quantity of the first 
order in comparison with the radius of its inscribed circle, prove that 
the difference between the penmeter of the polygon and the circum- 
ference of the circle is a small quantity of the second older 

[I C S] 

9 Assuming the radius of the earth to be 4000 miles show that 
the difierence between its circumference and the penmeter of a reg- 
ular inscnbed polygon of ten thousand sides is less than a yard 

10 Show that the curved surface of any belt of a sphere contained 
between parallel planes is equal to the surface of the corresponding 
belt of the circumscribing cylinder n hose axis is perpendicular to the 
planes 

11 The sides of a triangle are 5 and 6 feet, and the included 
angle exceeds 60* by 10" Calculating the thmd side for an angle of 
60' find the correction to be apphed for the extra 10" 

12 If a tnangle be inscribed in a given circle prove that the 
algebraic sum of the small variations of its sides, each divided by the 
cosine of the angle opposite to it, is equal to zero [Math Tripos ] 

13 If a;, y, s be the diagonals and the join of their mid-points in 

a quadrilateral nhose sides are given, and y, f their respective 
increments when the quadrilateial recenes a slight deformation, 
then will cc^ +yri+iz^=0 

Also if the quadrilateral be a parallelogram 

«4 + ljrj = 0, 


and if cj die 
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14 A person at a distance q fiom a tower of height^, observes 
that a flagpole upon the top of it subtends an angle d at his eye. 
Neglecting his height show that if the observed angle be subject to 
a small error a, the corresponding eiror in the lengtli of the pole has 
to the c<alculated length the ratio 

qa. cosec d/(j cos 6 -p sin 6) 

15. Prove that 

tan~i ^^” 2^ + tanh 2<j) ^^^.^ tan 6 - tanli ^ 
tan 20 - tanh 2^ tan 6 + tanh ^ 

= tan~i(cot 9 coth <(>). [Math Tkipos, 1878.] 
16 li'c + iy-c cos(| + «;), the curves v) = constant and ^ = constant 
are confocal ellipses and hj'perbolao respectively. 

Provo that the square of the distance between the points (^, y), 
v) IS the same as the square of the distance between the 
corresponding points rj), (^, rj'), viz., 

c2{cosh(i? + tf) - cos($ + ^)}{cosh(i/ - 1 /') - cos(^ - 
Prove also that a bisector of the angle between these distances 

makes until the .-c-axis an angle tan~i. ^ } ■ [London, 1887.] 

tanh^(i; + tj) 

17. If cos cosh w«l, X is called the Gudeimannian of u and 
Wlitten gd « [Caylev, Elliptic Functions ] 

Piovo (a) gdi4 = tan~^smh7«=ssin“itanhw. 

(ft) ^ gd 77 = tan“^tanh ^ 

Ji 


(c) u = log tan J gd 77^. 

(d) smgd(77 4-7;)=^gjVi^”g?^; 

1 +singd77 singdT; 

1 8 Prove that i gd^^ gd 77^ = 77, 

d show that if gd 77 = 77j77 + + . . . 

sn will gd“^77 = 77^77 - 77^77® + - . 

1 9. If /{%) = , prove fff(x) =» x 

l —X 


Also if f(x) = a + H, prove that 
20. If 


TTg 

1 =e~ p and 


f(x)=^a^.^ + irx. 


/(.^) = 2(4^ cosh ^ '^’'^cosh ^ + . ad inf }, 


prove that 


/(a;^2a)=^/9/(^) 


[Oxford ] 



CHAPTER II. 

FUNDAMENTAL PROPOSITIONS 

35 Direction of the Tangent of a Curve at a given point 
Let AB be an arc of a cuivo tiaced m the plane of the paper, 
OX a fixed stiaight line in the same plane Let P, Q, be two 



points on the cuive , PM, QR, peipendiculais on OX, and Pit 
the peipendiculai fiom P on QN Join P, Q, and let QP be 
pioduced to cut OX at T 

When Q, tiavelling along the curve, approaches indefinitely 
neai to P, the choid QP becomes in the limit the tangent at P 
QR and PR both ultimately vanish, but the limit of their ratio 

IS vih general jlmte, foi Li^^= Lt taxi RPQ = Lt i&n XTP 

= iangcnt of the angle wlach the tangent at P to the cui've 
males with OX 

Ex 1 Consider tlie stmight line "wliose equation is 
Let OX, OT, be the axes, and let the co-ordinates of P be v, y Then, 
taking the general construction of the preceding article, the intercept 
OA—c, for 2 ^= CM hen i=0 


20 



ITTOAMENTAL PBOPOSITIONS 21 

Dra^r AK parallel to OX to meet MP m K , then, from similar tnangles, 

HQ KP MP-OA 
Pli~AK~ OM 

V X 

Hence \xa.XTP=\s.-a.RPO=m 



Ex 2 Consider the parabola referred to its usual axes, viz., the axis of 
the parabola and the tangent at the vertex TTith the same constniction 





as before, we have P2[‘=4AS. AM, 

QX^=4AS. 

0N^-P2r-=4ASiAK-A3r)=4AS.PIi 
But QNS-PM^={QX-PM){QX+PM)^JtQ.iQX+P3£),- 
. \ P0(Qiy+PM)=4AS. PR, 

, rRQ r, 4AS 4AS 

whence ^^QiV+PM 2PM 

when Q comes to coincidence with P, 
and therefore the limit of tan XTP is 


36. Equation of Tangent 

Let us now consider the general <‘ase in which the equation 
of the curve is y~^(x) 


22 CHAPTER il 

Let the co-ordinates of the points P, Q, on the curve be 
(a?, y) (ca-^-Sx, y+8y) lespectavely, H and By being used to 
denote increments of the vaiiables a? and y 



Then, the construction being as before, 

OM=x, 02\f=x-{-Sx, therefoie iPB=MN=Sv, 
also, MP =s y, 2^Q =y+Sy, thei efore BQ=Sy 

Again, smce the point x+Sx, y+Sy, lies on the curve, 
y+8y-i)(x+Sx), 

•whence RQ—Sy—fias+Bv) — ^^^) 

Tj. Tt-^Q tj — 0(33), 

Hence ive can expi ess ss Rfsx=o^ Ltex=^— 

Hence, to draw the tangent at any point (a?, y) on the cuiwe 
y = 0(a;), we must diaw a line thiough that point, making with 

the axis of x an angle whose tangent is ’ 

and if this limit be called m, the equation of the tangent at 
Fix, y) will be Y—y- m{X - x), 

X, F being the cuiient co-ordinates of an}'^ point on the tan- 
gent, for the line lepresented by this equation goes thiough 
the point (a;, y), and makes with the axis of x an angle whose 
tangent is m 


Examples 

Find the equation of the tangent at the point (r, y) on each of the 
foIIOAving curves — 

1 ‘K®+y*=c® 


X - 


3 y=c* 




4 2^z=logi; 

5 y=tanr 
G y=tan-^x 
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37. Def. — ^Differential Coefficient. 

Let denote any fancUon of a;, and the same 

function of x+h, then is called the first 

DERIVED FUNCTION or DIFFERENTIAL COEFFICIENT of ^{x) With 
respect to x. 

The operation of jSnding this Kmit is called differentiating 
<f>{x) 

After leading Chap V., it will be obvious why the above 
expression is styled a " coefficient,” for it is shown there to be 
one of a series of coefficients occuning in the expansion of 
<l>{x+1i) in powers of h 

The geometrical meaning of the above limit is indicated in 
the last article, where it is shown to be the tangent of the angle 
yjr which the tangent at any definite point {x, y) on the curve 
y—^{x) maiccs with the axis ofx.*—^ 

38 IVe can now find th.e differential coefficient of any pro- 
posed function by investigating the value of the above limit ; 
but it will be seen later on that, by means of certain rules and 
a knowledge of the differential coefficients of certain standard 
fiams, we can always avoid the labour of an q^initip evaluation.^' 

When such an investigation becomes necessary, it may some- 
times be conducted very simply by pure geometry It is how- 
ever usual to treat the more complicated functions algebraically 
Several examples are appended 

Ex. 1 To find geometrically the differential coefficient of sin ^ 

Let the angle AOP=a., AOQ=x+h, and let a circle with centre 0 and 
I'adius unity cut the lines OA, OP, OQ, in A, P,Q Draw perpendiculars 



PM, QN, to OA, and PR to QN Join PQ Then 
MP=sm 1 , NQ=sm (^ +/i)> 
sln(^+/0-slna=J?<? 
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Again, h =.angle P0<2=aic PQ, the i-adius be _g unity. 

Uciice 


T, siu(j.+7i)-siui_ . RQ T. 

chord P<;/ 


(for chord PQ and aic PQ are equal in the limit) 
= Lt cos JtQP= cos OPR 
(since in the limit QPO is a right angle) 


=cosAOP=cos t 

111 ti eating the tiigonometrical functions by this method it is convenient 
to ahiais aiiunge that the denoniinatoi of the latio considered shall be 
unit! 


E\ 2 To find geometrically the diffeiential coefficient of sni~^a? 
In Fig 10 let A0P=sin“^;r, 

and A ^Q—sa\~\x +/i) 

Then, uith the same construction as bcfoie, 

MP=x, RQ=v+h, 


theiefoie 


RQ=h 


Hence 

A RQ 

_^.pdQ_ j chord PQ _ 1 _ 1 

RQ RQ cos RQP cosOPP 

1 1 

cos A OP ijl — Bin- A OP 
1 


Exasifles 


Find in a ^iiQilai raaniiei the differential coefficients of 

(1) tan ^ ( 3 ) cosec v 


(2) tan-^^ 


(4) coseo~*a? 


E\ 3 Find fiom the definition the differential coefficient of — , where 
a IS a constant * 


Heie 


a 

<liv+A)=i:E±3\ 


theiefoie r./, J r+/0=-^ 

A ' Aa 




ha 
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TJie gfi^Jiictnuil intcipretitioii of tins result is that, if a tangent be 
tlitiw u t-o the p inibol i a>f— r' at the jioiiit ( » » y)» it ill be iiicliiicd to the 

ty % 

a\is of a at (he ancle tan~*— 

*' a 

E\ •] Find fiom the dcflnition the difTticiitial coeflicieiit of logsin^ 

a 

V here a is a constant 
Ilcre «^(j)*=Iogt.in^, 

- logsmii^'-logf.m*’' 

and c 2-7 

Ji h 

, sin ^ cos ^''+ cos Ism - 

r. *1 a It a a 

= Z,t*.oyjlog 


T 

sm - 
a 


e= log + - tot ^-higher powers of 
l^by biibsti ill ting for sm- and cos^ (heir e\|»anMons in powers of -J 


•U 


ft V 

- cot — higher iwwcrs of h 
a a 

A.O I 

[b\ cxjiandmg the logarithm] 


^.Icotl 
a <( 

IJeiicc the tangent at an\ imint on the cune -^s^log sm I is inclined to 

” a ‘ a 

the axis of a* at an angle w hose tangent is cot - ; that is at an angle 

a 2 a 

39. Notation 

'J'lic rcfiitlf of the operation cxpiessed by XfA=o^^— 

or bj' Li is genemlJy denoted by oi 

It Mill be Mcll to note distinctly once for nil that in the 
noUtion thus introduced, da; and dy, as heie used, aie not 

separate small quantities ns dv and 6y aie, but that ^ is a 

symbol of operation. M'hich, M'hen applied to y, denotes the 
lesult of ialing the limit of the ratio of the small quanhties 
Sy, ov 

^ Sometimes d^y is used to denote the same thing; or, if 
y^*K^), M'c often meet with the foims i>x, tf>> 
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01 ^ Again, as the letters w, v, xv, etc , aie frequently used to 
denote functions of x, we shall consequently have the differ- 
ential coefficient variously expressed, as vJ, w*, or M, with a 
similar notation for those of v, w, etc 


40 Aspect of the Differential Coefficient as a Rate-Measurer 
When a particle is in motion in a given manner the space 
described is a function of the time of describing it We may 
consider the time as an independent variable, and the space 
described in that time as the dependent variable 

The rate of change of position of the particle is called its 
velocity 

If umfoi'vn the velocity is measuied by the space desciibed 
in one second, if mriahle, the velocity at any instant is 
measuied by the space which would be described in one second 
if, for that second, the velocity remained unchanged 

Suppose a space s to have been desciibed in time t with 
varying velocity, and an additional space Ss to be described in 
the additional time St Let and be the greatest and least 
values of the velocity dunng the interval St , then the spaces 
which would have been described with uniform velocities v^, 
v^, in time are and v^Si, and aie respectively greater and 
less than the actual space Ss 


Hence and are in descending order of magnitude 


If then St be diminished indefinitely. We have in the limit 
v^=v^=the velocity at the instant consideied, which is there- 
fore represented by Lt^, ^ e , by ^ 


41 It appears therefore that we may give another interpre- 
tation to a differential coefficient, viz , that ^ means the rate 

of xncrease of s an point of time Similarly mean the 


rates of change of x and y respectively in point of time and 
measure the velocities, lesolved parallel to the axes, of a moving 
particle whose co-oidinates at the instant under consideration 


are x,y If a; and y be given functions of t, and theiefoie the 
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path of the paiticle defined, and if Sx, Sy, St, he simultaneous 
infinitesimal inciements of y, t, then 

Sy % 

dx Sx Sx dx 
St dt 


and therefore lepresents the ratio of the rate of change of y to 
that of X Tlie late of change of x is aibitiarj’', and if we 

choose it to be unit velocity, then ^=^=absolute late of 


change of y 


42 Meaning of Sign of Differential Coefficient. 

If X be inci easing with t, the a;- velocity is positive, whilst, 
if X be deci easing while t inci eases, that velocity is negative 
Similaily for y 

Moieovei, since is positive 'when x and y 

dt 

increase or decrease together, hut negative vjhen one increases 
as the other decreases. 

This IS obvious also fiom the geometiical interpietation of 
Foi, if 0 } and y &ic increasing together, ^ is the tangent 
of an acute angle and therefore positive, while if, as x increases 
y deo'eases, ^ lepiesents the tangent of an obtuse angle and 
IS negative 


Examples 


Find from the dcfimtion the diffeiential coefficient of y with respect to 
X 111 eacli of the following cases 
1 y==v 


2 y=2stav 

3 y=\^a'+'t® 

4 y=c*' 

5 

6 

7 y^a^«s=‘ 


8 y=tan~*a^ 

9 y=logcosA. 

10 y=logtaua: 

11 y=v‘ 

12 

13 y=(sina)* 

14 y=(smA)v''* 
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15 In the cur\c y~ce\ if \l/ be the angle which the tangent at any 
point makes with the axis of prove y=c tan ^ 

16 In the curve y=c cosh-, piovey=csec^ 

c 

//Vi In the curve h'^=^-av^ find the points at which the tangent is 

parallel to tlie axis of x 

[N B — ^This requiies that tan \^'=0 ] 

^18 Find at what points of the ellipse ^+'^=1 the tangent cuts off 

equal intercepts from the axes 

[N B — ^This lequires that tan ± 1 ] 


19 Prove that if a particle move so that the space described is propor- 
tional to the square of the time of description, the lelocitj will be pro- 
portional to the time, and the mte of increase of the lelocit} will be 
constant. 

20 Show that if a particle move so that the space described is giv en by 
« oc sin fit, where /n is a constant, the rate of increase of the velocity is 
proportional to the distance of the ]iaiticle measured along its path from 
a fixed position 


43 It will often be convenient in pioving standaid lesults 

to denote by a small lettei the function of considered, and by 
the corresponding capital the same function of eg, if 

iLi=<p(x), then or if w=a®, then I7=a®+^* 

Accoidmgly ive shall have 

du j. U—v, 

dv j. V—v 

etc 

44 We now pioceed to the consideration of seveial im- 
portant "propositions 

45. Prop I The Differential Coefilcient of any Constant is zero 

Tins pioposition will be obvious when we lefer to the defini- 
tion of a constant quantity A constant is essentially a quantity 
of which theie is no variation, so that if 2/=c, absolute 

zero, whatever may be the value of 8x Hence ^=0 and 
dv , Sx 

^=0 when the limit is taken 

Or, geometiically, y=c the equation of a straight line 



FUNDAMENTAL PROPOSITIONS 20 


parallel to the axis of x This makes an angle zero with that 
axis, and therefoie tani/r or ^=0 


46 Prop. II. Product of Constant and Function. 

The differential coefficient of a product of a consto/nt and a 
function of x is equal to the i^roduct of the constant and the 
differential coefficient of the function, oi, stated algebraically, 


d , . du 


For, with the notation of Ait 43, 


d, . Tj. cU—cu 
■^{cu)=LtK^Q- 


h 


=cLtit=o 


U-u 

h 


du 

^dx 


47 Prop III. Differential CoeflBicient of a Sum 
The diferential coefficient of the sum of a set of fu/nctions 
of X w the sum of the differential coefficients of the several 
functions 

Let u,v,w,.., he the functions of x, and y their sum. 

Let U, V, ir, T be what these expressions seveially 
become when x is changed to x+h. 

Then y~u+v+io+,.. 

Y=U+V+W+..,, 

and therefoie 

Y—y = (U—u)+(V—v)+(W—w )+... , 
dividing by h, 

F— 2/_ 17— 'i6j_ F—Vj TT—io , 

h h h " 

and taking the limit 

dy_du^dv_^dw^ 
dx dx dx dx 

If some of the connecting signs had been — instead of + a 
corresponding result would immediately follow, eg 
y=:U + V — W+ . 
dy_du,dvdiv, 
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48 Prop IV The Differential Coefficient of the product of 
two functions is 

{Fvrst Function) x (Diff Goef of Second) 

+ {Second Function) xllfiff Ooef of First), 
or, stated algebraically, 

d(uv) dv , du 

With, the same notation as befoie, let 

y=uv, and therefoie Y= UV, 

whence Y—y=UV—uv 

=u{V-v)+V{U-u)i 

- Y—y V—v , -rM—u 

therefore — — u — h Y — » — > 

h h h 

and taking the limit 

dy _ dv du 

d!c~'^'^'^dx 


49 On division by uv the above result maj’’ be written 


^ ^s=l ^ 
y dM udxvdx 

Hence it is clear that the rule may be extended to products of 
more functions than two 


Foi example, if y=uvw, let vw=z, then y=uz 


Whence 

but 


1 ^=1 ^-f -1 ^ 

y dm u dm z dx 
1 ^ 
z dx 0 -v*dx~io dx’ 


whence by substitution 

1 <^_^du^l d^_^ 1 dm 
y dx u dv~v dx~io dx 
Generally, if y=uvwt 

y ^ udx V dx^ v) dx'^tdx ’ 

and if we multiply by uvivt we obtain 

^=(wi )^+(wi )^+. , 

1 e , mvZtvply the diffeventiul coefficient of ecich sepurcUe fwnc- 
tion hy the product of all the i emaining functions and add 
up all the results, the sum will be the diffeiential coefficient 
of the pioduct of all the functions. 
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50. Prop. V. Tho Differential Coefficient of a quotient of two 
functions is 

{Jhff CociT Cocf, 

Squat e of Dcnoimnator 
or, stated nlgebiaicalU*, 

c?u 

d /u\ ih} 


lAvJ 


dxw/ tr 
\V ith the same notation ns before, let 


hence 


tliorofore 


y=-, and thcrcfoic 1”=^, 

V V 

1^ V 

_Uv-rio, 
rv ’ 

r-M. F-v 

j~y_ u 


and taking the limit 


l^'y 

dit ^ dv 
dq__ dx^' dr}^ 
d c 

fij TIu>, proposition inaj alpo Lc diMlutecl iniinccliatcly fioin Prop IV., 
tlniti : 


IjqI 

vlienco 


.‘ind thcrcfoic 


V 

dv dv , dr 

dv , V di 
~^dt'^ r dl ’ 
dit V dr 
t/y f/t vdt 

'dr~' r 

dn dp 

7 h ''~dr 

f 


E\v\Mrw-s. 

1, Dcflurc tho lesnlt of Prop 31 fiom jnopositions I and IV. 

2. Deduce fioni Plop V that 

dtc\ c dll 
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3 Apply proposition. IV and ttie results of Art 38 to show tliat 


A 

dv' 


(arsin x) =:rcos x+2x sin x 


4 Appl} proposition V to sliow that 

d ^ siiiaj y coax ar-Zsina; 
dx\ V T® 

62 Prop VI To find the Differential Coefficient of a Func- 
tion of a Function. 

Let w=y(^) • (1) 

and • (2) 

Then, by elimination of v, we have a result which may be 
expressed as w=^(a:) . . (3) 

Suppose the independent vaiiahle x to change to X in (2) 
and let a value of u deduced from (2) be V Let this he sub- 
stituted for V in (1), and let a value of u deduced from (1) be IT. 
Then we have the following equations 

U=f(V) (4) 

and F=J’(X) (5) 

and hy the same irrocess hy which (3) loas deduced from (1) 
and (2) we obtain from (4) and (5) 

U=<p{^ ( 6 ) 

This result proves that if cc be changed to X in equation (3), 
then one of the values thence deduced for u wdi he XJ, and 

therefore when X—x is diminished indefinitely is a 

value of the differential coefficient of u with i aspect to sc, 
leckoned as a direct function of jc as expressed in equation (3) 
TI—u U—u V—v 


How 

and Zity^, 0 =Q 


U-u 

V-v 


X—x V— u X—x 

is a value of the differential coefficient of u 


with respect to v derived from equation (1) and denoted by 

, also, IS a value of the difierential coefficient 

of V with respect to x derived from equation (2) and denoted 

by ^ "We therefore have, when we pioceed to the limit> 

du__du dv 
. dx dv' 

a formula already established in a different manner and with 
different letters jn Art 41. 
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53 It IS obvious that the above lesult may be extended 
For, if tt=0(y), v=l^(^y), w=f{x), we have 

du_du dv 
dx dv dx 

dv_du dio • 

dx dio dx ’ 
dvj_dv> dv 
dx dv dw dx' 

and a similar result holds however many functions theie may 
be. 

X ^ ^ 

Ex Let?{=fisinv, v=^sm“bp, ?«»=— that is, 


but 

and therefoie 


a 


a 


u=b siu ( - 8in“'— \ 
\a a/ 


Then, by Ex 1, Art. 38, ^=6 cos® 

dv 


Ex 2, ibid 
Ex 3, ibid 


1 

dto a Jl-% 0 ^ 

dw_2v 
dx~ a 


Hence 


^=&cosv i -A_ 2£ 


dx dv dw dv 


® dl-tfr 
Zv 


a 


b (\ ,^2^ 1 2t 

=-cosl -8in“*— J — / — 

a \a a> / ar* ® 

V 


Tlie rule may he es^ressed thus • 

d{lst Func ) _ d(l8t Func ) d{8nd Func ) d{Last Funo ) 
dx d^nd Func ) d(3rd Func ) * dx 

or if ^t=0[V^{F(/a;)}], 

X ’/'WA) } X r(fx) X A 

. -1 There is a diflSculty m Prop YI aiisiug fioni the fact that for one 

r of r 111 (2) there may be several values of v, and foi any value of v in 
^^ei e luaj be seve] al vahies of u. In fact they](v) and F{x) mcay one or 
^ *1 be many-valued functions (such, for example, as sin“’a?, which denotes 

. 11 } one of the series of angles whose sines are equal to x) But it is clear 
' that the same values of u and x will satisfy equation (3) as would simul- 
taneously satisfy {\) and (2), and that L t~~ ~ when X—x is indefinitely 

A —X 

diminished is one value of the differential coefficient of u considered as a 
EDO c 
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function of x , and it la equally obvious that there may be a series of such 

values for^', as also for — and for bo that in the theorem enunciated 
dx dv dx 

and proi ed above, in Art 52, a proper selection of those values is assumed 
to he made 

55 If in the theorem ^ (where y is written for v 

in the result of Ait 52) we suppose u=x, then 
du dx (x+h)—x ^ 

dx~'dx~^*^='‘ h 


Hence we have 
or 


dy dx_^ 
dx dy~ ’ 

dy 


56 In this application of the general theorem of Prop VI 
y IS assumed to he a function of x and consequcntl}'^ x is the 

znverse fu'Mdxon of y So that ^ is the differential coefficient 

of y with respect to x when y is considered as afvmchon of », 
diX/ 

and ^ IS the differential coefficient of x with respect to y when 
aj IS considered as the inverse fimction of y 


eg, it 


and 

and 


y=8ina;, then a;=Bin“’y, 

^=cosa.(Ex 1, Art 38), 

f- ^i=cosa: -r^ -1 

do! dy Vl-y® «/l-sin-a? 


57 The same difficulty occurs in Arts 55 and 56 as 
discussed in Ait 54 ' ^ - 

If !/=/('«) (1), 

and this equation be supposed solved for x, the result w 
ofthefonn x=F{y} (2) 

Now, if X be changed to Z in (1) and F be a value deduced" 
y, then if Fhe substituted foi y m (2), X will be one of’i'ne 
values thence deduced for x 



FUNDAMENTAL PROPOSITIONS. 


35 


X—x 

Hence Lty — - when V—y is indefinitely diminished is a 
value of the difierential coefficient of x with lespect to y, as 
derived from equation (2), while when X—x is in- 

definitely diminished is a value of the differential coefficient of 
y with lespect to » as derived fiom equation (1) And since 


we have 


Y-y X—x_^ 
X-x Y-y ' 

dy dx_j 
dx dy 


when the limit is taken, the pi oper selection being made of the 

values deduced for ^ and 

dx dy 

oS This may he illustrated geometrically 

Let the cinve y=f(x) be diawn Let the tangent to the 



curve at the point P, (x, y), make an angle with the axis of 
X Then, by Ait 37, ^ = tan-^, and in the same way it is 


dx 


obvious that ^=tan(90 — \^)=cot'^, so that 


^ ^=tam/»- cotylr—1 
(Uc chy 

Suppose however that the oidinate thiough P cuts the curve 
again at Pj, Pg, P3, 

Then, for a given value of x there are several values of y, 
and therefoie also foi a given increase Sx in the value of x 
there may be several values of Sy the increment of y But if 
it be carefully noted that the Sy and Sx chosen are to refer to 
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the same branch of the curve at the same point when we con- 

^ as when we consider then, under these circum- 
dx dy 

stances, these expiessions aie respectively the tangent and 



cotangent of the same angle, and therefore their pioduct is 
unity 

We say the same branch of the curve, for it may happen that 
more than one branch of the cuive passes through a given point 



P, as in Fig 13, and then there are two oi more tangents at P 


and therefoie two or more values of and - 1 — at P But the 
dv dec ^ 

product of the ^ and the which belong to any the same 
bi anch through P, is unity 


dx 


59 Differentiation of Inverse Functions 
When the differential coefficient of any function of x is found, 
that of the corresponding inverse function is easily deduced by . 
means of the theorem of Art 55. 


!'rM> \MrN'fAL rjlOi»OSlTIOXb 


3/ 


l'«>r I>’i 

nu( 

(iMvfoU' 


inui Ihf'i cfon* ; tlion 



I 

f/f ’ 

«/y 

f? , ^ _ 1 

ffr J {/“»('")}* 


i:X \MI‘L1X 

} I^.r* rintu*' l»; nf t5»«* uefautiou ami the forogoinj' 

fijo 

<« 5 j 

lu ) ' 

fu'l ) t ' f‘ 

(i‘.} • ,s 'J' ' - 

O J ^ *' **\^***^f vhfnM,' n**'*. 
f*»i ) y*- ^^Ijor*' u nial f (unr)’', ami 

Th» r< r.f ri’iy m .U.it; •"tampji'* may l»c n'-f-iumnl. 

C If Wj, ’f .. Tj, fj, t .. . !»• fumtioiiR of 1 , j)rovi' tljat 

ilr ,r„ f,s. iv^th ’“•^,*^.1^1/1} 
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GO It 13 the object of the present Cliapter to investigate and 
tabulate the lesults of differentiating the several standard forms 
leferred to in Ait 88 

We shall ahvaj’s consider angles to be measured in. cucular 
measuie, and all logarithms to be Napierian, unless the contiaijr 
IS expressly stated 

It will be remembered that if then, b}' the defini- 

tion of a differential coefficient, 

_ r i + h) — 


61 Differential Coefficient of cd^ 


If 

then 

and 


u- = ^(a)=a;’*, 

^{x+h)={v+hy, 

cht, y ('B+Zi)”— cc” 

1 


dx 




«X4=o®’*. 


h 


Now, since h is to be ultimately zero, we may consider — to be 

•C 

less than unity, and we can therefore apply the Binomial 
Theoicm to expand ^1+0 , whatevei be the value of n, hence 

B ®/t I 21 gi * J 


du 

(h 


(a convergent senes)! 
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C2 If it be rcqmml to find the differential coefficient of x" without the 
u*!? of the Binomial Theorem mo quote the result of Kk 6 p 10, mz. 


and proceed as follows ■ 




dr” j, 

(A 

dr 




[as befoi*c] 






f I. 

= ^w hci c 3/ = 1 + ^ J 


G3 Differential CoeiUcient of 
If u=(f>{x)—a*, 

tl,('V+h)=a*^^, 

I dtt T, — 

and j~ = Xf/ -0 • — V 

lur h 

rTt 

= ft*log,« [Alt 21 ] 

Cou If It = C^, = tf^log^c = if 

yf 04 Differential Coefficient of logn.r 
If « = </,(a;) = log„^, 

V^('»’+/<) = Ioga('>'+^0» 

(hv r, log„(a;+/0-log««; 
ana -r 


■£/A-.,bog„(i+|) 


Let «> so that if // = 0, 5 = 00 ; therefore 


^^X^„4ios.(l+l) 

=l£fe., log,(l+l)‘ 


= i logaft, [Art. 20 ] 

(C 


Con Tfu = IogtT, ^ = -logeC = - 
® dx X ® - X 
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65 Differential CoefBcient of sin a; 


I£ 

and 


u=^('i;)=sin», 

<p(x+h)=&m(x+h), 

dit rA sin(»-fA)— sina 




2siii 


|cos((C+|) 


=u 


*= 0 - 


h 


h 


sin 5 
=X4=o-r^cos 
_ 

2 




= cos as [Art 18 ] 

66 Differential Coefficient of cos a; 

If u=^(a;)=cos£c, 

^(aj+Zi) = cos{<c+h), 

, cZu CDsfaj+Zt)— cos® 

and 


'—Ltuai 


o 

2 Bin s sin 


(“’+ 1 ) 




sin 


7t 




h 

2 


:sm 


(®+D 


If 

and 


= —sin® 

67 Differential Coefficient of tan x 
u=^(®)=tan®, 
^(® + 7i) = tan(® + 7t), 


du j. tan(®+7t)— tan® 

j- = r 


dec 


h 


sin (® + 7t)cos ® — cos(® + 7t)sin ® 
/icos®cos(®+/i) 


cos®® 

68 Differential Coefficient of cot® 
u=^(®)=cot®, 
+ 7i) = cot(® + 7i), 


sin7i 


h cos®cos(®+7i) 
=sec^ 
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and 


dvj J. 4 . cot(a;+/t)— cota; 

-j— = ■l^th=o 7 

dic h * 

_ j cos(fl; + 7t)sin a; — cos a? sin(a; + /^) 

h sm X sm(a; + h) 


j sm li 1 

h sin X sin(aj + A) 

_L_= — cosec^ 

sin^ 


69 

If 


and 


Differential Coefficient of sec a; 

u=^(x)=seex, 

<fi{x + A) = sec(a; 4- A), 

dll sec(aj + A) — sec x 

■^-Lth=o 

_ j cos x — cos(x +Jl) 

*“°A cos X cos(x + A) 

sm| sm(®+|) 

— h~o ^ *cosajcos(aj+A) 
2 

r- - • 

cos^ 


70 Differential Coefficient of cosec a; 


If 


and 


u=^(a;)=coseca?, 

^(x + li) = co&ec(a; + A), 

dv, J. cosec(x + 7i) — cosec x 

^ =Lt,^o 

— r/ sina;--sin(a;+7t) 

~ ^“'^A sin X sin(aj+7i) 


= —Lth=oi 


. A 

sing 

A 
2 


sinaJsin(a54-74) 


cos a; 
sin®aj 


71 Inverse Tngonometrical Functions 

For the inverse tngonometrical functions it seems useful to 
lecur to the notation of Art 43, and to denote ^(x+li) by U. 
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72 Liflferential 
If 

Hence 

therefoie 

and 


Coefficient of sin'^a; 
w=0('r5)=sin"^a5, 
y = ^(a; = sin - + h) 

a;=sinu, and a;+/i=sin U , 
h=sm U—smu, 

du T-j U—u U—u 

^*^=“sin y-smw 



r U-w '1 



2 

1 

i U-u 

r 2 J 

U+u 
cos 2 

1 

1 

1 


costt A^l— sin-M. *yi— a® 


U 


73 Differential Coefficient of cos'^aJ 


If 

Hence 

tlieiofore 

and 


u=^(a)— cos'^iB, 

U = ^('B+/i) = cos"^(aj+7i.) 
a!=!Cosu, and a;+/i=co3 H, 
/l, = COS Z7— C08«, 
du 


dec 


— Ltfi-O — ^ 

= ~-Ltu=.%i 
1 


sinu 



U-u 

— X/i27s:H 

( 

cos U—cosu 

r U—u ') 


2 

1 

y-u 

bin — s — . 

y+it 

sin 

2 , 

2 

1 

1 


>/l — COs’^lt n/I— £»“ 


74 Differential 
If 

Hence 

theiefore 

and 


Coefficient of tan'K-n 
u = ^(a;) = tan" ^ 03 , 

Xf = ^{(c-\-lC) = tan -\'c + h) 

^'=tan^(r, and £cH-/t=taii U, 

7i=tan IT— tan?6, 
du_j, U'—ti _T4. U—u 
dx /t *^~"tani[7— tanu 

= if v=„— cos y cos u 


=cos-i{r= 


'‘sm( U—u) 
1 


sec-M, l+tan^it l+aja 
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75 Differential Coefficient of cot“^'K. 

If ?/,=r/i(.»)=cot-^i;, 

=cot“^(a;+/t) 
cot It, and re + 7 a = cot 77, 
cot J7 —cot It, 


Hence 

therefoic 


and 


11= 

U-- 

iiy= 

h-- 

ilu 

tLx 


■■Jjlh=iQ ~T — 


= —Liu-u 


h ‘cot 77— cot u 

U-u 


= — sin-Jt = 


sin(7/— «) 
1 


<5111 77 sinu 
1 


cosce“jt l+cot”it 1 

7G Differential Coefficient of sec“^'»*. 

If it = r/>(.0=soc-^r;, 

+ 7i ) = sec “ + h) 

sec It, •ind a’-f/i =scc 77 ; 

SCO 77— sec?/, 


Hence 
tliei efoic 


and 


it= 

U= 

h: 
cht^ 
(ir ' 


j.. 77— It j., 77— 7t 

= ■//' }, ssO 7 = I s=« 




77-« 


cos w— cos 7/ 


sec U —sccu 
cos tt cos 77 


=:«1 


cos-it 


r 77— It 'I 

cos It cos 77 

U-n 

um ■ 

. Tf+it 

olll ■ 

1 2 J 

SlU 

W 


SllMt SCC2l(x/l-COS-lt „ "1 


rti- 


1 


If 


rc-s/iC”—! 

77. Differential Coefficient of cosec 

It = f/i{x) = COSCC“^'C, . 

U = </i(x+h) = cosec“^(a;+7A) 
'jj=cosec7t, and a;+7t=cosee 77 ; 

7a = cosec 77— coseett, 
fZit j-. 77— -It j., 77— u 

^ = = 


Hence 

thciefoie 

and 


cosec 77— cosec M 


77— It rr 

=iLtu=u frSmitsin 77 

sinit— sin77 
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r U—u 'V 


S= —Ltu=xi 


sm'it 


2 


sin- 


If —u 


2 


sin u si n U 
2 

1 


y - 
cos 


cosu 

1 


cosec“it*y 1 — sin-it 
1 






78. From the impoitance of the icsults it lias been thought 
prefeiable to deduce the diffeicntial coefficients of the inverse 
functions sin"^ic etc immediately fioin the definition, but by 
aid of Pi op VI of the pieceding chaptei we can simplify tho 
proofs consideiably 


Ex (i) If 
we have 

whence 
and thcrefoic 


ii=sin“*T, 
^=slnM , 


dx 

f =COSM, 

du 

du_ 1 _ 1 _ 1 _ 1 

dv dv cosu iJi-mfii 
da 


and since 

•we ha^ e 

Ex (n ) If 
we lia\ e 

whence 

and thciefore 

and since 

we have 

E\ (ill) If 
we have 

whence 
and therefore 
whence also 


cos~^a! — sm"*r, 

rfcos~^r 1 

dv 


«=tan~^i, 

v=tanu, 

dx o 
_=sec-tt , 
ait 

da^ 1 _ 1 _ 1 ^ 

dx sec-H l+tan-it~l+a?’ 


cot~'t =^— 

dcot~^r _ _ 1 

dx 


«=ver8~'a?, 
a!=vers w=l — cos « , 
dx 

T-=sin«, 

du 

du_ 1 _ 1 _ 1 

dx siii« s/l— cos'it — 

(?covers~V _ 1 
dx \^^x — x~ 
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79 The Integral Calculus. 

Suppose any expiession in terms of x given , can we find a 
function of winch that expressioms the differential coefficient^ 
The problem heie suggested is inveise to that considered in the 
DiiFerential Calculus The discoveiy of such functions is the 
fundamental aim of the Integral Calculus The function whose 
diffeiential coefficient is the given expiession is said to be the 
"integral” of that expiession Foi example, if tffix) be the 
diffeiential coefficient of ^(cc), ^(a;) is said to be the integral of 
<fi'{x) IMoi cover, since (ffix) is also the differential coefficient 
of ^{x)+G, G being any arbitrary constant disappearing upon 
differentiation, it is customaiy to state that the integral of 
0'(®) ^{oS) + G, G being any arbitrary constant 

The notation by which this is expressed is 

y'tp'(v)dx=il,(x)+G, 

y^'(x)^^ being read “integral of ^'(x) with lespect to x" 


Thus we have seen 


•^(sma;)=cosa;, 
ax 


etc, 

whence it follows immejliately that 

ycos a^X=BVD. X, 

■^—^lx=tan-\v, 

i. •pJC*' 


fv. 


eta, 

where the arbitrary constant may be added in each case if 
desired. 


SO We do not propose to entei upon any description of the 
vaiious operations of the Integral Calculus, but it will be found 
that foi integration we shall regime to remember the same list 
of standai d foims that is established in the present chapter and 
tabulated below, and it is advantageous to learn each formula 
here in its double aspect We have therefore tabulated the 
standard forms for Differentiation and Integiation together 
Moreover, we shall find it convenient to be able to use the 
standard forms of integration in several of our subsequent 
articles 
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Table of 

Eesults to be 

COJIMITTED TO 

MEMORY 

a(-=a/" 

^dx 

Jx^dx 

_ a;"+i 
ai+1 

u=a^ 

^=a*log«a 

ctcc 

JiotFdx 

_ a® 

logea 

u=c® 

dx 

fe^dx 

= e® 

w=logaaj 

du li 

r dx 

J X 

= logea; 

w^logca; 

dat_l 
c2o; a; 

01 

_logrt® 

logae 

?t=sma; 

du 

-rr- = cos a; 
dx 

ycos xdx 

=sina; 

w=cosa; 

— sma; 
dx 

Jsmxdx 

= —cos® 

u=tana; 

du 9 

=sec®a; 
dx 

JsQd^xdx 

= tan® 

at, = cot a: 

du 9 

— =3 — cosec®a; 
dx 

Jco5&(ihxlx 

= — cot® 

at.= sec a: 

du sina;« 

_ — 

aa; cos®a; 

♦-A /'®*“®da/ 
y cos®a; 

=sec®. 

u= cosec a. 

£Zat_ cos a; _ 
da; sin^ 

/'®o®fda; 

y sin®a; 

= — cosec ® 

u=siu"ia/ 

d/u_ 1 
dx Vl-Jc® 
du 1 

f dx 

J -v/1— a;® 

=sm-i®, 

1 


u=cos“^a; — 

ax 

u=tdn“^ ^=_ 

dx 1 - 

u=cot.“^a. ^= — 


i.=sec"\v 


t=cosec"^ 


u=vei’s“^a; 


1 u/w 

i=covers~^c ^= — 


dx 

du_ 1 ' 

dx 1 + 0 /® 
c?u_ _ 1 

dx l+oj®^ 

du_ 1 

da~^y0Zri 
du_ _ 1 

dx oj^^a;®— 1 
dit,_ 1 

dx~^2x-x^ 

du 1 

dx V2o;-a;® 


f" dx 

l+o;® 


01 — cos"^a; 

=tan"io;, 
or — cot"\c 


f dx , 

/— 7==== = sec-la;, 
*/ aJV£C“— 1 


01 —cosec -la;* 


r dx . 

/- == =veis-ia;, 

^ v^a;— a:® 


01 —covers -la; 
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81. The Form 

In functions of the foi m ii®, m lieic both u and v arc functions 
of . 1 , it IS gcncially advisable to take logariihinshetoic piocccd- 
ing to diflcrentmte 
Let 

then log, 2 /=^*logti^; 

thci eforo - . lou^u-f v . i Ai ts 48, 52, C4 

V (lx (lx ® u lit 


(ly J. (Iv , V (hf\ 

-T/.+iZrfJ 


Three cases of this pioposition picscnt thcinsehcs 

dv 

I. If V be a conshnit and u a function of a, -j- = 0 and the 

ax 

above reduces to ~y — v . 

(lx (lx 

as might be expected fioin Aits 52, 01. 

II. If u he a constant and v a function of . 7 ;, ”^*^=0 and the 

general fonn piovcd above 1 educes to 
(hj ,, (h 

as might bo expected fioiu Arts 52, 03 
III If 16 and V lie both functions of a’, it appeals that the 
gcncml formula 


18 the sum of the two special forms jn I and II , and thorefoic 
wc may, instead of taking logaiithms in any pai ticular example, 
consider first v, constant and then v constant and add the 
icsulis obtained on these supiyositions, 

82 Wo shall presently (Ai t 102) see fui thcr that if y be any 
complex function of x, then, in whatever way the vaiious 
simple functions of winch y is composed bo connected together, 
the complete diffciential coefficient of y is the algebraic sum 
of the differential cocjficients obtained severally by considering 
all the functions hut one to be constant 


83 Hyperbolic Fanctions. 

The differential coefficients of the diiect and inveise lij'^per- 
bolic functions are now appended as additional foimulie. Their 
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verification is veiy simple and is left as an exeicise They 
will be found useful by the more advanced student by reason 
of their clpse ang,logy of form with the results tabulated above 
foi the direct and inverse trigonometrical functions 


Results for Hyperbolic Functions. 


«-* 

M = ainh X = — - — 

, e*+e-* 

u = cosh X = — — 

u = tanha;= — ■. — 
cosh a; 

. . cosh a. 

« = cotha:= — = — 
sinh X 

M=:secha: = — 

cosh a; 

u = cosech X = — — 
sinha; 

« = snih ~^x = log(a: + Vl + ar’) 


« = cosh'^a: = log(a: + is/ar® - 1 ) 
M = tanh'^a; = i log J-t? 

tt = ooth“*a: = ilog^ii 

a: — 1 

« = sech ~^x = cosh'll 

X 

u = cosech ■ la; = smh * 

X 


cosh a; 
dx 

^ = smh X 
dx 

^ = scch^ 
dx 


^ - coscch-a; 
dx 

du _ smh X 
dx~ cosh-a: 
du _ cosh a ; 
dx Bmh®a: 


du_ 1 
dx'^rr^ 
du_ 1 
Sa:~Va?-l 


dx~ 


l-a;s’ 


(*<1) 


ybosh xdx = smh x 
ysinh xdx = cosh x, 
ykecb^xdx =Ianh x 


yhoBccbrxdx =-cotha; 


/; 

/; 


Binha.^ ^ 
cosh-a; 
cosh X 


smh^a; 

y '* dx 

y ” dx 

1 

y * dx 


dx 


= - sech a; 

= -cosccha: 
ssmh'ia: 

= cosh "la; 

= tanh“ia;(*<ij 


y " dx 
xJ\ — 


dx 

du_ 1 

aVar* + l 


/; 


a;Vl-ar= 
dx 

Xojxr + l 


=-coth“ia;(*>i) 


= -seoh"ia; 


= -coseoh"ia;. 


84 Transformations 

Algebraic or tngonometncal transformations are frequently 
useful to shot tenv- the work of difierentiation. 


Por instance, suppose 
We obseive that 
■whence 

Again, suppose 
Here 

and therefore 


y=tan~ i . 

y=2tan“ia;, 

2 

dx l+ar 

y=tan-i?if 

1 — T 

tan-ia;-}-tan-il, 
dy_ I 
^ l-t-ir 
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As another example suppose 


therefore 


y=tan * ^ — — ==> 

v=ir_tan-* /I— 

— 4^cos“*i^; 

A •* 

rfy X 


85. Examples of Differentiation 

Ex. 1. Iiety= s^z, -where 2 is a known function of x 
Here y=^t ' 

i=i--=2^' 


•whence 


d: - 2^/-’ 


^ & 

SV-S’ * 

This form ccarr? fo often that it tnll he found convenient to commit it to 


memory 
Ex. 2. Let 
Let 
so that 


yzsev^. 

/cotar=r and cotx^p, 
y=^i where r= 

g=r, (Art. 63.) 


dp 2 

^=— cosecV-, 
or 


'Et 1 ahore.) 


and (Art. 53) 


dv^^ * ^=-cosecrj: 
tfr dz' dp’ dx 


2 \'cotx 


"With a little practice these actual substitutions can be avoided and the 
following is what passes in the mind • — 

d^€\'er-lc^ d{e<^frZ£^ . d( \^cotx) _ d(co tx) 
dx ~d'ycotxj dpotx) dx 

=e»''S4r . — - A ■ , (_ cosecnx) 


Ex. 3 Let 
Taking logarithms 


- y ■ V ' V - / 

2n cot a: 

y ={sin cot{e=(« 4- 6 r)} 

3 

iogy=logx . logsin jr— Iogcotj€*(<r— 6 r;} 


The difierential coefictent of logy is i 

yt/jp 


JLDC. 


5 
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Again, log® log sin r is a product, and when differentiated becomes 

( Ar h 48) ilogsin T+logA — cos a? 

' A sin X 

Also, logcot{c*(o+6r)} becomes when differentiated 

.. ' Y si [-cosec={c*(a+&A)}] , 

’T" oxy^ 

,• ^=(sinA)*“s* cot{c’(a+&r)} Qlogsinr+cotr log a; 

— 2e*(o+&+&r) cosec 

When, as in the above example, logarithms are taken before 
differentiating, tbe compound process is called Logantlimw 
Difcrentiatwn It is useful to adopt this method when vari- 
ables occur in the index, or when the function to be differen- 
tiated consists of a product of several involved factors 



Ex 4 Let 

y=’J<r— 6-cos*(log x) 

dy i>^cos^(log x) d{cP— d-cos^log ■»)} c?{cos (log a) } rf(loga?) 

dx rf{oS-6®cos-'(logA)} rf{cos(logA)} rf{logA) ^ dx 


? rf{oS-6®COS''(log a)} rf{cos(logA)} rf{logA) 

=i(a’ - 6®co3^1og a)}-» X { - 26®cos(log a) } x { - sin (log a)} X 1 

X 

_ 6®Bin2(logA) 

2a\/ a® — 6®cos®(log a) 


VEx 6 Differentiate A® with legard to A® 
Let A® =2 


Then 


rfA® 

ds^ difi dx _dx Sa"* 
dz ~~dx ~dz~'dz~'^ 
dx 



Ex 6 
Here 


Given that A®+y=3<M2^, find the value of ^ 

QfX 


dy_ ^-ay 
dx y®-aA 


giving 
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EXAMPLES. 

Find ^ in the follo^\ing eases . 


dv 

1 

2 . 

V 


3. y = 


a + hv 


^ y=u+- 

X 

5. y_a,+i. + ^_+ 

6. y=n-|+g4.. 

7. y — {a + bx^)jci/i^. ' 

8 y=sin(a + Jr). 

9. y = sm(<i + 5t;"). ' 

10. y^sm-Jx 

11 yss^/sma, 

12. y=!.^/sin/s/® 

13 y = sm^a,’ 

14. y = sin“*a:2 

15 2/ = (sin"^r)2 - (cos'^jc)-. 

16 y = tan~^(log x) 

17 y = smaj“. 

18 y = . -clog sc. 

19. y = c*logx 

20. y = sin(e*)loga; 

21. y = tan~^(c*)logcota; 

22. y = (a + a)^{a. + 5)". 

23 y=it^ 

24 y = l^a + x 

25 y = ^ 

26 y=»ycosh® 

27 y = log cosh® 

28. y = tan~^(tanh®) 

29 y=vers“^®2 

30 y=vers“Mog(cot®) 

31 y=cot~^(cosec®) 


32. y=sin"^. 
33 y 


1 


34 y 

35 y 

36 y 

37. y 

38. y 

39 y = 

40 y s 

41 y» 

42 y. 

43 y = 

44 y- 

45 y = 

46. y = 
47 y = 
48. y= 

49 y 

50 y = 

61 y = 

62 y: 

53 y = 

54 y = 


Vl+®2 
tan~^— -^ 

V^^-1 

l+jt3 
sin’".c cos"^. 

(sin "^.x)’”(cos“i®)”. 
sin(c*log.r) . ^/l - (log®)^ 
1 - {1 
1 + .® 
l-^2 


~4 


ijl +X'^ 
xjx" — 4itt^ 


4 


1 - ® 


1 +® + ®2 

=loge:i±i!i±i 

^®2-®+l 

=log^ 

= COS“^(l - 2®2) 

= 6tan“^(^-tan~^-^ 
\a aj 

® cos~^® 


: cos(^ai sm 


= sin 


S- 

-i Ci + b cos X 
b-\- a cos ® 
c**’‘“^*log(sec2®2) 
e“cos(J tan"^®) 
tan~^(a“ ®2) 
sec(Iog„Va2 + a?) 
tan~^® + tanh~i®. 
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55 

56 

57 


58 


y = tanh“^ 


Sx+jc® 
1 + 3x2 


+ tan"^ 


3x- X® 

1-3x2 


y = log(logx) 

y =log"(x), where log" means log log log 

(repeated n times) 

« ^ 

4 tjh hj h ^ 0/ o 

t/=_L^iog 


59 y = sin“^(xyi - X - *7x^/1 -X‘) 


60 

y= 

1 - 4x 

^ ^ r>v 

74 

y= 

/ 1 +Vx 

\1 + 2v/x/ 

61 

y= 

Hi^)} 

75 

y= 

(cos x)”‘'“ 

f 

62 

y= 

= 10< 

76 

y= 

A 

(cot~®x)» 

63 

y= 


77 

y= 

('i+iy+xi+* 

64 

y= 



V X/ 

65 

y= 


78 


6tan“^f- + tan~^?^ 
Vo X, 

66 

y= 

=x^ 

1 

79 

tany = e'“‘*sinx 

s 67 

y= 

= af + a?' 

80. 

ox® 

+ 2fixy + fiy® = 1 

68 

y= 

= (sin x)”** + (cos x)**”* 

81 

e»= 

(o + fix")* - o* 

69 

y= 

= (cot x)"‘* + (coth 

(fix")* 

70 

2/ = 

-tan-i(a“jc'‘"*) 

82 

(cosx)*'=(siny)* 


1 +X7 

83 

x= 

gt»n ^ 

71 

y= 

= sin~®(c*®“'**) 

84 

x = 

V lOET XW 

72 


-^(l + qp»=)(l-am5) 

\ 85 

y= 

a? 

73 

2/ = 

= tan“®^ \/x + cos“^x 

86 

y= 

vf 


87 «=xlog — V - — 

a + fix 

88 ax2^.2/ja;y + &y2^2flrx+^ + C = 0 

89 x’"j/" = (x+y)”*+" 

90 y = c*®"”*" log sec2x® 

91 Differentiate logjjx with regard to a? 

92 Differentiate (x® + ox + a2)" log cot J with regard to 

tan~®(acosfix) 
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I a + 6 tan ^ 


93 Differentiate log,^ 


a — 6 tan 


witli regard to 


a^cos^-bhm^, 

2 2 

94r Differentiate -with regard to sin~*a: 

^^95 Differentiate tan" ^"*^—^ nnth regard to tan“*a;. 

’Ise. Differentiate V ljt ~ f ^ with regaid to 

*^97. Differentiate sec~^ Q - 2 ^j -| irith regard to J 1 - a?. 


''^S Differentiate tan“^- 


X 




1-1 


X- 


with regard to sec ^ j. 


j 2 a 


99. Differentiate tan“i- 5 -with regard to sin" 

1 — ar 1+0* 


100. Differentiate a"Iogtan"ia; with regard to 

V 101. Ify=x** prove 0 ^== — 

ax 1 - 7 / logo 


sill ijx 
x^ 


-102 „ prove 

^■^1+ tOOD, 

^+T+... 

prove JB T 

^ ^ dx 2--, 1 T 

a + - , . a5>^ — 1 

X+ . to CP. x + - 

x+. . 


*'103 Ify=a;+i 1 , 
o + — , i 


' 104 

^ ^ 1 + — cos V r 

4 

1 + . to 00 , " 

prove ^y- (^+v)cos^+ysino ^ 

^ dx 1 +2?/ + COSO -sin a’ •'* 

105 If y—\/ sino+>^ sina;+*\/sina;+ Veto to 00 , 
dy cos X 

lOG. If <S„=the sum of a Gr P. to 71 terms of which r is the 
common ratio, prove that 


[Coix. Ex ] 
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107 + , 

Q 1 

- (T3+ +„» 


prove 


dAQJ ~Q- 


X 


[Coii. Ex.] 


108 Gnen C=1 +r cos <? + 


r^os 26 r®cos 36 


2' 


3 ' 


and 

show that 


„ a . j2sm20 . J-Ssm30 , 

S=i sm6 + — — - — + — — + 


2 I 


3 I 


C^+5?^'=(C2+S2)cos0j 
(h (I1 

C^-^={C- + S^)sm6. 
(h m 


[CoUi E\] 


109 If y = sec 4^, prove that 

^ ^ where < = tan a: 

110 If y = e~®seo“^('i: ;^/a) and a* + a;-s=a®, find ^ m terms of 


T and z 

> 111 Prove that if a; be less than unity 

1 2x , 8x" , 1 

s+ .adinf = 


[Coll. Ex ] 
dx 

[TnixiTi ScuoL ] 


1 -« 


1+x l + w^ l+JC^ 1+a^ 

, 112 Prove that if x he less than unity 

1 - 2x . 2x - ia^-Sx" , n.1 ;r.f _ 1 + 2x 

1 -x + x'*^! -x' + a,**^ 1 - 0 ,’* + *^ ’ 1 + x + x® 

113 6« en Euler's Theorem that 


[Coll. Ex ] 


ie_cos“cos|cos| cos®=51^, 
prove |tan| + ltang + ptanp+ . ad inf =l-cotx, 

and A sec2 ? ^ 1 sec^ 5 + ^ sec^ ^ + ad int = coscc^ - 1. 

114 Given the identity 

(2 cos 20 -1)(2 cos 2=0-1) (2 rng 9."0 - 1 ) = ^ <= 0 ^ 2"^^0 + 1 ^ 

' ^ ^ 2COS20+1 ’ ^ 

prove that y’-- 2^sm2-0 _ 2"^isin 2"-^^0 2s.n20 

^r=i 2 cos 2’'0 - 1 2cos2"+J0 + l 2 cos 20 + 1 

115 Gn en 


sm <j> sin(2a + 4>) sin (4a + ^) sin {2(7J - l)o + </i} = 

2” 1 


where 


2no = 7r 



STANDARD FORMS. 


56 


prove that 

cot ffi + cot(2a -1 <f>) + cot(4a + ^>) + + cot{2(w - l)a + <(>} 

= w cot »?</>, 

and that coscc^^ + cosec2(2a + ^) + coscc2(4tt + ^) + . 

+ cosec“{2(7i - l)o + ^} = n^cosec-n<fi 
116 From the expression for sin 6 in factors prove 

2 2 2 

and hence that - coth tt = 1 + - — + - — — 4 - — — , + ad inf., 

1+1" 1 + 2" 1 -1 o" 

and that 


— coth — — 1 + - — I - h — - — I- . ad inf 

2 2 l + 22^1+42^1 + 6"‘ 


117. Prove 


tan 0 

To 


0 ^^flwao 1 

r (2H-l)2r2- 46»-’ 


0 


anddeduco |tanh:r = - 5 Lj,+^^+ ad inf, 
and |tanh|=^, + j^ + j^,+ ...adinf 

118 Prove J coth a = 4 + 9 

2 " a-a 4 n^- 

2?5r 


119. Prove that 


= J_ +JL + 2 ^*^^ 

x^-a” x — a x + a 


x~ acos- 


n 


o o 27*jr . Q 

a," — 2ax cos — + 


hut 


=-i_+22; 

/>» xr 


if n be even, 

,,hi a? ** cos ■ 




. ai'TT 

n 


x-a 


x" — 2av cos —— + o® 

71 

if n he odd. 


120 Prove that 

2»’7r + 0 

n— 1/ II /3\ aj a COS 

wa." \af ~ a cos 0) _ w 

0 ?" — 2aj“a’'co8 0-i a-”” ^r=o 


X- - 2a^' COS 


27V + 0 
71 


•a^ 


121 Determine the coefficients A^, A„ so that 

■» _ + ( _ l)-^^}^*] = a:”-*?*, 

Tti being a positive integer [Univ. London, 1890.] 



CHAPTER III 


BG 

122 Writing sgw for singdit, etc , establish the following results — 

(“) ^gdx = cgx. 

iP) ■^sgx = cgh: 

123 The functions iCj, a;,, 0:3 a;„ being defined by the equations 

Vi-i/ X, x^^i = Z/ xZ/w^, J 

find the differential coefficient of the function towards which x„ tends 
when n increases indefinitely [Fremtt ] 

124 If Sf denote the sum of the r**' powers of the roots of the 

equation a:" +pjaP~^ +p^~^ + + = 0 , 

prove that if the coefficients be expressed in terms of Sj, s^, Sg s„, 

then mil [Brioschi] 

125 Defining the Vessel’s function of the order as 

“ fvTil “ 2(2« + 2) 2 4(2« + 2)(2ft + 4) " J 
( 2 ) 2 lj-.W = 


prove 
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8G Repeated Operations 

d 

The operation denoted by ^ is defined in Art 37 without 

any leference to the foim of the function operated upon, the 
only assumption made being that the function is a function 
of the same independent vaiiable as that lefeired to in the 
operative symbol, viz. x. It is moreover cleai that the result 
of the operation is also a function of x, and as such is itself 
capable of being operated upon by the same symbol That is 

to say, if y be a function of x, ^ is also a function of x, and 

d 


theiefore we can have ^ ^ mathematical quantity 

d 

And fill then, it will be thus seen that the operation ^ may be 
peifoiraed upon any given function of x any number of times. 

87. Notation. 

The expression generally abbreviated into y 

or and is called the “second deHved fimctioii” oi “second 
d'lfferential coefficient " of y Avith respect to x And, generally, 
if the operatoi ^ bo applied n times, the result is denoted by 

\n (£nj, 

rfa/ ^ called the deHved funchon or 

diffierentml coefficient of y with respect to x 

67 
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. , d 

It will be convenient to denote the operative symbol ^ 

by jD, which, in addition to being simpler to write, makes no 
assumption that the independent variable is denoted by x, 
and in many problems the independent variable is more con- 
veniently denoted by some othei letter For example, in 
dynamical problems the time which has elapsed since a given 
epoch IS frequently taken as the independent variable and is 
denoted by t, while the letters x, y, z, are reserved to denote 
the cO'Oidmates at that time of the pomt whose motion is 
considered 

It appears then that if we use indices to denote the number 
of times an operation has been performed, we may wnte 

-D 

D 




d 


88 Analogy between the operator ^ and symbols of quantity 


The index notation employed above to denote the number 
of times an operation is repeated is exactly analogous to the 
index notation used in algebra to denote powers of symbols of 
quantity 

If a be an algebiaic quantity, the algebraical notation for 
a a is , and foi a. a a is d?, and so on , the index here 
denoting the number of factors each equal to a which aie 
multiplied together But, as defined above, there is no idea 
of multiplication in 2) D ox 2?®, but a simple repetttion of an 
operation In the same way 2?” has no quantitative meaning 
in itself, but represents an operation consisting of employing 
the process of diftcrentiation n times For example, the 
diffeience between such quantities as IJ^y, {Byf, and 2)®?/^ 
should be carefully noted The index in the first case has 
refeience only to the symbol of operation “2),” which is there- 
foie to be applied twice to y 
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In iPyf the index is a purely quantitative one used in the 
algebiaical sense to denote the pioduct DyxBy. 

While in Bhj- we aie to undeistand that the square of y is 
to he differentiated twice 

That the ultimate lesults are diffeient may he easily seen 
hj’^ talcing any simple case. 


eg,U 

y=-a?, 


then 

Dy=^2x, 


and 

D“y = 2,,.. ... . ., 

. (1) 

Again 

{Dyf = 4;x\ 

(2) 

Avhilst 



and 

Dy- = 4aj®, 


giving 

Dhy”- ^12x\ 

.... (3) 


A comparison of the lesults (1), (2), (3), will at once satisfy 
the student of the truth of the above remaiks 


89 The operator D satisfies the elementary rules of Algebra. 
We will next consider how far the analogy goes between 
symbols of quantity and the symbol of operation which we 
have denoted by J). 

The fundamental rules of algebra aie three in number and 
are known as 

(1) The Distributive Law,” 

(2) The " Gommutative Lawf and 

(3) The Index Law” 

These tliice laws foira the basis of all subsequent algebraical 
formulae and investigations 

(1) The Distribuiwe Law is that denoted by 

m(a+b+c+. ) =ma+wi&+mc+. . 

Now, in Chap. II , Piop ill , it is pioved that 

D{u-\‘V-\-w+ .) = Du-\-Dv+Dw-\‘..., 
so that the symbol D is dwtributive in its operation 

(2) The Commutative Law in algebra is that expressed by 

ab-ba 

Now, in Chap II , Prop il., it is proved that 

Dcy = cDy, 

so that the symbol D is commutative with regard to constants. 

But it IS clear that the positions of the D and the y cannot 
be interchanged , such an error would be similar to writing 
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0sin instead of sm 6 So that, while D is commutative with 
regard to constants, not so with regard to variables 
(3) The Index Law in algebra is denoted by 

a® a« = a«+", 

m and n being supposed to be positive integers 

Now, to differentiate a result m times which has already been 
operated upon n times is cleaily the same as diffeicntiating 
m+n times, i e , i)”* i)"y = 

So the operator D’" D" is equivalent to the operatoi D'"+» 
wheie m and n aie positive integers 
Hence the symbol D obeys the Index Law for a positive 
integral exponent 

To sum up then, the operative symbol D satisfies all the 
elementai'y rules of combination of algebraical quantities, 
with the exception that it is not commutative with regard 
to variables 

90 It follows fiom the above remarks that anj’^ rational 
algeoraical identity has a corresponding symbolical operative 
analogue 

For example, (m+a)(m+b)=‘m^+{a+b)m+ab, 
so also the operation {D+a){D+b) is exactly equivalent to 
the operation I)^+(a+b)l)+ab 
Similarly, to the identity 

(m + af =m~+ 2am + a® 

corresponds the equivalence of the operations {D+afi and 
J)^+2aD+a^ 

91 It is clear that in cases like the above an ab initio pi oof 
may be given of the identity of the operations lepiesented 
For instance, suppose it be required to show that 

(D + a){D +b)y = [L^ +{a+b)D+ a&]y, 
we have (D + b)y = Dy+ by, 

and iI>+a)lD + h)y = {I>+aXny+by) 

= I^il>y + by) + a{Dy + by) 

= jy^y +bDy+ aDy + aby 
= D^y + (a + b)Dy + aby 
= id)-+(a+b)D+al]y, 

the result to be proved and the process of proof is exactly 
the same as that employed in proving that 

(m+a)0u+6) = m2+ (a+b)m+ab 
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However, sucli proofs aie unnecessaiy after the reniaiks of 
Alt 80, for the}' simply lepeat in fo't'm, the pi oof of the cor- 
responding algebmical theoiein 
It will now be obvious, for instance, without further pi oof, 
that since 

(j?i -fa)” = 7?i”-f n«ffl”~^-f . -fa”, 

1 Z 

we shall also have 

(D -f a)” y - -f n aZ)" " * -f — ~ - -f . . -f a”^y 

= Z)"y-f 72aH”-^y-f -f a"y. 


02 Notation. 

The first deiived function of y with inspect to the independ- 
ent vai iable is often denoted by y^, ?/, or y This notation can 
be conveniently extended, and we shall often find it convenient 


to denote 

Dy, J)% Dy, 

D-y 

by 

Vv 2/i> 

• yn, 

or by 

y(t\ 

y^”\ 

01 by 

?/'. y"'» 

etc, 

or by 

y> y. % 

etc 


It is clear however that the notation of dashes oi dots as used 
iu the Lost two systems is inconvenient for higher differential 
coefficients than the fouith oi fifth by reason of the number of 
dashes oi dots which it would be necessary to use The 
bracketed index notation is a somewhat dangerous one, fiom 
the liability of confusion with an algcbiaical index The 
suffix notation appears to be fiec fiom objection in cases 
wheic there can be no misunderstanding as to which is the 
independent variable 

93 Standard Besults and Processes 

The differential coefficients of some functions are easy to 
find 

Ex, 1 If y = i 2^1 = oc®* ; yn = aV ® ,...yn = 

Cor (i) If a = l 

2/=c*, = 
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Cor (11 ) y = a* = e*''>s.a, 

= (logta)c*^°^-“ = (logea)a* , 
y, = = Q^og^afa^ , 


Ex 2 If 


Cor If 
Ex 3 If 


etc =etc, 

2 /„ = (logca)"c*^°s«“ = (log«a)"a* 

2/ = loge(«;+a), 

1 1 (-1X-2) 

2/2--(a. + a)2. 2/’!- + 


2/i = 


a;+a’ 


(-1X-2X-3) (- 71 + 1 ) 
2/" ('c+aX 


_ (-l)"-Xw-l)< 

(®+a)" 

1 _(-l)’»ii' 

^“ic+a’ ^’‘~(a;+a)”+' 

y = sin(a£C+&), 

?/i = a cos(aa;+ 6) = a sin^aa;+ & , 


2/2= a*sin(aa;+6+^) > 

2/3 = aSsin(aa;+ 6 + , 


2 /n = a"sin(a'B+ 6 +^) 


Similarly, if 

2 / = cos(aa;+&). 

Un = a"cos^a»+ 6 +^) 

Cor If 

a=l and 6 = 0, 

then, -when 

2/ = sin », 2/„ = Bin(^a; + , 

and, when 

/ . nir\ 

y = cos a;, yn = cos(^a;+ j 

Ex 4. If 

2/ = c“*sin(6a;+c),* 

2/1 = ac“*sin(6'B+c)+6c“*cos(6a;+c) 

Let 

a = rcos^ and 6 = rsin 

so that 

? ® = a-+ 6- and tan d = - , 

' ft 

and thercfoic 

2/i= rc''*sin(6r+c+fyi) 

♦Slurphj, Cambi Trans ^ol V 
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Similarly 2^2= rV*sin(6.'C+c-h20), 

and finally yn = i’”c®^sm(6a; + c + 

= (a“+6“pe“*sm^6£C+c4''K'tan" 

Similarly, if y = e“^co'5(6aj+ c), 

= (a-+&")2c®*cos^5a;+c+ii tan“^^^- 

As the above results arc fiequentlj’’ wanted, it will be well 
for the student to be able to obtain them immediately. 



ExAirpiiEs 


V 1 Find tlie h*** differential coefficient of cos'i sm®r. 

We must first transform this expression trigonometrically. 

Let cosa?+tsmj?=y. 

Then hv Tngonometn* 2 cos +i, 2 cos I V 

‘ ’ y 2r 

2ismar=v-?:, 2isinId;=^-X 

3 ,y* 

Thus 2" 2Vcos"j;sinSj?=^y4-iy^y-i^* 

=2i sin 10 j:+ 8i sin 8* + 6i sm 6a; — 16i sm 4.r — 28i sin 2.r 

Thus 2®cos'xsin^a; 

= — sm lOar— 4sin 8a:— 3 sin 6a?+8sm 4a;+14sin 2a;, 

d" 

and therefore 2®-y— (cosTa; sin’r) 

mmT i 

= - 10"sm(l0i:+^) - 4 . 8"sin(8a:+H) - 3 . 6"sm(6r+^) 

+8. 4"sin(4a,+Hj-f-14. 2"sm(2ar+H^ 


Find y„ in the follo'vnug cases 

2 3=sin^x 

3 y=sm<lr 

4 y =sin-a; cos®a;. 

5 y=sin*rcos*a. 


6 y =sin ^ sm 2a sm 3a; 

7 y=c®*cos-r 

8 y=c“sm®6a; 

9 y=c^sm2rcosV 


94. Fractional expressions of the foim (both ftinctions 

being algebraic and rational) can be differentiated n times by 
first putting them into partial fi'octions (See p. 72) 
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Ex 1 


or 


a? 1 

^~(3,-a)(x-h)(x~c) {a-hy^a-c)x-a 

, I , c- J_ 

^(6— c)(i-a) r— 6 (c— aXc— 6) d?— c’ 

(see note on partial fractions ) , 

, a- (-l)"7i' , (-l)»re< 

therefore (T_a)"+i+(6-c)(6-a) (i?-6)"+i 

c= (-!)"»' 
■^(c-a)(c-6)(a;-c)"+i 

To put this into Partial Fractions let t= 1 +a , 


then 


1 

3+s 
1/1 5s . 4 s= 


^ hy diMsion 

s^U 9^9 3+sy ^ 


=±+1+1^ 

31? 9s 9 3+s 


M hence 


3(a; - 1)- 9(a;- l)^9(a;+2) 

_ («.H)K-1)’‘ , 5» ■(-!)” 
3(j;-l)"+® ■*'9(i;-l)"+» 

4n'(-l)" 

■*'9(r+2)"+‘ 


Examples 

Find the »*’■ difiercntial coefiBcients of y with regard to x in tl 
following cases — 


1 y= 

2 y= 


X 


{x -iiXv-b) 

1 

(3r-2Xj?-3)' 


3 y=- 


v-a- 


4 y= 


XT 


(a?-l)3(^-2) 


9t When quadiatic factors (which are not lesolvable ml 
leal lineal factors) occur in the denominator, it is often coi 
1 enient to make use of Demoivre’s Theorem * 


Ex Let 
Then 


(T+a)2+6® {('B+a)+i6}{('»+a)-i6}* 

1 1 

2ib\'c+a—ib -B+a+itJ’ 


*Ijiou\i11c, Joumol dc VEcolc Polylcehntquc 
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and ?/„ (a,+£i^,b)n+i}- 

Let a;+a=rcos0, and &=rsm0, 
whence r® = Cflj+a)^+&^ and tan0=— ^ — 

Hence i/n = ^^~:^{(cos 6 — / sin 6 ) -« -i — (cos 0 + < sin 0) “ 

= Sin»+^0, 

where 0=tan~^ 

Cor Ify=ton->£|^.2,,=^^:^^ 

« 

and theiefore ^ ^ sin nd sin”0, 


(x+a) 
h 


wheie tan 6= =coty, 

x-{-a 


^e, 


0=1-!, 


Examples 

d the 7i‘’‘ diifeicntial cocdicients of y with respect to t iii the fol- 

T naa0a 


; cases 

^ ^~ar ~+a^ 

2 y=tan~^~ 
a 


y- 


X 


-c^+a® 


«=taoh~^- 

o> 

1 


y 




y <'.r24./T2Y*2j./i2 


8 y=Ttan~*i 

9 y=taD-^ 

’ 1 — t cos 

10 y=i±f 

- -r — 1 

SG 

^ ^+aH-+a* 


a 



cnAirruu iv 




9G Lkiiikit/’s TirioiirM'' 

To fmd ihc (hiJnciUml coefficient of o product of two 
functions of x in tcims of the diikrcntud cocfju'unts of the 
sepa rate fun ciions 

It \\as pio\ed ui Chap IT , Pinp iv, that 


d , . dll , di 


It appeals fiom this foinnila that the operatise ‘symbol 

01 D may be consicleicil as the sum of two oprialne symbols 
i)j and J)„, such that J)^ only ojiciaten on u and dificrcntial 
cocfiicicnt-s of u, w bile ])« opmates solcK upon i' and dificrcntial 
cocfHcicnts of v Foi wnth such s\ inbols 





and 7 >o(tn')=«~, 

" ' Hr 

whence + —J)i{ifr)+J)f_in) 

= f/), + />,;«»• 

"We may theiefoio wntc foi D the compound symbol 

Now’, since JIj and P„ aie sj-mboK winch indicate difibientia- 
tions, the}’ each, like the oiigmal s}inbol ]), obey the dis- 
hihntivc and index lav’s and aie commutatne itith leyaid 
to constants and each other It theiefoie follows by formal 
analogy svith the Binoiinal Thcoiem that the opoiations 

Pi+^s)" 

and +/V‘ 

aie identical 


Now' 


Df{uv) = 





dv d '^~hi 
dx rfx"-*’ 


etc 


* Comma emm /.jiMfotnKni, \ ol i 
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Hence 


= D«(«v) = (/), + D.nm) 

1.2 c/.X“ c?a;”““ 

, , , <7"y 

+• +"rf.:»= 


a icsulfc ■\\bicli may be wnttcu 

( nv)ii =1<«'>-4-nClU„_il*i +„(7^«n -2V.>+ +UVn 
It appears tlicicfoic fiom tins fmmnla that if all the differ- 
ential coeflicicnts of u and v be known up to tho inclusive, 
the «*’* diffeiential coefficient of the pioduct may at once be 
iM'itten down 


97. Extension 

It ^\ill be also clc.u that tins icsnlt admits of extension to 
the case of a pioduct of seveial functions 
For instance, if y=tivii>, 


cl cl cJ , d 

ch"^ cH chi dx 


mIucIi, ngieeably with the above notation, may be mitten 

= (A + -^2+ > 

so that -j~{icvvS)—{D.y-\-D„-^D^"imiJ 


This may be expanded by foimal analogy with the Multi- 
nomial Thcoiern, giving a icsult which may be wiitten 


cl" I 

w) - civ * Fto* ' da‘’ 


tho summation being extended to all jiositive mtegial values of 
O', s, t inclusive of zeio, winch satisfy 

r-f s-}-t=-ii 


98 Inductive Proof of Leibnitz’s Theorem 
Eiom the impoitancc of this theoiem it is coiisidcicd useful to add here 
an inductive pi oof 

[Lemma If nCv denote the numbci of combinations of n tilings » at a 
time, then will «Ur+„6V+i==«+iC;.+i 

This Mill form an easy cxeici&e for the student ] 

<r > 

1"^ I'*'-''' j 


CHAPTEE rv 


Let y-vv, and let suffixes denote differentiations with regaid to x 
Then y^=u^+uvi, 

y 2 =Mor+ 2 Kitj+«i- 2 , by differentiation 
Assume generallj that 

— + ti^r^^n-r^V "I" tiCy+lWn-r-l^V+1 

+ +«!’„ (®) 

Tlierefore, differentiating, 

( nCi 1 . 

^fi+i = ««+ii’ + n ^ I r + f + 




/nCr+l\ 

\+..a/ 


+ +«Pn+l 


= M„+i» + n+lCiKdl 1 + n+lC2t««_i?.2 + ,i+lC^K,i-sI'3 + 

+n+iC-+i«a-ri'r+i + + «*«+!, by the Lcnima , 

theicfore if the Ian (a) hold for n differentiations it holds for «+l 
But it nas 21101 ed to hold for two differentiations, and theicfore it 
holds for thiee , therefore foi four , and so on , and therefore it is gener- 
alh true, i e , 

i‘Ut)„=1t„V + „GiU„^lVi+„CiV„-sVi+ a-„C'r«„-r1V+ +«»n 

99 Applications 

Ex 1 y=x^sinav 

y„=T®a"siii^n i +^j+«3tra"“’sin^efi+^^7rj 

E\ 2 Diffeicntiate ji times the equation 

d'* 

5pi(”/i)= ^y«+i+ «y„, 

rf"y 

dl" ~ V" » 

therefore bj addition 

*■■^11+2 + ( 2 n + l)iy„+i + (a- + !)?/„ = 0 , 

Ex 3 T\ hen the general 1 aluc of y„ cannot be obtained ii e may some* 

times find its lalue for r=0 as follons ^ 

Suppose J/=(sinh-'«)2 

S®’’® yi=2smh-*a/ JT+if . q) 

therefore (l + i^)yr=4y, 

n hence differentiating and diiiding by 2yi 
(l+a%..+jyj=2 


( 2 ) 
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Differentiating n times by Leibnitz’s Theorem 

(J + ar)y „+2 + 2aCT/„+i + n{n - l)y„ 

+ 'iy«+i+ ny«=0 

or ( 1 +a%„+ 2 +( 2 » + 1)^„+i+»=^„=0 

Putting r=0 we liave (y«+ 2 )o= (3) 

indicating by suffix zero the value attained upon the vanishing of a 
Now, wlien ^=0 we have from the value of and equations (1) and (2) 
(y)o=Oj (3'i)o=0> (^ 2 ) 0=2 
Hence equation (3) gives 

0^3)0 ~(yfi)o’= 0 /r)o== =(ysi+i)o =0 

and ■ 6 '-«)o=-2‘ 2, 

4? '2- 2, 

(^ 5 ) 0 = - 6 “ 4= 22 2 , 
etc, 

( y 2 i ) o =(- l )‘"'2 22 42 62 . ( 21 - 2)2 
=(_l)t-i22t-ip-l)l}2 


Examples 

1 If y=irc“ find y„ 3 If find y„ 

2 If rsinaa; find 2/11 4 If y='r”e“*bin 6 a? find 

5 Prove that the diffeiential equation 

(1 +ar)yi+a,yi^mh/ 

is satisfied by _y=sinh(»» sinh~'a?) 

Piove also that 

(1 + «®)yn+2+ (2»+ l>n/„+i + (ji- - m-)y„=0, 
and find the value of y„ when a;=0 

100 Some Important Symbolic Operations 

It has been proved. Ait 93, that if r be a positive integer. 

Let us define the opeiation JD"’’ to be such that 

J)^D-^'u=zv. 

Thus D“^ repiesents an integiatiou (Ai t 79) We shall sup- 
pose moreover that no arbitraiy constants are added 

Now, since 
it follows that 

Hence it is now cleai that ' 

for all integial values of r •positive or negative 

101 Let f{z) be any function of z capable of expansion in 

integei poweis of positive or negative ( = say, A,, being 

independent of z) 
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Then 

=:^{ZArar)t!^ 

— f{a)€f^ 

102 Next let y-d^^X, -v^heie X n any function of a 

Then since D'‘c®*=tt’'c“*, 

VC ha\e by Leibnitz’s Theoiem 

y„=c«(a«X+„C'ia“-ii)X+na«”"®-^-'3^ +i)’*X), 

vhicli by analogy with the Binomial Theoiem (Ait 93) may 
be wi itten D^c^X = c"*(i) + a)’*X, 

n being a positive integer • 

103 Now let X—{D+aYY, 

so that we ma}' wiite 3’’=(2)+a)"”X 

Then i)” 6 "^r=c«^(i)+a)”r(Ait 102), 

or I)^d^{D + a) " "X = e“*X, 

anil theiefoie jD"'’e'*^X=c“*(J[)+«)””X 

Hence in all cases foi integial values of n yostUve oi ncgcihve 
D«e'«X=:c‘«(D+a)"X’ 

lO-l As in Alt 101 we shall have 

tXD)d'^X = 2(A,.Z?’-)e"X 
=2(A,DV^X) 

=c‘«2A,(I>+a)’‘X 

=e«/(D+cOA' 

105 Again mr = (- 7112 ) ^ 7 na, 

and thoi efore JD-'’ mx = ( — w-)’’ 711 a' 

Hence, as befoic (Ait*. 101 and 101), it will follow that 


Lx yi?“sin brdt 

=2)-V*sm 5r=<f“(Zl+ff)-’sm hr (Ai t 103) 

= c“'- — “^.sm h 1 

Lt- 

^■~^a-D)svnhx{kTt 105 ) 

— bin ?*< - h cos 5r 
a'-rlr 

=i^''(«*+5-)~5sjn^&r- tan-*-) (compare E\ 4, Ait 93) 
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106 Successive Bifferentiation of F{aF) 

[Lemma, If n-^^i — — — — — ~ ^ - ifc is an elementary 

k* 

exercise to show that 


«-421, + 2(9? — 2/. +2)„,(l2X_2 = n+l-<l2i 

This IS left to the student ] 

We shall establish inductivelj’^ that * 

«•<, i = 0 

the senes continuing until a veio coefficient occiiis, being 
supposed unity, and indices of F denoting diffeicntiations with 
legard to or. 

Foi differentiating this, the coefficient of 

is „,d 2 i + 2(}i — 2/. >i_ 2, 1 e 

b}' the lemma 
Hence we obtain 


so that if the law holds foi n diffeicntiations it holds foi it+l 
liloieovei, the law is obvious foi one and for two diffeicntia- 
tioiis Hence it is tiuc foi an}' positive integial value of 
Ev If JFX'>~)=e"^', then «incc 

VC obtain 


107 Successive Differentiation of F{,s/^) 

[Lcmnm If „lSn = ■ (n -¥) 


nBy + nB^l - 22(?l + 4 — 1) = 

The verification is left to the student ] 

We shall establish inducti%'ely that 

f]n tf I \«+JL 

the summation continuing until a zeio coefficient occuis , „Bo 
being supposed unit}', and indices of ^denoting diffeicntiations 
with regaid to 
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Foi diffeiontiating, the coefficient of 


/ -1 


V 

JS n-B 2 i + 2 ('}l +/»» — ^ 

1 c n+i^iL hj' the lemma 
Hence -we obtain 

so that if the law holds foi n difieientiatioxis it holds foi + 1. 

Moieovci the law is obvious foi one oi two dift’cientiations 
Hence it is jiiovcd tiuc for any positive mtegial value of oi 
L\ Pioieth.it 

^ \2^h}2jr.-0 S'(n-I-I)' (Jrt^/07 

[Math Triio*., ISSG ] 

308 Punetion of a Function 

A gcncial expicssioii foi the diffeicntial coefficient of a 
function of a function will be found iii Chaptci V 

100 Norn ov Parhal Fractions 

Since a mnnbci of c\.iui|j1c-) on Ruccevsnu fliflviiUtiation and on intc- 
giation depeml on the abiliti of the stndint to jiut tertain fi'actional 
foinis into initial fmctioiis, Me gne the methods to he puiRiicd in a shoit 
note 

Lot be the fin lion mIiicIi is to be lesohcd into its ini tial f nictions 
0(r) 

1 If /\<) be not all cadi of lower dcgicc than the denoininatoi, ire can 
diiidi, out until the namtratoi of the remaining fi action ?« oflovci degiee 

cn r-’ 3r-2 

(t-IXt-2) ■*'(x_1Xi-2) 

Hence w c shall considci onh the case in which lowei degree 

than </>(r) 

2 If </>(i) contain a Bingle factoi (« -o), not lepeated, we proceed thus 

suppose ^>(0=('»-«)'^(0 

and let + ^(0 

(1 —a)yjr{‘l) 1 — 

d being independent of i 

Hence ^ s d + (i - 

t(i) >(■») 

Tliib IS an idcntiti and thciefoic tine foi ill i allies of the ^arlable ■? , 
put 1 =rt llien, since does not '\nnish when i =« (foi by In jiothcsis 
VX’) does not contain i - a as a f.ictoi), w'c hai e 
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Hence llie rule to find A is, “Put v=a in every poitioii of the fraction 
except in the factoi i — a itself ” 


Ev (i) 




, _ a—v 1 h~c 1 
{^-a)ix-hY~a — b x-a^h—a't—h 


\ a-+ pa+q 1 b-+pb+q 1 

'■ ^ (•> “«X* “*’) (ti — bXo-c)^—(i{b — cXb — a)v—b 


^ tr+pc+q 1 
{c—a){c — b) v—c 


Ex (ill ) 


o S 


(i-lXt-*2X^-3)“2(r-l) t-2^2(jr-3y 
1:^ 


E\ (ll ) p . 

Heic the imiueratoi not being of lotret deqrec than the denominator, we 
dnide the numerator by the denoimnatoi The icsult will then be 

expicssible in the foim wheic A and H aie found as 

befoic and aie lespeclively j- and 

•' a-b b-a 

3 Suppose the fnctoi (r-rt) in the denominator to be repeated i limes 
so that </>(l)=(J'-«)’■\<r(^) 

• Put X'-a=^y. 

Then , 

'/<•«) 

01 cijiandin" each function b> an> means in ascending pow’^eis of y, 

_A q+yl J ?/+-»lgy~+ . 

T)n ide out thus — 

■^0+-®!?/+ I |Oo+ Uiy + Uoy'd* > 

etc, 

and lot the dnision be continued until y*" is a factoi of the lemaindcr 
I^et the remamdoi be y’‘X(y) 

Hence the fraction =S>-{— ^ a. 

yV-’V-- y i'ift+y) 


c„ . Cl 


c.. 


yo , ^1 

, Cy-i , Xvfir®) 

a — '^(r) 

Hence the partial fractions coiicsponding to the factor are detei- 

niincd bi a long dn ision sum 

Ex Take 


Put 


(a-lX(r+l) 


v~l=y. 
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A 

Hence the fraction 





lyHf 




~W 

Theiefore the fraction 

_i.+i_+i L_ 

-'2/^4y^8^ 8(2+y) 

1, 3 ,1 L_ 

”2(tr-ly^4(a-ly*^8(^-l) 8(i + l) 

4 If a factoi, such as ^:®+ar+6, which is not resolvable into leal 
lineal factora occui in the denomiiiatoi, the foiin of the coi responding 

paitial fraction is instance, if the expression be 

1 

(r-oXtr- 

the piopei aasuniptiou foi the foim in partial fiactioiis would be 
A , B , C , Dx+E Fx+G Hx-^K 
a — a {r^+b-y' 

vheie A, B, and C can be found accoiding to the pieceding methods, and 
on 1 eduction to a common denominator we can, bj equating coefficients 
of like powers in the two mimeiatois, find the leniaiiiiiig letters />, B, 

Gy Jly K Vaiiations upon these methods will suggest themselves to the 
student 


EXAMPLES 

1 If y •= taii“^x®, find i/j 

2 If y*=a^loga;, find 

3 If 2/ = are"*, find 

4 If 1 / == t", find y„ distinguishing the cases in which r<, =* 
or > n , supposing 7i to he a positive integer 

’ 5 If y = A sm nw. + B cos nw, piove that jij + m^y = 0 ‘ 

C If 2 / = J e”* + Be~'^y prove that y, - m^y — 0 

7 If 7 / = ax sin a, prove that si?y^ - 2xy^ + (v- + 2)y = 0 

8 If 7/ = rt cos(Iog a), pi ov c that + xyj+y = 0 

9 If 2 / = + ix“” proi e that x-y^ = n(7i + 1)22 

10 If 2 /““ = 1 + 2 cos 2 - 1 ;, iirove that y^ ~ y{Zy- + 1 )(7y® - 1) 

[Oxford, 1889 ] 
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11 log -~r~i prove tliat aPtj^ -{y- »yi)-. 

^ a -r Oj; 

12 Jf v — sin a. pro\e = 1 **^’*”* ^ 

(Itr 

13 I'lnd tlic 7!*^ differential coefficient of ~ 

- 2nax - 71(71 -l 1)} 

14 If n = =in 7i7 + cos v:i, show that 

7/, = 7j’‘{ 1 -^ ( — 1 )’■ *in 2>7 / }*. *' 


[Oxford, 1890 ] 


[L C S ] 


[I C. S ] 


1 ■> If 7, ~ 'ill! pi 01 e that ( 1 - 't-)y» — ’'i/i = ^ > also that 

(1 - ’-)'/»* j - (2n - 1) 'V/n-.. - n-y, = 0 
1 G If 7 / = J ( > - JP ~P)" - B{:. -F 
then 11 ill 6 - - (2»i - 1 ) nj + (m- - n-)u„ = 0 

^ i -i 

^.d" If 7 / ' "~2r. pioie that 

{•f- - 1 ) »/, -c f- (2« t 1 )ry« -j + 0<- - m-)y„ = 0 

IS If »/ = c~^co-. pioie that y^ - iy-0 
10 Ify = - — r . findiv 

(r-f7)(j -h) 


20 

^21 
/ 22 




If y ar fx"* - o*’)‘h find 7/„, m being a positii e integer 
If 7/= r’'Jog 7 , find 


^33 If ^=:{l -1 a - a---;- '* 1“’ and ^=cot“^r, show that y„ is 

H- l)”7i *.Mn"'^’<?(‘'in(7i-s-l;f?-co5(?i- 1 (sm t? j- cos . 

[JLvth Ti iros ] 
-1 

2 i If y = c’"‘ *■ = (7^ - a,r 4 o A- + , show that 

( 1 ) a-^.^)7/, + (2>.-i>/; = o, 

(ii ) (1 -r s.-)y „ - { 2(77 1 )r - 1 }y„+, -r 71(71 l)y„ = 0 

(ill ) (71 - 2)/7„.. + ?io„ =- 

The last equation is to be found by ‘substituting the series for y in 
equation ( 1 ) and equating the coefficient of uP to zeio 
25 If y = sm(7>i sin 'V) = 4 - Oji 4 o/f - 1 , show that 

( 1 ) Q.-3p)y, = ry^~7n"~y’, 

(in) (1 - a.=)y„_ 2 - (271 - I)ay„,.i - («= - Hi^}y„ = 0 ; 
and (ill ) ( 71 4 - 1 )(7i 2)n„^; - ( 71 - - 777-)rt„. 

20 If e®''" = <T_ja:-4- , proie 

(n 1 )(7t - 2>/„,s = (7 i2 + 

27 If (sin“* 7 )2 = <7^ f/jT: , show that 

( tj -*■!;(» 1 2)(r„^e = 7Hff„ 
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28 If «, Vt to “be functions of f, and if suffixes denote difiFerentia- 
tions u ith regard to prove that 
d[ 
dt\ 


«1> ^'l. *»!,= 

«1» *'!» 

10 

1% 

t'Ol tOg 

«3. 

«4> 


29 If 


1 


^-1 


[CoLi. Exam ] 

be differentiated t times, the denominator of the 


result inll be and the sum of the coefficients of the 

several powers of c* m the numerator -vnll be ( - 1)*1 2 3 i 

[Caics CoLi. ] 

30 Prove that 




'■' / dv\ «(«-!) d''~~ / d-v\ , 

31 Show that if x = cot y 

r+^ ^ nO^^iOshj sm 3y - . } 

[Oxford, 1S90] 

32 Prove that if ac > l »2 
d" b + cx 

dx" a + 2bx + cx^ 

[Loxdox, 1890 ] 

33 ShoR that tan^y— ^sm mv = tanh 7 iiy . cos mx ^ 

^ [OxForJJ, 1888] 

also tan"J^y~^sm OT-c^tanh'^OTy cosmv, 

and S^(y^smjn%=^gd~\ini/)cosmx 

34 Proie 

[Gregort's Evamfles ] 

35 Proxe that if ^ + y=l 

- nCpf-^v + - . ) 

[ilCRPHX, ElFCTPICITV ] 


36 Prove that 
'closcx 




to,. + l terns. 

[Math Tfipos, 1889 ] 
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37 Find the n*’‘ diffei enti.il coefficients of sin a? and cos 

38. Estiblish Rodrigues’ Tlicoicm* that if n he a positive integer 

- 1 - 3 - ^ 


sin wj 
39. Proic that 


d" 1 3 5 2n-3 r 4;"-/ ,v" 

1 m 1.3 D (2/.-1) ri-A" 

" _ r,y (2« - 24 - ] )V1 + ^) * 

[Fri VFT ] 

40. If /(.r) = ffo + Oji «- +a^''+ , pro\c that 

iv.+2"„,+ =[(-;;)>^)X. 

n. If (l>(n) he a ration.il nlgehraic function of n, prove that 
«/.(l)x + </.(2)x2 + + 


42 If /{'>) c.in be expanded in positn c integral pov ers of %, piove 
that 

AZ))(.<») = «AD)v + D,c/XD),+^^lij "(/>)« . ?ytr(D)v + 

43 Show that the Ressers Function «/„(^) (Ev 12.5, Chap III ) 
satisfies the diffei cnti.il cqu.ition 

f/“K 1 du /, 7t-\ 

44 Proic that Lcgendie’s function of the »i"‘ oidei, viz , 

satisfies the equation 

and ni.iy he expicssed as 

(®) }„{«’* + , A'w’'“’«' + «C5«"-V+ i-t"}, 

jSi 

vhcrc « = x-j 1 and 

(/ 3 ) 1 ) 1)2 




*M Frenob has pointed out (Rccucil d'JJrcrciccs) that this result which is 
usiifilly ascribed to Jacobi and known by his iiamo (being gi\tn by him in Crdlcs 
Journal) had been prcMOusly published bj Itodrigiics 
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110 The student will have alieady met with seveial 
expansions of given explicit functions in ascending integial 
powers of the independent vaiiable, foi example, those foi 
(cc+a)", e®, log(l+a), tan“*a;, sin®, cos®, which occui in 
ordinary Algelna and Tiigonometr 3 »^ 

The principal methods of development in common use may 
be briefl}'’ classified as follows 

I By puiely Algebiaical oi Trigonometrical processes 

II By Tayloi’a oi Maclauiin’s Theoiems 

111 By Difierentiation oi Integiation of a known senes, or 

equivalent piocess 

IV By the use of a diffeiential equation 

These methods we proceed to explain and exemplify 


111 M1:tii,od I Algebraic and Trigonometrical Methods 
Ex 1 Find the first tin ee tenns of the expansion of log sec a. m ascend- 
ing po^ era of X 
By Trigonometry 

AlS *1^ /f£ 

cosr=l-_+ --5+ 

21 ^ 4 ' 6 ' 

Hence logsec;i?= -logcosr= — log(l— s), 

tfwi 

wiiere .-g, , 

and expanding log(l-r) by the logaiithraic them cm we obtain 

logsecT;=s-l-i‘+^+ 


12' J'^2L2'~4i'*' J 


T 

78 
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^3 ^4 ^ 

"^"2 '■^■^720' 




,JB 


lienee 


*^8 48"^ 

+-- 

^24 

4*4 a«G 

Iogseor-_+_+_ 


3Ex ^ Expand cos^r in poweis of je 
S' he 4 cos\ =cos 3x+3 cos a 

3V . 3H-< 


=^1- 


2 ' 


o.’n..Sn 

4'“ 

i2 a:* 


we obtain 


+3[l -1-1+41- +(-l)"(|,i7.+ } 

cosH=i{(l+3)-(3=+3)g+(3H3)|J- 


+(-l)"(3=»+3V 


( 2 «)' 


} 


Similai ]y shi^a = i |(33 - 3)^ - (35 _ 3 )|! + ( 3 ? ~ 3)^ - 


+(-l)”i 


32'<-J-3 




} 


(2n-l)r 

Ex 3 Expand tan v in poweis of a as far as the teiiii involving 


Since 


tan v= 


^■3 , 

1 

2'^4' 


w/ 

V. 


we may by actual division bliow that 

tan t;=i;+^+:^a;®+ '' 

3 15 

TSx 4 Exjiaiid ^{log (1 + ^)}- 111 poweis of a 
Since (l+a:y' = ey'®sn+*)j 

we have, by expanding each side of this identity, 

i+y*+2!fc±)^+’/Cti^)^+2!6^ 

Sl+ylog(l + t)+|,{log(l-|-J!7))=+ . 

Hence, equating coefficients of 

1 I .mMo f ^ 2 + 2 3+3 1 ^ 

i{IOo(l • gi 31^"^ 41 ^ —etc, 

a senes 'which may he wiitten 111 the foxm 

^^-(i+^)|+(n-Ki)^-(i+Hd+rf+ 
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EvAsirtrs 

1 Prove + 

*» 

2 Pro\e coshH=l + '^ + «(3a— 2)|-, 


3 Pro\ e 

4 Pro^e 

5 ProAC 

6 Piove 


loR 

log 


sma» ^ 

V ~ 6 “180 

snili;t. _x- 
^ "6 “180 


log rcot A.= 




log 


3 90 

. 13 


- _?iL_K0 
“ 3^90 5 7 9- 


7 Expand sinli‘*a; and cosh’a;, gn ing the general term m esich case 

4|«3 5 ^ 

8 Pro^e log(l-a,+^•i‘)=-1r+^+5r+^__^___l+_ 

9 Expand log(l+a‘®e*) at> fai as the term contatmng ar^ 

10 Expand in pov era of j, 

(«) tan 

(i) hau 

11 Pi 0^0 that 




q+px 


^/l + r-'-l 


(rf) cos~’- 


V+’l' 


Pog(l+a )l- 

■where ^P* denotes the sum of all pioducts X. at a time of the first r naturiil 
numbers / 


112 Method II Taylor’s and Maclaunn’s Theorems 

It has been, discoveied that the Binomial, Exponential, and 
othei well-known expansions are all paiticular cases of one 
geneial theorem known as Taylor’s Theoicm, w'hich has for its 
object the exiMnsion of /(a+7t) vn ascendviig %ntcgi al posihve 
poxoeis of h,f{x) being a function of x of any form whatever 
It will be found that such an expansion is not always possible, 
but we leserve for latei ai tides a iigoious discussion of the 
limitations of the theorem 

# 

113 The theoiem lefened to is that under certa%n circum- 
stances /(a+/0=/(a;)-b/i/(a?)-b^/''(a!)-b^/'Xrc)-b. . 

+ ^/"(a:)+ to infinity, 
an expansion of f(x+h) in powers of h 
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This lesult was fiist published by Tayloi in 1715, in his 
“Methodus Inciementoium Directa et Inveisa” In 1717 
Stilling pointed oiit'anothei form of Tayloi ’s Theoiem, viz, 

m =/<0) +«/(0)+^/'(0)+|/'"(0) + , 

+^/'(0)+ . to infinity, 

which is easily deducihle from Taylor's Series by wiiting 
0 for X and x for li, the meaning of /'(O) being that f{x) is to 
be differentiated r times with lespect to x, and then x is to be 
put equal to zeio in the lesult 

The latter senes gives a method of expanding any function 
of X in positive integial powers of x. Being a foim of Tayloi ’s 
Theoiem it is subject to the same limitations It is geneially 
known as Jifacla^brin's Theoo'em, though its publication by 
Maclauiin was not made until twenty-five years after its fiist 
discovery by Staling 


114 Taylor's Theorem also dedvxihle from Maclaurin's 
It has been shown that Maclaurm’s senes is deducible fioin 
Tayloi ’s form Tayloi ’s senes is also deducible fioni Maclauiin’s 
Foi, let /(«) = Fix + y), 

then ' f {<o) = F'ix + y), etc , 

so that /(0)=F(2/)./X0)=n2/),/'(0)==-n2/), etc. 

Hence Maclaurin’s Theorem 


/(®)=/( 0 )+*/'( 0 )+|/'( 0 )+ . 



becomes J’(y+®)=2i'{y)+!BF'(2/)+|i-^(3/)+ . 

which is Tayloi ’s foim 

// 

Taylor’s Thisoreai 

115 Prop To piove that, %f f{x+h) can be exjyanded %n a 
convergent semes of positive integral powers of h, that ex- 
pansion IS 

K^+Ti)=Aii>)+hm+f/{x)+ to « 

Put x-\-h—X , then since x and h are independent 

dX 


dh 


= 1 


EDO. 
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_ df{X) dfiX) 

Hence dh^'dX ^ 

Similarly ~J^?=/W.etc 

How, asswnivng the possibihty of such an expansion, let 

7,2 JfZ 

f{!0+h)—A(f+AJi+A2^^ + A2^^-\‘ , ( 1 ) 

■wlieie J-o, A^, A^, aie functions of x alone, not contaimng 

h, and are to be detei mined 

Piffeientiating with legaid to h we have, by the pieceding 
woik, f{v+h)>=^^^^^^^-A^+Afb+Aj^^+AjJ^+ (2) 

Differentiating again 

. (3) 

etc 

Put h—0, and wo have at once fiom (1), (2), (3), 

Ao = /■(^), =^fX<c), A^^fix), etc., . 

Substituting these values in (1) 

f{x+h) =/{x) +hfXx)-{-^^,f(x)-jr +^/''(a;)+ 

116 This theoiem may be wiittcn 

/((i;+/0 = {l+/t^+2,(^)+|iQ^)+ }/(*), 

and by analogy of foiin w’lth the exponential theorem the 
operator may bo lepresented shortly by 


, Thus 


e^ 01 e*" 
fix+h)-d“>f{x) 


Stirling’s or JIaclaurin’s Theorem 

117 Prop To prove that %f /(a) can be expanded %n a 
convergent set tes of positive vntegi al powers of x, that ex- 
pansion IS 

/(a)= jr^0)+<(0)+^'/'(0)+|^/"(0)+ to 00 
Assnmmg the 2 yossibihty of such an expansion, let 
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whcic A^, A„, , aic constants to bo determined, not 

containing a 

Then diffcientiating we lia\e 


/ 0^) = 2*'^’ + a-Ti ' 

f"Qc) ^ A n-i- A + A + A , + 



etc 

Hence putting x~0 in (1;, (2), (3), , we have 

vio=/(o), ^ii=/m .i,=/m etc, 
and substituting these values in (1) 


/(•^)=/(o)+^Ao)+|/'(o)+||no)+ . +|;ao)+ 


• • 


118 It will be noticed that in the above pi oofs tbeie is 
nothing to indicate in ivhat cases the expansions assumed in 
the equations numbeicd (1) in Aits 115, 117 aie illegitimate, 
and wo shall have to lefcr the student to Aits. 130 to 142 for 
a fullci and inoie iigoious discussion 

119 It IS impoitant befoio piocecding fuither, that the 
student should satisfy himself that the well-known expansions 
of such functions as (a-b/i)’*, c®, sin a, etc, aie ically all included 
in the geiieial lesults of Aits 115, 117. 

Foi eviniplc, if f{i)=nv”~\ 

etc Hence Tai lor’s TJieoiem, 

/(^+/0=/(’')+¥'(^)+2T/^)+ . 

giics the binoninal expansion 

^ I 

Ag.ant, suppose then f'(y)=<f‘, /"(«■)=<?*, etc, 

therefore /(0)=b/X0)=I>/”(0) = ], etc ’ 

Hence Madam in’s TJicoicni, 

/(^)=/(0)+i/'(0)+J/"(0)+ , 

gives e*=l + 7+|:+^’.+ ^ 

the icsult known .is the Exponential Thcoiein 

120. Wo append a few examples which admit of expansion, 
and to which tiieiefoie the lesults of Aits 115, 117 apply 
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ExAMPLEb 


Prove the follo-wiiig results 
1 S1U^=^- ,+-^- 


V 


2 log(l+a,)=J:- ^+-g 


3 tan~*r 






3+5 


4 <fcos^=l + 2^cos^ 

, jiTT a” , 

+ 2-cos— - + 

I -I 22r» 2^1'® 2*1^® . 

5 cosa, cosht: = l — ^+-8l — — ^ 


12' 


6 log(l+c*)=log2+4i;+^^— 

7 e»»'*=l + 'c+^r®-^r‘- 

J2 p 

8 sm(a;+ A)=sm r + A cos t — siua — — cos x+ 


[Ojuobd, 1888] 


9 siu~’(4;+70 = sm-"'i + 


h 


^1 + 2^ ^ 
*1 . n\F r» » 


^/riv (i-t'')?2' (i-a;®)5 3i 

Jfi A3 (JOS *}• 

10 log Ein(t+A)=log sin r+/i cot r- — cosec-r;+— —-j~+ 

ji >5 Slli 


11 Bec~^(^+A)=8ec“*^ + 


2r2-l h- 




Method III 

121 Expansion by Differentiation or Integiation of a 
Lnoion set ies oi equivalent 25rocess 
The method of tieatment is indicated in tlie folloiring examples 

Ex 1 To expand tan-^v m poicers of i , assuming v to be iiumencally 
less than unitj Gregoiie’s Series * 

Suppose /(r)=tan-*r=a 0 +ajr+a 2 a''+O 3 a:®+ , 

then f(x)=j^,=:ai+2agV+3a^i^+4a^a^+ , 

also (l + r®)~*=l — r'+a:*— T®+ 

Hence, comparing these expansions, •we hai e 

a,=ai=as=as= =0, 

Jind ni=l, 303 = - 1 , oti^=l, etc 

Also ao=tan~' 0 = 7 i 5 r , 

therefore tau“k= 7 i 7 r+r-— 

3 5 7 

* Commercium Eiastolicum, p 98 
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foi 


This icsult may he obtained immediately by inlegititioii of the series 
1 


VI/ , 


l + v- ’ 

1 — — ,, 

the constant being detei mined as befoic 
Ek 2 To expand stir^x 

Suppose /(^)=sm~^^ =Oo+cfiaf+ffs.r®+cf3a.'®+ 

thcrefoie 

But 


/(^)= 




=«i+2a>a+3a3,r2+4air®+. .. 




Hence, compiling these senes, wq lia\e 



a^=a^=aa— =0, 

and 

«i=I> 3«3t=A, 505= 2 ~ 

Also 

Oo=siii“‘0=7i5r 

Hence 

8in~H=«ir+a +i 

3 2 4 5 




and, as befoie, this might have been obtained immediately by integration 
of the expansion of ^ ■ ■r L — ^ 

Ex 3 Again, if a knovrii senes be given, we can obtain others fiom it 
ht/ differentiation 

Eor example, bon owing the senes foi (siii'^j')- established in Ex 2 of 
the next Ait , viz — 

^ 2**'3 4'*'3 5 G‘^3.5.7 8*^ ’ 

n c obtain at once by diflei cntiation 

-^+2^ .2 4^2 4 G j 

EXASlFliES. 

1 Prove log(«+»yr+P)sBinh~’r=r-i . 

2 Prove t.lnh-^r=^ +£’+—+ 

3 6 

Expand examples 3 to 9 in ascending integial poweia of a? 

3 tall“^^+tanh~’a 

4 tan~^ , + sinh“^ 

l-ar- . 

5 tan->|i:^„+tanh-i5l±^, 

l-Sr® l + 3i?^ 

6 taii-t --^— 
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7 sec-i - — — 

1 -2.r® 

8 sinli“X3a,+4T;®) 

Vl + 1" + Vl — I"" 

10 Deduce fiom Ex 3, Art. 121, 

2 2 4^ 
■3“35“5^ 7' 

And hence by putting i;=sin 6 , piove 

sin®0 2 8111^0 2 4 Bin®0 
3 


(1 - ^^)'sln~^l!= t • 


0cot 0=1 -- 


3 5 7 

[Quauteri.\ Joubnal, \ol vi ] 


3 3 5 

11 Given that 


co.ioga+t)-i+^t+f»=+|.»+ +!;*"+ . 


calculate the firat eight coeflicieiits of each expansion 

[Math Tbipos, 1887] 

12 Prove that when r is between - E and + 

2 2 

~ cos r - ^ cos 3a. + p cos 6 1 - to infimtj ^ 

[Math Tbipos, 1875] 


Method IV — By the Formation of a Differential 

Equation 

122 This method may often be employed with advantage 
Assume a senes foi the expansion 

(say ao+ajW+a^H ) 

Then foim a diffeiential equation in the way indicated in 
seveial of the examples in the pieceding chapter Substitute 
the senes in the diffeiential equation and equate the coefficients 
of like poiieis of x on each side of the equation We shall 
thus obtain sufficient equations to find all the coefficients 
except one oi two of the fiist which may be easily obtained 
fiom the values of /(O) and /'(O) 

* Professor Williamson lins pointed out that some historical interest attaches to 
this method, ns hiimg probably been employed by Nenton in his expansion of 
8in(m sin'^o;) and other expressions 
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Ex I To apply tins mctliocl to tlie expansion of (1 +icy' 

Let y=(l + t)"=ofo+<’'i^+<fA-'®+aj'i’'®+ • • • (1) 

Then yj=7i(l + r)""^ oi (l + r)yi=«y . .(2) 

But yi— «i+2«j.T-(-3ff3,r®+ . (3) 

Therefore substituting foi (1) and (3) in the difieiential equation (2) 

(l + rXai+2ajr+3«3»^+ )s«(ffo+«i^+o,‘®^+ ) 

Hence, comiKiinig coefficients 


Ol = H«0» 

2 oj+ai= 7 !ai, 

3a3+2o2=«ff2. etc., 


and h} putting 

^=0 111 equation (1), 

^o~ L 


gning 

«! = ?», 



, 11-1 , 7l(«-l) 

a - 3’ ’ 

etc. 


7 7 

1 

+ 

whence 

(1 +a)" = 1 + 7ia +lK»-~l)r3+. 



Ex 2 Lcty— /(i)=(sin“’j;)- 

yi=:2sin-H 

vl — v~ 

(l-^=V/^= 47 / 

Diffeientiating, and dniding by 2yi, nc have 

(l-A-)y,.=ry,+2 (1) 

Now, let y-ao+aix+a^^+ +«n.'«?”+ff«+ir’'*^+cr„+ 2 a-’''^“+ , 

theieforc i/i=ai + 2a^+ +7^a„^"“^+(»+l)^f„+l^:’*+(7l+2)cr„+2.^"+^+ , 

and 

1/2 == 2rt3+ + 7i(7i - l)an3^~-+ {ii + l)nart+ir"-' + (7j + 2)(7i + 1 )an ^^' + 

Picking out the coeflicient of i" iii the equation (/ichich may he done 
without actual substitution) we have 

{n-i-2)(n+l)«„+o-n(n- l)a„=na„ , 

A|2 

therefore 


0 f|i+ 2 =, 


\«n 


( 2 ) 


■■( 7 i+ 1 )(m+ 2 ) 

Now, ao=/(0)=:(sm~^0)2, 

and if w e consider sin“*a7 to be the smallest jiositive angle wdiose sine is a;, 

8in''*0==0 

Hence ao=0 


Again, 

and 


«i=/( 0 )=* 2 sin -’0 -- i.-r - g: 0 , 


1 


« 2 -i/'(O)=i(^+ 0 ) = l 
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and 


Hence, from equation (2), 03, a^, 07, , ure each— 0, 

2® 22 22^ 


a ,= 


42 


••"5 6 3 4 5 6' 

etc =etc , 


22 42 


42 9 
6 ' 


tlieiefoie 


2r2 . 22„^ . 22 42^ . 22 42 62 


(sin-.)2=-r+|:2^+::^-22;« + 


8 ' 


2.tS+ 


A different method of pioceeding is indicated in the following example 


Ex 3 Let y=sin(in ain“2a-)=ao+aia.+a..|-+a3^,+ 


( 1 ) 


yi=cosfm sin“2T)- 




Then 
■ahcnce 

Diffeicntiating again, ind dividing bj 22/j, Mchave 

(1 - - 2^1 +M-i /=0 (2) 

Diffeientiatmg this n times hj Leibnitz’s Tlieoiein 

(1 - 2%„+2 - (271 + + (jn- - = 0 (3) 

Nosv, a3=(2^)^=o=sm(2« Bin~20)=0, 

(assuming that siu~H is the smallest positii e angle s\hose sine is x) 

ai=(yi)x-o=»i, 

^2~(y2)x“0 — 0, 
etc 

^11 — (2 ^ii)x =50 

Hence, putting a =0 in equation (i), 
aii+2= -(m’-n-yi,, 

Hence a^, Og, Og, , each=0, 
and ^3= -(n|2-l2)aj= 

O5 = - (7772 - 32)03 = 77l(77l2 — I2)(ni2 _ 32J^ 

a- = - (77?2 - 52)aj = _ m{mr - - 32 )( 77 i 2 _ 52 ), 

etc 

Whence 

sin(7n Rin-ly) = 7H -I _ ^~) 1 1 ^ ”»(’” l-)(77t 32) ^ 

3' 5' 

»77 ( 77l2_l2)(«i2-32)(w2-52)., , 

7f * + 

The con esponding senes foi cos(777 sin-^t;) is 
cos(7?? sin“2:r) = i ^ 7»-(77^— 2-) ^ _ 7n-(77i2 — 2-)(?»2— 42^ ^ ^ 

If ue iviite a;=sin 6 these senes become 

sin m 6 =m sin sin2gq.!!?.(”^^ ~ 3~) siii“0-etc 

’ 3* 5* " 

cos 7770=1 sin20+ ?^'(”^-S') sin^0-'!?>^’’.=^y”^'“€)siiiO0+etc 
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Ex 4 Expressions of the form (^Arr^vYjp^ may he easily expanded as 
follows 

Taking tan“’;c to lie between ^ and — ^ we have 

4 4 

taii-^r=a:-^+|^- 

We niaj therefore evidently iissunie expansions of the foim 
y = (tan-^:«;)'’/p ' = «>»»’ - 0 ^+ 5 ®^+= + 0 ^+ 4 ^^+^ - 
z = (tan~^A)'’-V( JO - 1)’ = - hp^ix^^'^ + - . 
Then . yi=z(l + 'ii^)-\ 

or pajfip-^ -{p+ + (iJ + 4)api.f!c^*^ - 

= (1 -s^+x* - . - hp+ixP-*-^+ ), 

whence, equating coeiBcieiits, 

pap=bp-i, 

{p+ 2 ) 0 ^, +« = bp-i + bp+i, 

{p+ 4)ap+^ =sbp-i+ &P+1 +bp^3, 

etc, 

and the law w Inch connects the several coefficients is obvious 
Thus starting with Giegoiie’s Senes w'e successively deduce 

2' 2 \ 3/4 \ 3 5/6 \ 3^6 7^8^ 

(tan-M’_i^ ri . Vij iM-*?®. ri , Vi^n . Vt . i , i\i^^ 

etc 

These results have been coimnumcated to me by Professor Anglin of 
Queen’s College, Cork 

Examples 

1 Apply this method to find the kiiomi expansions of 

a*, log(l+ir), sma, taii"^!? 

2 If y=siu“^A=ao+ajr+ff2®*+®»®®+ > ** 

piovethat 

and in tins manner deduce the expansion given in Ex 2, Art. 121 

3 If e"*‘'‘~^*=Oo+aia:+aoa;®+of 3 ®®+ , prove 


(1) a„+s 


(n+JXn+2) 


( 2 ) 

^ g(a-+l)(a^4-3^)^ j ^ 


5 ' 
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(3) Deduce from (2), Lj expanding the left s,ide according to the 
exponential theorem and ciiuating the coeflitients of a, «*, . the 
scries for sin"* 1 (siu"*i)-, Jandsho^^ thatif in the development of 

1 


M/-, 


1 


1 T= . 1 3 , 

2 3 "^2 1 5"^ 


everj' miinbci which occurs lie increased hj unit^, the result, mz., 


2 r* 2 4 

^ ^ . ' — "I* 

2 • 3 4 ^3 5 C 


IS equal to 5") 


4 Pioae that if log,i/=tan~*i 

(1 1 - 2'« - 1) r}y. 1)(« - 2V„-» 

and hence find the cocfiiuent of <' in the expansion of y by iraclaiinii s 

Thtoiem [I C S> Lxam ] 

, (tan~*J-)- aji^ o.j-‘ , 

j If , 


2k-] 


proa e that Om — fl;n-s= 

G If V satisfa the equation ;/^ — wi-y=0, and if the first and second 
terms of its expansion be resjiecti'tlx -l4-/» and ( Im — Btnyc, show* that 

the general tenii i« {-!+( - Hence show that 

7/=Jc’"+ /?(!“”* 

7 Ifysvtisfx the difieiential t'qnation 

Vi + 2lyi -f & vy = 0, 

anil the firat teims of the exjiansion of y are 

l-Jv+^^r=+ 

continue the expansion. 

8 If sin-^r= V and 

B=I «’ 3' 71* 

show that «n+ 5 =«"an+^'.i 

Hence establish the expansion 

( sm-Vy * I j- , I 3fl , l\j^ ,1 3 ofl , 1 , l\x^ , 

3' 2 3 ■*'2 4\12'*'J-J5 '2 4 C\l- 3-'*‘5V7 ^ * 


*) Proxe (rt) 


sinh~'r 2,24 
“3* 


x-'- 


4 a* 


3 o G 
1 3 1 


fM ( sjnh- H)- 2 ^ 

' 21' ' 2 3 4 ■ 

(c)log(l+^/2)=l-I 1^2 j . 

2 7„„/1+n'3\ , 2 1 2 3 

73^°s(-7r)=*-3+3-o-r-5-7- 

10 Estabhsh the expansion 


[Axglix* 3 


- = 1 + ^ LI 4 .I 1 2 3^ 
S 2 3 3 3 5'^4 3 5 7"^ 


[Axgux' ] 
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Continuity 

12‘3 Dep a function is said to be continuous between 
any two values a, h of the independent vaiiable involved if, as 
that vaiiable is made to assume successively all inteimediate 
values fiom a to h the function does not suddenly change its 
value, but IS such that its Caitesian giaph '[y=<l>x\ can be 
descubed by the motion of a paiticlc tiavelling along vt fioni 
the pomt (a, to the point (b, without moving oft* the 
cuivc 

124 Trace the curve y = <{)% between the oidinates AL(^ = a) 
and BM{%=li) Then if we find that as x incieases thiougli 
some value, as OA (Fig. 14), the oidiuate <l>x suddenly changes 
from AP to KQ without going through the inteimediate 
values, the function is said to be discontinuous foi the value 
a, = OA of the independent laiiable 



I'lg 14 



125 Siiuilaily, wo m<iy lepiesent geometiically the dis- 
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continiut}’’ of a difleiential coeflScient Foi ^ lepresents the 

tangent of the angle "which the tangent line to the cuive makes 
with the axis of a, If, theiefoie, as the point P tiavels along 
the cuive the tangent suddenly changes ats 'position (as, for 
example, fiom PT to PT in Fig 15), vnthont going thiough 
the intei'medintc positions, theie is a discontinuity in the 

value of ^ 
dx 


126 Prop If any function of x, say (f>x, vanish when 'c=a 
and uhen a,=h and is finite and continuous, as also its fiist 
difeiential coc^cicnt between those values, then will (j/x 
lanish for at least one intei mediate value 

Foi if weie always positive oi always negative between 
x=a and a.=h, ^x would he continually inci easing or con- 
tinually deci easing between those values (Art 42) and there- 
fore could not vanish for both = a and x=h, which would be 
contiary to the hypothesis Hence must change sign and 
theiefoie vanish foi some value of x intei mediate between 
x—a and x=h 




12/ The same thing is obvious at once fiom a figuie For, 
suppose the cm\e y = <f>% cuts the axis at A (x^a°y=0) and 
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B (x=b, y = 0), then it is obvious (Fig 16) that if the ciuve 
y=<fjvand the inchnatiou of its tangent be continuous between 
A and B, the tangent line must bo parallel to the axis of x 
at some intei mediate point P 

It is also deal that the tangent may be paiallel to the axis 
of X at other points botn cen A and B besides P as in Fig 17, 
so that it does not follow that (j/x vanishes only once between 
two contiguous loots of ^>a:=0 

128 The same pioposition is thus enunciated in books on 
Theory of Equations “A real lOot of the equation q/x = 0 lies 
between every adjacent two of the real roots of the equation 
y,x = 0**, and is known as Rollers Theoiein 


EXjVMTIiFS 


1 Shoxs lliat if la rational iiitoginl function of -» vanish for nx allies 
hetxxecn gixen limits, its fust anti secoiul difTcicntml coelllcicnts xvill 
xaiiisli foi .it least («-l) .and (71—2) x*alues of x icspectively betxx’ecn the 
same limit'* Illnsfiale these lesults gcometiically 

[I C S Ekam] 

2 Proxc that no moic than one loot of an equation f(v)—0 can lie 
hctxxeen any adjacent txxo of the loote of the equation /'(r)=0 

3 Shoxv that the folloxxing expiessions aie positwe for all positixc 
x’aliics of X 

(i) (x-iy+l, 

(ii) (r — 2)e*+r+2 , 

(ill) (j'-3>'*+^+2.t+3, 


(iv) ^ — log(l + r) 

[N B — Bj Art 42 , if ^5^ he positix c, y is increasing xxdien ^ is increas- 
ing Hence, if y he positive xvhen ,v=0, .and if .also ^-5^ he positive as v 

iiici eases fioin 0 to eo, it folloxxs thaty xvill be positive foi all positix’-e 
X allies of t ] 


129. Theie is much difficulty in giving a ligorous direct 
pioof of Tayloi’s Senes, as might be expected fiom the highly 
geneial chaiacter of the result to be established It is found 
easiei to consider what is left aftoi n toims of Tayloi’s Series 
have been t.aken fiom f(x+h) If the form of this remainder 
be such that it can he made smaller than any assignable 
quantity when suflicieni terms of the scries are talcen, the 
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chference betiveen /('»+/*) cmd Taylot's Senes for /(oj+Zi) 
xoill he indefinitely small, and under time cii cumsiances we 
shall he able to assert the truth of the iheoiem 


130 Lagrange Tonnula for the remainder after the first n 
terms have been taken from Taylor’s Senes 
j Theorem — lif{z) and all its diffeiential coefficients up to 
jtbe ?ith inclusive be finite and continuous between tbe values 
10 = 3 / and o='c+h of the vaiiable z then will 

; where Q is some positive jnopei fi action 

Let /(*+A)=/i:»i)+A/w+|’rw+ 

R being some function of x and h, whose foim leinains to be 
discovered 

Oonsidei the function 


5^ “• I /^fl 

say, then diffeientiating with legaid to z (keeping x constant), 

/(v+^) -f (!,)-. m- 
na.^z) - A*)- 

etc , etc , etc 


f^-\x-[-z') - f^-\x)- zR=^«-\z), 

Mx+z) - R=(p«{s) 

All the functions ^(s), ^'(z) , <f}‘'(z) aio finite and con- 

^ tinuous between the ^alues 0 and h of the A'aiiable z, and 
‘ ; evidently'' ^(0), (j>X0), ^"{0) , aie all zero Also fiom 

t'v equation (1) ^(/t) = 0 Theiefoic by Ait 126 
' (z) = 0 foi some A’alue (hj) of z between 0 and h, 

•P" (-) = 0 foi some value (Zij) of c between 0 and Zq, 

(l>"\s) = Q foi some value (Zig) of z between 0 and Z/„ 

and so on , and finally 


f* (c) = 0 foi some value (Zi.l of c? between 0 and h^.x 
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‘ Th uf5 f"(v + h„) — R—0 

|| Now since 7/„ <h„_i< ]i„,n < //„ < 7/j < h, 

we nia}’ put h„ = 6h wlicic 9 is some positive proper fiaction 
Thus 7? =/'•(»;+ 070. 

Hence substituting in equation (1) 

+ h) =f(,a.) + hfix) + + 

This method of establishing the lesiilt is a modification of one 
duo to Ml Homcisham Cox (Carnb and Dublin Math Jouinal) 


131 If then the form of the function f{x) bo such that by 

7/" 

making n sufiicicntl}’’ great the expicssion + 070 can be 

made less than an}* assignable quantity lion cvei small, we can 
make the true senes for dij[lcr by as little as ^oe 2 Jlease 

from Tayloi's form 

7(a.) +7//(«) +!-,/''(*) + to CO. 

The above foim of the lomaindcr is due to Lagiange,*" and 
the investigation is spoken of as Lagrange's Theorem on the 
Limits of Taylors Thcoi cm 


132 The corresponding Lagrange foimula for the icmainder 
aftei n> terms of Maclaunn’s Seiics is obtained by wnting 0 for 

f^n 

X and X foi 7i and becomes ■^^f”{6x), 


thus giving 

/W =/(0)+«0) +f /"(O) + 


+(«-!) 




133 Tlic following investigations of an expiession foi tlie remainder 
aio talvcn, ■with but few* cliaiiges, fiom Bcitiand's “Tiait6 de Gilcul 
DifTci cntiel ct IntCgnil ’’t 

■\Vc slnll a'ssume that /(r) and all its differential coefficients up to tlic 
nth inclusive are finite and coiitiiuions hetw'ceii the i allies ^ and a,+h of 
the 1 ariable z 

Let iZ denote the icniaindei after n teims of Tajlor’s series have been 
taken fioni/(r+A), so that 

/(i?+/i)=/(:»)+Af(^)+^"r(0+ •+(~^/”~‘(0+7e ... . (1) 


* Cftlciil dos Fonctious, p 88 


+ Pages 282-285. 
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Let r4-/t=A', hence 

Put 11=^^ a form suggested bj the remaining terms of 

Taj lor’s senes Consider the function formed by writing s instead of x 
throughout the left hand membei of equation (2) except i» P 
Let <l}(z)= ^ ^ - fi 

From equation (2) ^(r)=0, and it is tfvndent that tf>{X)=0 
Also ^(s) and if>'{z) are finite and continnqiis between these values of the 
sellable s Tlence </>'(*) vanishes foi sbnie salue of c intermediate 
between s=v and z=X=v+?i, say for s=x+d?i svheie ^ is a positive 
proper fi action 

Differentiating equation (3) with respect to . 

-P (4) 




^ ( 71 - 1)1 ■' ( 71 - 1)1 

svhence P=f”(z) for that salue of z which makes ^'(r) sanish, i c 

z=v-\-Qh 

Hence P=/"(r+ Qli) 

and /"(x-^OK) (6) 

134 A different form of the remainder is due to Cauchy 
In equation (2) put P=(A'— 7;)Pand proceed as before, then, instead of 
equation (4), u e shall have 

•which lanishes as befoiefoi some value of 2 betsveenr=rand£=Ar=T.+/(, 
say for z=x-\- Qh , whence 

and theiefore — V^f'('c-\-dh'\ 

(ft-1)' •' ' 

133 Another form is obtained bj' Schlomilch and Roche by assuming 
a slightly different form for P, mz , 

P+l 

This gives, instead of equation (4), 




_ (A-s)’-^ 


./'(r)+(Ar-iiV’P. 


„_ (l-g)"-^-Vl» 

(71-l)'(p + l)‘^^^+^"^ 

13G The last form includes those of Arts 133, 134 as paiticular cases , 
for putting ^+1=71 it reduces to Lagrange’s result, and putting p=0 
it reduces to Cauchj ’s ^ 


whence 

and 
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137 Tlie corresponding forms of renv«nder for Maclaunn’s Theorem 
are obtained by ■writing 0 for r and v foi /i, ■wlien the three expiessions 
investigated above become respectively 


n' 


rm 


138 The student should notice the special aises of equation 
(2), Art 130, when 7t=l, 2, 3, etc, viz, 

f{x-\-h) =/(«) + hfXx + Q^Ti), 

/(« +/t) =/<®) + hf (®) + %r{x + eji), 

ete, 

all that is known with lespeet to the B in each case being that 
it is Q. ‘positive proper fraction 

139 Geometrical Illustration 


It is easy to give a geometrical illustration of the equation 
f{x+h) =f{x)+hf'{x-)rBh) 

For let X, f(x), be the co-ordinates of a point P on the curs'e 
y—f(x), and let x+h, /(a-f 7i) be the co-ordmates of anothei 
point Q, also on the curve And suppose the cuive and the 
inclination of the tangent to the ciiive to the axis of ® to be 
continuous and finite between P and Q, diaw P2I, QN per- 
pendicular to OX and PL perpendicular to QX, then 
/(v-hh) -/(x) _ FQ-MP _ LQ ^ 



Also, x-\-Bh IS the abscissa of some point R on the cuive 
between P and Q, and f'(x-{-dlt) is the tangent of the angle 
which the tangent line to the cinve at R makes with the axis 
of X Hence the assertion that 

■ ^ E.D C Q 



ciiAmTv V 


PS 

U equivalent to tlic olivious goomctiical fact that (here nmtst 
he ti jionit Ji i'omevhnc heiucen P oml Q at uhch the tangent 
io the cm le i 6 j^aioUcl fo the chord PQ 

1 to Failure of Taylor’s Theorem 

The cases in 11111011 Tayloi's Theoicm is said to fail aio those 
in iilucli it happens 

(1) That /('>). 01 one of its diffcicntial coefficients, hecome s 

infimle hctuccn the values of the vaiiablo consideicd , 

(2) Oi that /(i), 01 one of its diffcicntial coefficients, becomes.^ 

ihhcontinnons between the same values, 

— — 

(3) Oi that the lemaindci, +0/O> cannot be made io 

ranibh in the limit iilien n is taken sufficiently laige, 
so that the seiies does not approach a finite limit 


Ev If 

fO +/<)=*'''’ etc 

Iloncc Tai loi'’s TUooi cm gn cs 


If, llo•fte^cr, MC put •) =0, liccomcs infinite, Mliile bc- 

comes tjh 

Thus, as MO miglil expect, \se fail at the bcconil term to expand ^Ui in a 
f.(.ncs of mtegnil powers of h 


] ll In Ai t, llo the pi oof of Taydor’s Thcoiem is not gencial, 
the assumption being made that a conveigent expansion in 
ascending positive integial poueis of a; is possible The above 
aitule shows when this assumption is legitimate 

Foi anv continuous function in 11 Inch the (ji+l)*’’ difier- 
cntial coeflicient is the fust to become infinite 01 discontinuous 
fdi the laluo a of the van able, the theoiem 

ti^x+h) — 

iihich nil olios no difieicntial coefficients of liiglicr ordoi than 
the IS ) 11(01 ou>ly line, although Tayloi’s Thcoiem, 

ft > 4 ./,)-= , 

fnik to fimudi us ivith an intelhgiblo j-csult 



^E\ If 
w lia\ c 
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r( 0 =(> -«)•-, 

ami T.t} Ku’s 'I lieoicm gn os 

Mhitli fails at the fouitli Icini mIiou j —a 
Uut l^quatuiii 2 of Ait IJO •rnos the icsiilt 

■which, ill the ca'^c when > =</, icilutos to 


oi 


22r>’ 


ami this ohc^^i the oiil\ Iiiiiitntiou nctessaix, m/, that 0 should bo a 
|K>sitne jiiopci fi'actioii 


H2 Tlie leinaiks made with lespccfc to the failuio of Tay- 
loi s Thcoreni obviously also apply to the imiticular foim of it, 
^ratlaiuin’s Thcoiem, so that Maclauriu’s Thcoiem is said to 
fail V hen any of the c\pi cssions / (0), f'(0), f"{0), become 
'iiifimte, 01 if theie bo a disconivnuily in tho function or any 
of its diflcicntial coeflicients as x passes thiough the value 

zeio, 01 if the lemaindcr does 'not become vnfinitchj 

small ivhen ii becomes infimtch'’ laigc, for in this case tho 
sciies IS divcigent and docs not tend to any fmito limit 


ExA'WPias 


1 Sliow for wliat i allies of ^ and at -what diireicnlial cocflicicnt 
Ta\loi’b Thcoiciii will fail if 

(— 

2 Can oi laii“’^l' be cxpunlcd by ^raelninin’s Theoicm m a 
suiies of ascending positne integial jiowei’hof » ? 

.‘1 If f{y)~c *, how docs Macl.uiiin’s Thcoioin fail foi an expansion in 
ascending powci-s of r? Is /(•») coutiiuioiis as v jiasscs thiough zero ? 

4 If /(t)= show' that theic is a discontimiiU in as ^ 

1 + c* av 

passes thiough zcio 
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143 Examples of Expansions by Maclaunn’s Theorem, -with 
investigation of Eemainder after n terms. 

1 Let /('*)=«*! 

then ^(a?)=a*(log^)", an(l/"(0)=(log^)’* 

Hence tlie formula 

/W=/(o)+^/(o)+5/’(0)+ 

gives 

a*= 1 + r log.« + g^(log.a)-+ +^^^,(Iog.a)-'-^ +^o«*(log^)" 

IJovr can be made smaller than any assignable qmntitg by 

sufhcienth increasing n , hence the remainder, after » terms of ilaclaiinn’s 
Tlieorem ha^e been taken, ultimately %auishes ^vIlell ji is taken veiy 
large, and therefoie Maclaunii’s Tlieorem is applicable and gives 

«*= 1 a? log«a+|^(logea)*+|-(logea)®+ to co 


2 Let 


/(a;)=log(l+A), 




Hence 


/(0)=0,/'(0)==l,/X0)- -l,/'"(0)=2 , 

A'0)«=( 

And the Lagrange-formula for the remainder, after « terms of Maclaunn’s 

Scries hai e been subtracted from /(v), viz becomes 

ti' 


71 


^ \" 
\i+ex) ‘ 


and if V he not greatei than 1, and positive, — is a piopei fraction, 

l-h0V 

and therefore by making n sufficiently large theaboie lemainder ulti- 
mately vanishes, and therefore Maclaurin’s Theorem is applicable and 

gives log^l-^r)=r_^-}-^_^+ to oo, 

2 o ^ 

•nhere v lies betn eeii 0 and 1 inclusive 
It appears that if Tive consider /(^)=]og(l— ;r) the remainder is 



In this form it is not clear that the limit of the rcniaiiider is zero But 
if M e choose for this cvaraple Cauchy’s form of remainder, Art 134, it 
reduces to 

1 fx-Ox'^ 
l-Al-dx) ' 


and if V be positive and less than unity'. 


x—Qx 

1-dx 


IS also less than unity', and 


therefore 


1 (x-dxy 
l-d\\-dx) 


can be made as small as ive like by' sufficiently 
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inci casing ii 


Hence Madam m’s senes is applicable anti gives 

a «3 m 1 

l 0 g(l-'j)=-A-— to 00 




3 Piove , and that the 

3' O' 11 ' 3 

icmaindei aftei i teinis may be evpicsscd as 

a’a;’" / a , 

-^sm{aev+~j 


4 Piove coscfr=l-^^-{-5~ — 


a"r" jiTT , 

+ 7 - cos -:j- + 

»' 2 


, and that the 


leniaiiider aftei i teinis may be evpiessed as 

--cos(a&v+-) 

5 Pi ove (1 — r)~" = 1 + « + 

. «(7i+l) (n+t 
+ 0 - 1)1 
M(n+1) («+»—!) 

i! 


+ 




(1 - 0vy‘+’- 


G Expand and find the leraamdci aftei n teims of the expansion of 
c“cos bv 

Eesults. I +crt+ ~ . r A yg 


21 


3' 


Remainder cos (hOx+n tan“^-Y 

?i' \ «/ 


144 The Rule of Proportional Parts Interpolation 
Let us suppose that /(tc) is one of those functions ("such as 
log sin a;) whose values have been calculated and tabulated at 
small Intel vals li of the vaiiable x, so that the values of f(x), 
/(^B^-/t),/(^^-2/t) may be taken when wanted fiom the tables 
to a ceitain number of decimal places 'It is lequired to 
make an easy lule to obtain a close appioximation for the 
hitheito uncalculated value of f{x-\-k) where k lies between 
0 and h 

Wc shall assume that h, and therefoie k, is so small that its 
squaie may be i ejected 
Then since 

/(iB+7t)=/(a3)+;t/Xa3)+|i/\ir)+|i/"'(a;+ . (1) 

and /(a;+/.)=/(a;)+7/'((c)4.|^/''(a;)+|^/''(a;+ (2) 
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we have on rejection of squaicb of h and L 

^ /Q\ 

tl'c+h)-f{'e) It 

which givesjr(ic+/i/) in terms of the known quantities, h, Is, f(x), 
f(x+h) This lule is known as the lule of Piopoitional Paifcs 

145 Insensibility and Ixregulanty. 

It will be seen that if at any point of the tables /'(a) is very 
small, the teim hf{'c) may be so small that the diffeience between 
the tabulated values of /(a;) and/('?;+7i) is not perceptible within 
the numbei of decimal places to which the tables aie calculated 
In this case the difference/(a;+/i)— /(a?) is said to be ^oisensible 
and the lule of pioportional paits cannot be applied 

f'(x) 

Again if, although h is small, is large at any point of 
Infix') •' 

the tables, the teim — bears to the teim ltf(x) a latio 

which IS not necessaiily small In this case the teim in A- 
cannot be rejected Theie is then said to be egiiXat ity in 
the tables and the lule of piopoitional parts does not hold 
E\ Suppose /(r)=logsinr 

Then lo{jsin('C+/«)=logsm i+A cot v— ^cosec-t . 

Now when r is very neai 90°, cot r is ^e ^5 small, 

and Mlien i is neai 0° or 00°, t e cosee 2v is veiy laige 

A CO V 

Hence at the 90° end of the tiables foi log sin ^ there is iiibensibiliti , 
vliilst at eitliei end of the tables there is iiregulaiitj 
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Tlie acoompain nig grapli of log am i for Taluc*? of ^ l.>mg l>etvreen 
j =0 and j =00® \m 11 illtistintc the ‘smallne'-s of the different es -when the 
angle !•> inaiK* a light angle, and the vei\ lapidlj increasing magnitude 
of the diffeiLiite^. a^i the angle decreases to reio 

It atill bo st-eii that the gooinetiical iiitaning of Equation 3 of Ai*t 144, 
aa? , “The Itule of Pinpoitional Part^, is, thattlic poition of the curae 
betaaetn the two aery adjacent jtomts whose ab^ci'^sae are i and r+fi, 
niaa in geneml be reganlcd a"? straight in interjiolation for theaalueof 

/(xV/) 


140 On the Value of 0 in the Equation 
/(r + h) =f(x) + hj (r+eh) 

Hitliei to all that is known of 6 is that it is some function 
of^ and Ji, less than unity, and positive 
Let its expansion in poweis of h be 

B ^ a\.Ji -f- jI yl ••• 

A/^, jl,, -lo. being functions of j, to be detoimincd 
Tlien expanding boib sides of the equation 

= -\-Qh) 

wc havo ,v+),r,.+|; ri+|°,r-> 

=fc+},f,+mrx+?YJ + • 
=/r+;,r2+.v.y--'-+(-J.r-!-+-”p)A= 

+{A,f:r+A^Aj"r+ 3 iyy,>+ . 

upon substituting foi 6 its cquiv.iloiit scries and collecting the 
several powers of h 

Hence equating coefticicnts 

C— g, , 

, - , Aif"x r'x 


" G ' 

A^fx^A^AJ^xA- 
These equations give 


Air%_rx 

0 ii 


; etc 


1 - a r> 

^^0 2 '^i“ 247 t' 

, _rxr\-ir*)~ . 

4s(r«)- 

^ 2'^ AH {fay " 


"'a 


whence 
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It appeals theiefoie that the limiting value of 0 , when h is 
inclefiuitel3'^ diminished is J , that is to saj% the point M in 
Fio- 18,15) 111 the limit half way between the oidinates of 
P and Q 

It should he noticed that if f(x) be a lational quadiatic 
^ function of x, f"'x and all highei differential coefficients vanish 
Hence for such a function 0 = 4 , and we have the equation 

/(ai+Zi) =/(a!)+ 7 t/(a;+|) 
as may at once be veiihed 


147 The 92 th Differential OoefUcient of a fanction of a function 
Let y=f{v) wheie u=^(x) 

Then will 

wheio ”^,.sthe coefficient of h'^in and the 

summation extends to all positive integial values of r fiom 
7 =1 to 7’ = 72 

To prove this, suppose x increases to a;+/i , then ^(x) becomes 
<p(x+h) te, <f){x)+z wheie z is wiitten foi ^(x+?i) — ^(x) oi 

Hence /(«) becomes f{u-\-z) 

Thus 

Expanding each side by Tajdoi’s Theoiem 


( 1 ) 


c 7 a,+ 2 ' * 


7l' dx^ 
s" 


( 2 ) 


= /’(w)+2/'(w)+^/»+ +^j/«(u)+ .. 

Substituting the senes (1) for z in the light hand member of 
equation (2) v o obtain on equating coefficients of 7i” 

+cocff h-m (;^~[0(a;+7i)-^(a;)]»-i/«-i(74) 

+7t) - ^(oj)]" -2/" -2(w) 


+coeff /i” 111 
+etc, 

7C, 

the losult stated 


Til (/^«~2/,l ■'W W 
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E\ 1 Suppose and therefore ^=/('i:2) 

Here <J>iv+h) — </)(^)=//(2■r +//) 

We thus have to pick out the coefiicient of h” from the sei les 


g( 2 .t+ 7 or(t^)+(^,( 2 r+A)»-y”-’(t-“) 

thus ohtaiiuiig 





1 ^ 2 ^ 
as luductiv'elj’ proved in Ai t lOG 

E\ 2 If and «i=6+2«a., piove that 

^~=h(ji — 1 ) (»-J 



f(r — l) cu 
(«->+!) 


i(? — l)(r-2 ) (r-3) 1 

2 (n— » +1)(«— r+2) J 

[L\GltANQE ] 




BFRNouiiU’s Numbers 
X c* + l 


, '^148 To erpand «s f {y)=^ — tn poxicrs of x * 

Let u=:f(x) and «'=/(0), 

«i=/(^) And tt'i=/(0), 

«_,=y"(t) and «2=/'(0), 

vith a sinnlai notation foi Ingliei diffeiential coefficients 
lam in’s Theoiem gives 

^ C* 1 / . f • 


Then Mac- 


Changing the sign of ^ A\ e see that the left hand niemhei of this equation 
icmains unaltered , hence ve have 

/ ! . x~ , * 

u=u — It »— , 

and by subtraction 

0=2.rit'i+2|J«'3+2f;’«'6+ , 

whence, by equating to zero the coefficients of the several powera of x, 
ve infer that «'j=w'3=it5= =0, 

so that the expansion contains no odd poweis of r * 

Again, since (fu—u+^+x^, 

/t J* 

ve have, by diffeientiating, 

<f{ui +«)=Mi+^+(r+ 1)5, 

A 

c*(m2 -1- 2 Wj -f It) = ito + (a + 2)^, 

A 


c’(7t3 + Situ + 3iti + It) = itg + (a; + 3 )^, 

A 

etc , 

* This artificp mav often bo advantageously employed 
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aiul putting 1—0 in these equations -ue obtain from the first, third, 
iifth, etc, «'=!* + -. 

1 Oa 

7« o+35?t'4 + 21ii'2+M'=f , 
etc,, 

giving 1 {'=: 1 , tt' 2 =T> 1I'\= ""TO* ®tc 

Hence 2 2» 30 4'’^42 0|__,30 S'll - — L'' 

This series intioduces a set of coefficients •uhich are found of gieat 
importance in the liigher branches of analj sis. The series is frequenth 
w ntteii 111 the form 

and the numbers Bj, B^, B^, , which are calculated above are called 

Bernoulli’s numbeis, haiiiig been first discoiered and used by James 
Bcmoulli * 

The coefficients of this expansion u ere iin estigated as far as the term 
contaiiiiiig by Hothe, and published in Crell^s Jomnal Piofessor 
Adams has lecently calculated thirty -one niore.t 

149 Mail} impoitaut expansions can be deduced from that of g 


For example. 


rcotli 

c*— e“* c-'— 1 

^ Q2j£ 04,4 


Wilting 13' for 1 , It cothtr becomes rcot i, and •we haie 


V cot r= 1 - Bi~ - Hj— - 
2' '*4' 

Again, taiii =cotv— 2cot2v 


-l_n2-r „2V „r 1 jj2=v „27v 


EXAlkIPLES 

1 Find the first three terms of expansion in poivers of v of 

log(l + tan a:) Eesult ^ — 4a? + + 

2 Expand as far as the term containing (1) log(l + cos a) and 
(2)log(l+asina) 

Results 

* Ars Conjeclandi, p 97 
t Encffclopccdia Sritt Infinitesimal Chic Pi occcdings of the British Assoc , 1877 


(1) log2--- — 

(2) a?-^ + 
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■2-- 

mG 

16 ^- 

273^ 

4« 

6» 

8' 

ar^ 

lla-^ 

a? 

~'3~ 

24 

T 


o Prove (f *“*= 1 + ^ ^ 

2i o 

/• -n 1 1 'B* 

C Prove lojr = -j 

V-1 2 24 28S0 

-D 1 S /I \-^ ® a? , 251ar* 

/ Prove log ^Iog(l + %y, = _ ^ __ 


2 24 8 2880 

8 Prove lo£i(l 'b + a:^ ^ .^3 ^ -Bi)=-B+ -I- + 

2 3 4 5 6 


9 Piove (1 +'»)*= 1 +^" - - la:® 

10 If a„ be the coefficient of %” m the expansion of e*sina:, show 

that •„«“ 


tliat 

sin— 

a - -«- °"-2 _ *^B-3 4 . -* . 

" 1' 2' 3« «' 

[ICS Exam ] 

11. From 2 / = (^+^l obtain a linear differential equation 

with rational algebiaic coefficients, and by means of it find the 
expansion of y in ascending powers of a; 

12 From the relation y=irj — — obtain a linear differential equa- 

tion with rational algebraic coefficients, and b}’’ means of it find the 
expansion of y in ascending powers of a; [ICS Exasi ] 

13 If tan y = 1 + a^ - 1 - biP, expand y in powers of a. as far as a:® 

^ [L C S Exam ] 

14 If Af^, Aj, etc, be the successne coefficients in the expansion 

of y = prove 

A “in { M , f nr awNl 

^"«=s+ir ” + t)} 

- [L C S Exam ] 

13 If + be three consecutive terms of the 

expansion of (1 - a,-)*sin“^x m iioivers of a, pioi’^e that 

n—1^ 

^*n+2~ ■ 9®n> 

n + J 

also that all ei eii terms vanish, and that the expansion is 
1 » 3 - 2 4- 

O 0«t) 

[QcARTFRIiV Joprval] 
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IG If 


sliOAV that 




-"'“41) 


y = ao+®i^-''2f®‘'‘' ’ 

«..+= + «..+r+ ««« = 0 [Oxford, 18SS ] 


17 Provt &±*l+^fc::a-ytx)+|?/>)+f!/""W+ •• 


18 If 


6— logo,, 


. dti dhi . .. . o rf« . (log 2)2 dhi ^ 

prove that + a_ + ^ , ^, + = « + log . ^ + 

19 Deduce from Taylor’s Theorem, by putting h = -x, the series 

/w =A0 ) + vw - f rw w - , 

20 Piove 

taii“^('c + h) = tan“^^ + (A sin 0) sin 0 - sin 20 

+ (If^sin 30 - (^^l|L^sin 40+etc . 

where x = cot 0 

21 Venfy the following deductions fiom Ev 20 — 

(1) r = 0 + cos0 sin0 + 5^-sin20+~sin304H5^sin40-«- 

2 2 o 4 

* by putting /i~ - ^ = - cot 0 

(2) -' = ? + sin 0 + J sin 20 + J sin 30 + ^ sin 40 + 

A ^ 

by putting /i=- a/I+o-’ = - ^ 

,o\ 5r_sm0 1 sin 20 1 sin 30 1 sin 40 
' ^ 2 cos 0 2 cos20 3 cos^O 4 cos'‘0 ^ 

by putting /t=-'t_l= -1 ^ [Edlfr ] 

X sin 0 cos & '■ ■* 

22 If be a rational fraction in which the denominatoi has 7 i 

F{x) 

factors, each equal to 'c-a, and the lemainmg factors are x-h, 
x-l, etc , so that F(%) = (^ - a)"^j(a.) w hero 
^x) = (%-Jt){x-l) , 

prove that 

/(«>)- 1 /(«) . I /•(«)•! 

F(x) (^ - «)" f}i{a) {% ~ a)"-* da [^(n) J 

4- 1 d'- r/(a)l H 

2 '(^ - a)”-- da-\(}>{a) J x-h^ 

(n - 1)1 da"-^\^(a)(it - a)J ^ ^ 
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23 Establish the following approximations to the length of a 
circular arc — 

Lot Q be the chord of the whole aic, 

H do half the arc, 

Q do quaiter the arc 

,,, 8II-G.„ 


(1) Aic = - 


neailj’ 


[jETUi’GIItNS 3 


Are = nearly 

40 


Examine the closeness of the appioximation in each case 
2 1 Find by division the first six of Bernoulli’s coefficients 

T,, 1 1 1 1 6 691 

They are g, gg, 

25 Prove by continuing the differentiations in Art 148 that 

1 1 ^ 

n+1 2 2' ^ 4' ^ ’ 

a formula fiom which the values of the coefficients Bg can be 
successively deduced by putting n=2, 4, 6, etc [De Moiitie ] 

26 Expand powers of 6 

[Diffcicntiato cxpansioa of cot 9, Art 149 ] 

27. Prove = 1 + 2(2 - l)|i 02 + 2 ( 2 * - 1 )^^ 0 » + » 

^ sm6 ' '2' 4' 

[Use cosec 0= cot cot 0 and Art 149 ] 

"2S Prove taiih ® - 2^(2^ - 1) ^^^^ ^ 

^ >29 By taking the logarithmic differential of the expression for 

~^n 6 in factors and comparison of the expansion of the lesult with 
that of 0cot 6 (Art 149), show that 

li -2(2n)'f, . 1 , 1 1 

_2(2n)i 1 

nfi - 1 V 

^ J [Eaabk ] 

where n^l - denotes the continued product of such factors as 

1 - ^ for all integral pnme values of r from 2 to oo 

' Show that 

^^„ sinha. _j^ 2V ^ 2*osi ^ _ 


a: 
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31 Expand and log tan-c bj means of Bernoulli’s num- 

, [CvTVn.vs] 

Dcrs 

32 Show that 

i„_cosh^-cosa; q 

log + -2 

[Math Tniros, 1890 ] 

33 Expand sin(Mi tan--'®){l + ^^)? 

in powers of® [Uertrvxd] 

34 Being given the two comeigent senes 

-rtj +«!'>- + CTiar- -rcr„ai"-^ 
log y = 6 q + T 60 ®" + T l>„v” + 
prove 71fl„ = il«n-l + + ^K^n-S ~ + 

35 Prove tan^i ==-^-.(1 + | + |-4(:j^y + | 

l+®^\ 3 1 +®- 3 o\l+®-; J 

[PULNET ] 


36 In the equation - 

f(x +h) =J{x) Oh), 

if 6 he expanded in powers of h, the first four terms will be 

fl 1 I 1 /ai I 1 /a/j “/37(2a-®^’i/2" I 

2^uJ,a -~7? 

suffixes being used to denote dificrentiations 

37 In the equation 

/(®+/o=/(x)+//r(®)+ +^^/'-^(®+ 0 A) 

show that the limiting value of 6 as h is indefinite!} diminished is 1 

n 

38 If in a plane cim e y =y(v), F be the midpoint of a choid J B 
dran n parallel to the tangent at any point P (a, y), pioi e that v hen 
AB approaches indefinitely near to the tangent at P, the angle vliich 

PV makes with the axis of x approximates to tan'^^p ^ where 

p, q and r are respects ely the first, second and third differential 
coefficients of y v ith regard to x [Oxroi d, 1890 j 

ShoAv also that the angle which PY makes vith the normal is 

ultimatel} tan-^jp - j- ^ [Ovrorn, ISSG ] 


* In a circle PV coincides iritU the normaL This angle therefore measures the 
deviation of the curve from the circulir shape Transon (Liouvillc, 1 oL VI ) calls the 
angle the “deMation ’ Dr Salmon names it the “ Aberranc> of Curvature ’ (see 
Biglier Plane Curves, p 356) 
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39 If M = = 

prove tliat <»„+i = (a„ + + 



40 Show that 


[GataoRY’s Evamples ] 


= 1+^1 log a.- + ^(log -«)“ + . + ^;(Ioga-)» 


vheie /S'p= the sura of tlie products r at a tune of the first n natural 
nurahers [Murphy ] 


41 If F(s) and J{s) he two functions which are continuous and 
finite, as also their differential coeflScients, between the values a and 
x + h of the vaiiable c, and if /'(s) does not vanish between these 
limits, prove that 

F(x -f h) - F(x) _ F'(v + eh) 

/{'c + h)-f{'v) f{x + dh) 

wheie 0 is some iiositive proper fraction [Oaocuy ] 
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150 Functions of several Independent Variables 
Our attention lias hitlieito been confined to inctbocls for the 
clifterentiation of functions of a single independent \aiiable 
In the present cbaptei we propose to discuss the c.isc in m I nch 
several such vanablcs occui Such functions arc comnion, 
for instance, the aica of a triangle depends upon two \anables, 
■VIZ, the base and the altitude, while the volume of a icc- 
tanguhu box depends upon thiee, viz , its length, breadth, and 
depth, and it is plain that each of these variables may vary 
independently of the others 


151 Partial Differentiation 

If a differentiation of a function of several independent 
variables be performed with legaid to any one of them ;jiibt as 
if the others ivere constants, it is said to be a jxiiiml ihfracn- 
tiation 


0 0 

The symbols — , — , etc , arc u'^cd to denote such diftorentia- 

tions, and the expressions ~, etc, arc called 

diffcienUal coefjicicnis with regard to 3/, y, etc, lespcctivcl} 
Thus if, foi instance. 


we have 


— =a:c*^"smc, 

^=C^'CQSZ 
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*' /152 Analytical Meaning 

The meanings of the diiFei enti.il coefficients thus foimed are 
clear ; foi if we denote u by /{% y, d) the opeiation denoted by 

^ may be expressed as 

T* y, y, d) 

and similarh* for -inr- or — 
oy 'bz 

These partial differential coefficients are often conveniently 
written tig, ti,j, tig. 

153 Geometncal Illustration 

It will throiv additional light upon the subject of partial 
diffeientiation if avc explain the geometncal meaning of the 
process foi the case of two independent vaiiables 

Let PQRS be an elementar}- poition of the surface z=f(x, y) 
cut off by the four planes 

y^y, r= 2 /+dy\ [Capital letteis lepresenting 
X—x, X=i.'C’hox) cun ent co-ordinates], 
so that the co-ordinates of the coiners P, Q, B, S &io 
forP x,y,f{x,y), 

foi Q y,J{x+ov, y), 

for S x,y->r oy, }\v, y + dy;, 

and for R .n-f-do:, y-f dy, Ar-l-d^., y-bdy) 



n? 20 


If PLMN \iQ a plane through P, parallel to the plane of a,y, 
and cutting the oidinates of P, Q, R, B in P, L, M, X respec- 
tively, we ha^ e 

FDC II 
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LQ==fi'ti+8%y)-f{^,y)> 

NS=f{x,y+8y)-f{x,yl [ (1) 

MR=f{x+8x, y+^j)-f{x, y) ) 

'dZ 

Hence the paitial diffeiential coefficient — obtained by con- 
sidcring y a constant is 

tan LPQ (2) 

= tangent of the angle wlach the tangent at P to the 
cut ved sechon PQ ('parallel to the plane xz) maJees 
with a line diawn parallel to the axis of x 

Similaily — , which is obtained on the supposition that x is 
constant 

= Lt tan NPR, (3) 

—tangent of the angle which the tangent at P to a section 
parallel to the plane of yz maJees with a parallel to 
the axis of y 

It fuithei appeals fiom the figuie that 






= -^^Aill=0- 


mi 


= tangent of the angle which the tangent at S 
to the curie SR makes with a parallel to 
the x-axis 

How when Sy oi PF is diminished ivithout hr. at the plane 
FSRM appioachesindehnitelyneai to the plane PQL, and the 
tangent at ^ to the cm ve SR ultimately coincides ivith the 
tangent at P to the cui ve PQ 

’ ^ y+Sy)= ^f{% y) 

and the older of pioceeding to the limit when Sx and Sy 
lanish IS immatci lal 

1 j 4 If the tangent plane at P to the surface cut LO MR 
FS in Q', R', S' lespectively, 

i(2'=PXtanZP(2'=g Sc, (4) 

FS'=^PF tan FPS'=^ Sy, ' ( 5 ) 
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Also the section made on the tangent plane by the foui hound- 
ing planes of the element is a parallelogiam, and the height of 
its centie above the plane PLMN is given by and also 
bv jVjS"), which pioves that 

iUR'=XQ'+iYig' 




( 6 ) 


The expressions jiioved in (4), (5), and (6) aie first ci'pproxi- 
mations to the lengths LQ, j^S, and 31 R lespectively, and 
differ fiom those lengths by small quantities of higher ordei 
than PL and PR, and which aie theiefoie negligible in the 
limit when Sx and Sy are taken very small The investigation 
of the total values of LQ, RS, 31R must be postponed until we 
have investigated the extension of Tayloi’s Theoiem to func- 
tions of several variables '(Ait 175 ) 

155 Ve may state the rule estabbshed in the piecedmg article (equa- 
tion 6) thus 

In the limit, the total variation in s 

= the vaiiation due to the change m v 


-i-the variation due to the change in y, 
supposing that as each variation is estimated the other quantity is 
regarded as constant 


This niai be illustrated furthei 

Let P be any point (co-oidiiiates j, 9) Let a point travel from P to 
any contiguous position Q(r-i-Si, 9+o9) along anj path -whatever Let ^ 
aud J -h&r be the absei3'«ae of P and Q I^et P and Q be so close that Sx, 
Si S9 arc mhnitesinials of the first oi-dei , so that iii comparison with them 
their squat es, inoducts, and higher poucrs may be disregarded 
Draw ciiculai aics whose centres are at the pole 0 and ladii OQ and OP 
cutting OP at P' and OQ at Q’ lespectnelj 



Then PP'=8), PQ'=rS6, and to the first ordei 

P'QI=0 x.8,)5ff]^r89, 
chord i^§=arc P'Q—roO 
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Also the angle QFO cliffcis from a light angle hj an infinitesimal of the 
first order 

Hence to this ordei the piojection of P’Q on the initial lino = —P Q sin o 
= -j80sin0 Also piojection of P^^algehraical sum of jnojcctions of 
PP\ P'Q Thus -wc have the following equation among fii-st order 

infinitesimals, VIZ « « /i\ 

&i:=8j cos0-rS0sin0 (I) 

It should he noticed that the projection of PP\ ii/ 8/ cos0, is the 
1 ariation in % due to a change Sr in the value of r, 0 1 einaiiiing constant 
■Rlnlst the piojcctioii of PQ or of PQ' is the ^alIatlan in % due to an 
increase 80 in the ^ alue of 0, r remanimg constant . 

Molco^ Cl, since r=rco3 0, 


n e hai e 


^-=cos0, ^^=-rsni0, 
3r o0 


BO that equation (1) may be -nritten 
veiifjing equation 6 of Ait 154 in this case 


Examples 


1 If d explain gcometiically the equation 

U «|^aT+^8y 

bj'ieference to tlie area of a lectangle whose sides t, 7/,uc allowed to 
inciease to t+8r, y+Sy, the iiicicinents being infnntesinials of the hi«t 
oidei 


2 If V=xi/z, show geometricalh that 

156 Differentials 


It IS useful at this point to intioduce a new notation, Avlnch 
■will prove especially convenient fiom consideiations of syni- 
inetiy 

Let Doe, By, Bz be quantities eithei finite or infinitesimally 
small whose ratios to one anothei are the so/nxc as the Xvniitvniy 
raUos of Sx, Sy, Sz, when these iattei are ultimately diminished 
indefinitely We shall call the quantities thus defined the 
d/iffex'entials of x, y, z Also, as we shall be meiely conceined 
with the latios of these quantities, and any equation into 
which they may enter will be homogeneous in them, it is 
unnecessaiy to define them fuithei oi to obUin absolute values 
for them The student is warned again (see Art. 39) that the 
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cliffeiential coefficient is to be considered as the lesnlt of 

(Ut. , 

perfoiming tbc operation repicscnted by upon y, an opcia- 

^ ^ c7i/ 

tion desenbed in Art 37. The dy and dx of ihe symbol 

c.annot Iheiefoie bo separated, and have scpaiately no meaning, 
and hence ha\c no connection with the diffcientialb Dv and D?/ 
as defined m the picscntaitielo, but at the same time we have 
b3' definition 

Dy : ])x= Limit of the latio Sy . o r 

<U' 

_dy 
~dr ' 


and thciefoie 




and ™ (which is a fi action) 

(wliich is the result of the pioccss 
of Alt 37) * 

W'e have used a capital in the diflcrcntials Dr, Dy, Dz 
for the jmrposc of explanation, and to avoid any confusion 
between the notation for diffcrcntialb and fox difieiential 
coefficients, but when once undci'stood theie is no necessity 
foi the continuance of the capital lettei, and it is usual in the 
higher blanches of mathematics to denote the same quantities 
by dx, dy, dz Hence we shall in future adopt this notation 

357. Equation G of Ait 354 may now be "written 

*" 'r|_ ' ^'** ■ III II **_ — 

when Sr, Sy, Sz become infimlesimnlTy small This value of dz 
is termed the total differential of c with regaid to o' and y 
The ioUtl difieiential of z is theiefore equal to the sum of the 
pa'itial d iffercmiUds foimcd under the supposition that y and 
a; are alternately constant 

Ex Consider the surfice 

then and ^ = 2.» ”it, 

"Vi hence dz=:2jty\lr-^-Zrijdi/ 
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ns 

158 It IS easy to pass fioixi a foim in whicli differentials aie 
used to the equivalent form in teims of difterential coefficients. 

For instance, the equation 

- 0s , , ds , 

inaj' be at once wiitten 

dz_Zz ^ ^ ^ 2 / 
dt~dv dt ^ dt[ 

wheie t IS some fouith vaiiable in teinis of winch each of the 
vanables x, y, z may be expiessed , foi 

dt, ch:=^2l 

Similaily the equation ds^=d'i^+dy^ 
may, by the same aiticle, be wiitten in the language of diffei- 
ential coefficients as 



159 Total Differential (Analytical) 

■X Ttvo zndependcnt variables "We ina)’’ investigate the total 
differential of the function (p(x, y) analytically as follows 
Let u=ili{x,y), 

and when x becomes x+h and y becomes y+L, let u become 
u-\-Sii, then u + Sii=</i(x+h, y+k) 

Sii = <j){x+h,y+l)—(}i(x,y) 

- 2/ + /Q - y + /. ) y+k)-^,(x, v) , ,,, 

h '•'+ p-- - ■■ (A) 

And in pioceeding to the limit when h becomes indefinitely 

small ^(Sf'+K y+l<-)-<j>(x, y+l) 

becomes (by Ai t 152) y + 


PARTIAL DIFFERENTIATION 


119 


and ultimately when k also diminishes indefinitely 
?fe.) o, |H(Ait 153) 

tv 

at the same time becomes 

y) 

By By 

And lastly in the notation of difieientials (Ait 136) the 
ultimate values of the latios Sii h L may bo expicssod as 
du dx dy Hence equation (A) Incomes 

, 2>u , .Bit 7 

160 Severed independent variables 

We may leadily extend this icsult to a function of tliiee or 
of any numbei of vaiiables 
Let Vj — 3 ^ 2 , x^, 

and let the inciements of a’l, a?,, aj, bo lespcctively /q, h^, 
and let the coiiesponding inciement of be Su, then 

= x^+1i^, «l + / 0 -</>(®l. « 2 > ® 3 ) 

a-’g+Zt,, x-,+ho, 

h 

, “ 0(3171 a<>i 3/<j*l”7tij) 7 

+ — -j- . % 

I 0(^1’ 0O®1* ^ 3 ) 7 , 

+ = /1,3 , 

whence on taking the limit and substituting the latios 
du dx^idx^ iZaJo instead of the ultimate latios of dit /q Zt, /ij, 

7 7 , 3it 7 . Bit 7 

^c, the total diffeiential of at Avhen ajj, 3 : 2 , a’j, all vaiy is tho 
sum of tho partial difieientials obtained undei the supposition 
that when each one in turn vaiics the others arc constant 

161 And in exactly the same Avay if 

at = 0(311, ^h)> 


we have 


we have 


7 Bit 7 Ba 7 Bit 7 Bit 7 


^7> 
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. 162 Total Differential Coefficient 
If w = </.(»!, 'Ba) 

■nlicie co^ and a., aie known functions of a single vauable x, we 

^10 7 , Dr -1 

have 

and lemembeimg (Art 156) that 


we obtain 


du _ "du dx-i ^ ^2 
dx~‘dx^ dx'^'dx^ dx 


And similarly, if 'U = ^(a,i, ag, ,aj„), 

- wheie a’j, a„, ,%n> known functions of x, we obtain 

d7l_dlL ^2 A. 

dx~’dx^ ' dx '^'dx^' dx 'dXn ~dx 
And further, if x^, x^ Xa, , Xn be each known functions of 
scveial vaiiables x, y, z, , we shall have in the same way the 
senes of lelations 

I dx dLj dx dx^ dx dXn dx’ 

' etc 


163 An Important Case 

The case in M Inch u=^(x,y), 

y hciiig afimctwn of x, is fiom its fiequent occuiience woithy 
of special notice 

Here, by Ai t 1 62, ^ 

(I B dx dy dx 

dx , 

since 1 - = 1 

! dx 

A 

164 Differentiation of an Implicit Function 

Ifvcha\C ^(a^y) = Q^ 

t^ien y,{x+h,y+l) = 0 

Hence 
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wliicli, when h and /. aic uideluntel}’^ diminished, becomes (as 
explained in Alt 159) 


i]l = o 

dv ’ 


01 


dy _ 7>v 

dr~ Tiff 


% 


dy 


This IS a vety useful fomuda foi the detcimination of 

in cases in which the lelation between x and y is an implicit 
one, of which the solution foi y in terms of x is inconvenient or 
impossible. 


Ex y)= v=0 , find 

av 

He. ^-3C=-»/>| ,, 

and ||=.3(y2>fl»)J 


r — w f 
y--ar 


165 Order of Partial Differentiations Commutative 
Suppose wc have any i elation 

y=^{x,a), 

where a is a constant, and that by diftcientiation w’e obtain 


Then since the processes of diffeientiation take no cognizance 
of the particular values of any of the constants involved it is 
obvious that the lesult of differentiating ^(a:, a') would be 
F{x, a'), that is, the opeiation of changing a to a' may be 
pel formed eithci before oi after the diffeientiation, with the 
same result. We may put this statement into another form, 
thus Let Fa be an operative symbol such that when applied 
to anj’ function of a it will change a to a', i e , such that 

Eaf{a)=fia% 

then in operating upon the function k}){x, a) the opeiations Ea 
and commutative, that is, 
d . . d 
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Next, suppose 0 =^( 0 ., y) 

The paitial diffeiential opeiations ~ and ^have been defined 

to be such that when the opeiation with legaid to either vau- 
able IS perfoimed the other variable is to be coiisideied constant 
We piopose to show that these operations are commxfiative. 


3 3 3 3 


-z. 


l € y that 

’ 3i5 dy dy dx 

Let denote the opeiation of changing y to y+Sy in any 
function to which it is applied , then and the paitial oper- 

0 

ation ^aie commutative symbols And 
ox 

E y) 


33 . . *' 3® 


3^ 


^y 


by Def , 




3® 




'^yt=0" 




_ r^_ 9 £iv4>(<«. y) 
^ 

3 3 


3i! 3y 




16G Another Proof 

The oulinate/( 0 , 0 ) of tlie point m 11111011 any surface s=f{'i,y) cuts the 
>axis IS cleailj independent of the paiticular path tiaccd bj any point 
nioiing fiom the aibitraiy position {v, y, s) to the iiltiinate posi- 
tion { 0 , 0 ,^ 0 , 0 )} , notii ithstanding that m some cases, in estimating the 
iiltiiiiate ialue/( 0 , 0 ), it inaj be necessaiy to cialuate an undetci mined 
foim In othei ivoids, nheneiei it is necessaii to eialuate y’(/<, /) foi 
/eio 1 allies of h and L, the oidei or manner of making h and I diiuinish to 
/CIO is iiidilleicnt, and it is alloiiable if 110 choose to suppose them to 
ajipioacli then ultimate 1 allies simuitaneoiisly 

rilUS i<A=,o I) = lAliaO 1) S Lih^Hj^o /(/i, i) 

Again, it 11.18 pointed out in the pieiious .11 tide th.it piocesses of 
diJleientiation bike no cognizance of tho^«///cHf«r tahtes of any constants 
1111 oil id Tt therefore folloiis tluit if 
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that is, a may be changed to a' eithei hefoie or aftei the limit is taken, 
with the same final lesult ^ 

Now, b\ definition, 

> y) _ / y. . K V) - ‘K'Pj y) 

■dx h ’ 

and, since v and y .11 e independent, we may regard y and its increment I 

as constants, while v is vaij mg Hence the value of when y-\-l 

ov 


IS ^Ylltten foi y, IS 


r, 4{x+h,y-^L)~4{v,y+k) 
xtih=o ^ 


(This has also been established geometiically in Art 153 ) 

Tlieiefoie, 

r* A>{x+h,y + l)~<j>{T,y+l) r <K^+h,y)-<Kv,y) 

X/tJi-sO — 7 " ■ 2 ' ' 

„)=zr.. ^ ^ i 

_ r^. .7 . <liix+h,y+l) - y+l) ~ +A, ?/)+</)(®, ?/) 

— Xilk=0 ^ > 

and as it has been established that the oidei of pioceeding to the limit is 

0 3 

mdiffeient, ^ ■= - y) may be shewn equal to the same expiessioii 
0% oy 

167. Extension of Rule 

This lule admits of easy extension by its lepeated applica- 
tion Thus 




(ir©'v=©"(Dv 




Also if we have inoie th«\n two independent vaiiables, foi 
instance if v>=^(x, y, z) 


(l)(|)(l>=(l,)(D(l) 




so that the oidei in which the difiTeientiations aie performed is 
immateiial in the final lesult 

168 Notation. 

It IS usual to adopt for 
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the more convenient notation 

c 3% 3% 3P+g+% 

3a;=’ dvdij ZxJ^y^z^ 

and the piopositions above enunciated will then be written 

3^u _ 3% 

?>xdy 3y3r; 

3^u _ 3^16 
'd'c^'dy 3?/3a:' 

3x,’''3i/’*~3y’W”’ 

etc 

We shall also sometimes find it useful to fuither abbieviate 
„ '■ 3% 32n, 32y, ^ 

the expressions — g, etc, into tt**, 14*2,, w^j,, etc 

169 The foimulae here established may be easily veiified in any 
pai ticular example 

Ex Let «=sm(r^), 

then M,=ycos(t^), 

and i<,j,=!Cos vy-^J?8lll , . (1) 

Again w, = r cos ry, 

and «,,=coa 'i^sni ^y, (2) 

and the agreement of expiessions (l)aud (2) veribes foi this example the 
iGbVilt of Arts 165, 166. 

170 It 19 convenient to use the letteis p, g, r, s, t, to denote 
the partial difieiential coefficients 

30 ^ 30^ 3^0 3^0 3®^ 

3.1; 3?/ 33^* dxdy 'dy^' 

where <p is a given function of the two vauables x and y 
Hence we have, if e=fp{x, y), 

dz= 2 ^'^+ 9 dy, Avt 159, 

r7/jj 

and to obtain fiom the implicit i elation 2/)~0, we have 

^ly=-E 

dx q 

171 To obtain the Second Differential Coefficient of an Implicit 
Function 

f?*?/ 

To obtain we have only to differentiate the last result of 
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the preceding article; thus, 

rip ilq 


I^oir 

^=^-1-2^ ,'-h 

CJ5 ‘ By dr ‘ \ y/ 

_!?/• — pS 

and 

dx cv ' cy dr ” ‘ V qJ 

1 

1 

giving 

r-„_ 

)_ 


_ — Ipqs-hp-i 


Similarly etc , may he foimd. but the results are compli- 

cated 


’<1. If 
pro%c 

and verify tlie fonpula 


EXAltPLtS. 

'' r y 

“chi _ c-y 
cydff~'dyc.r 

C~i' c-» - , 


S, Venfy the formula ■ in each of the followjne cases : 
cxzy c^fCr 


shotr that 

4. If 
prove 
and 

and hence that 
and that 


(1) 

X 

(2) 

<r— r- 

*y « r> 

(3) v=\og^lll. 

xy 

(4) e=j^ 

2J.-S 

y y _ 'dhf 

r =»* cos ^ and ciii 6, 
<fr=co^ ^5?/- — i- tjn Q 1$, 
dy =s'n $dr~rco^6d9i 
dy^^dyi=dt^~t^d6\ 
rdy~ydx=rd9. 
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piove 

C rro\ e that if 
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?i=log(a:- + »/■-£'), 


d)/dz ’ 'dzdx “di'di/ 




aiul 

rfr a> rfir ay 


7 Show that if 




(lx 


“ 'Z= -(«! - iKi^j 

, V J yjm-l 


8 Sho^^ that at the point of the sin face 

wheic i ='/=-> 


3-"s 


didff 


= -{ rlogo } 


l-i 


[0\ronD, 18^9 ] 


0 If theic he an equation hetuten ihiee \.iimblts p, t, v, pio\o that 

x(f) xCt) 

\ a i)/» coiiRt \CfP't «*nit 


dlJ ecofiRL \dv/pt 


172 To find ^ and the equations 


y> =') = 0, 
y> 


Here, as in Ait 164, 




dF^ 


cl h dz 

iTz 

d;i 


(lx 

dF„ 

dv 

,dF„ 

dy dF, 
cLv dz 

dz 

dx 


Solving these equations we obtain 
dy 
dv 


ds 
d h 


Bs "dv "dz “dv dh "dy "dv "dy 

1 


"dy dz dy dz 

M'hich give the values of ^ and ~ 

d'h dj. 


Ex Gn en 
and 


s), 

==^-(b y) 

B^ B/^ dF: 
dv^dr'^'d: Tr 
rf^ 


, dJ^\ dt\ 


pro\e 
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^ Given that 

V=</)(iK+^i, y+t}t, • ) 

ivherc ft, J/. s; •• > f. ^ ^ 

form a sysfem of independent variables, to show that 


ZV JdV, 3F. 


Let 


so that 


then 

and 


Similaily 

and 


3( =fii+"ii7+f^. • •• 

y^=y+,]t, 

etc, 

52ii-] ^ 1-1 etc 
By-*'®'"®' 

_ 0 _ Q etc 

F= ?/j, . ), 

. (Alt 162). 

a^ a-e^a^i av^ ^ 

^0F 

aui 

aF aF , 

:=r-=:=: — , etc., 

^Ui 

aF aF aa;, aF a/A 

zi~’d\ a/’^^ 'dt'^ " 


a _ ,a ^ I 


-174 Hence we Imve the following identity of ojieiatois, 

VIZ ' — 

and as the variables are all independent and the operators 

paHwl, (D ), 

the development being made in formal analogy with the 
Midiinomial Theorem 
Foi example, in the case of 

y=<}ix-ir^t, y+>;0. 
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wo shall have 


dV 3F 

•? -a.. ^ I ■ 


Bt2 


■ ^^ ^dxdij^ • ’dy- 
etc 


Taylor's Theorem Extension 

^ ' 175 To Expand <l>{x+h, y+l) in powers of h and 7v 

^ By Tayloi’s Theoiem we obtain 

» X . 7 9d»('c+/i, ?y) . JiT d-<f>{x+h,y) , 

y+J^) = <p{'»+K 2/)+/>- f- •• 

'and expanding each term we have 

<l>{x+h, y + h) = 4>(v, •* 

BV 


^21 • 






+2’V‘' 

01, as it may be written symbolicallj*, 

^(ps+Ji, y+l)=f^{% 2 /)+(^‘'^+^‘^) 0 +^(^^^+^‘'^) 0 + 

176 Since it is imraateiial whcthei we fiist expand ivith 
legaid to I and then with logaid to h, oi in the opposite oidei, 
we obtain by comparison of the coefficient of hi in tlie two 
lesults the impoitant theoiem 

B'0 B^0 

BaBy ByBr; 
alieady established in Aits 165, 166 

177 Agreeably with the notation^ of Ait 116, ive may write 
the lesult of Ait 175 as 
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17S Further Extension. Several Vanahles. 

' Tlie form of the geneial teim la the pieceding case and the 
finthei extension of Tajdoi’s Thcoieni to the expansion of a 
function of scveial variables is moie leadily investigated as 
follows . 

Let • ) i- 

be called F(t) Then Madam in’s Theoiern gives 

F(t) = F(0)-i-iF(0)+'^,S''(0)+ ■ + ‘^,F'W, 

and by Art IT-i 

and since the variables x, y, . , aie independent of t, we may 
put t=0 eitliei before oraftei the opeiation has been peifoimed 

) <K^, y, ) 

We thus obtain 

+ + iOt, y + jjOt, ) 

Now’, putting h=^t, l = ^t, , we obtain 

<p{x+h, y +1, c+l, . ) = 0(a’, y, c, ) 

) iK-i^+eh.y+ei, ) 

179. Extension of Maclaunn’s Theorem 
Moreovei, if we put a=0 and y=0, aud then wnite a; foi h 
and y for h, w’e have an extension of Macla term’s Theorem 
w^hich, for two independent variables, may be w’ntten 



+et(' 


EDC 


1 
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180 If we now recui to Ait 154 we see that the true value 
of MB IS /(y+Sx, y+dy)-j{x, y) 

showing what eiior was made in that article in taking MB as 
an appioxiination to the collect value 

The student will find no (hfficulty in writing down the tiue 
values of the lengths of LQ oi 


EuLEH’S TULOllEMb ON HOMOGENEOUS FUNCTIONS 

181 If A + Bx°‘'y^ + = say, wltcve 

«+^=a'+^'= =w, 


to show that 
By diffeientiation we obtain 


3it , "div 
Xx — \-y^-=iiv, 

at 


ait 


■XAax°'~'^y^, 


then 




= S/l(a+/8)^“y^ 
=n11Ax^ijP~mi 

It is dear that this theoiera can be extended to the case of 
thiee or of any numbei of independent vaiiables, and that if, 
for example, ii,= A x'^/Pzry + Bx’^yPsr / + 

wheie a+/3+‘y = a'+/3'+y'= =w, 

fi n ait , ait ait 

then will jc- _4-2 /~-+s__=,iu 
a^ ''oy oz 

The functions thus desciibed aie called homogeneous functions 
of the degiee 

182 W e now put the same theorem in a more general foi m 
Def a homogeneous function of the n^ clegree is one which 
can be put in the foi m 


x'^Fi 


{U I ) 
W a‘ / 
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Let 

Put 

whence 


“-”41 ) 

|=r, |=^,ete. 


dY 


_ y _ z 
dx ~ a,-’ os”’ 


SF 1 3F 


=0, etc 


Now, since 
^^6 


dy x’ "dy 
u=x^F(Y, Z, ), 

— --na, - F(I , Z, . )+a; • Sa; j 

=nx-^F(Y,Z, )_a;n-={2/|p+^^+ }* 

Bja „3F dY „ ,0F 
ZY Zy~^ zr 


,Zib ZF 3F 


Zz 


=x 


= a;«-l 


3F 


3F 3s ZZ’ 
etc =etc 

Finally, multiplying by x, y, z, . lespectively, and adding 

“S+2'3i+®&+ ='X^^(J.Z, )=«» 

^ 183 If Ur be a homogeneous function of x and y of the w*’* 
degree, ^ will be homogeneous functions of the ('m— 1)^ 
degiee, and applying the result of Art 182 to these we have 


3 , 3\3it , _.3^it- 


3 , 3\3tt , 

.^3» ^Zy/Zy ~ ^ 

Multiply’ mg by x and y we ha\ e on addition 

, 32 % „ 3% , ,3-u , ./ 3u , 3u.\ 

Similarly we may pioceed and finally by induction establish 
a geneial theoiem of similai chaiactei, but of higher older, 
but it is bettei to adopt the method hereafter applied in Art 
186 
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3S-1 If 7='!/„+1f;,_i4-1»n-2+ 4-Me+«i+Wo. 

wlictc v„, v„.i, are homogeneous functions of dcgiecs ii, 
71 — 1 , . rcijjcctn elv, then 

cV^ Br, 

+2/"~+ • 
cr '^cjf 

= 7??l„'i'(n — l)l' 7 i_l + (« —2V'n-2+ +2ll24-'Jtl 

= 7?F-- {?»n-l + 22»„_s+3Wn-D+ +(11'- l)Ui +71110} 

Hence if r=0 


?F cji' 

1 — + 2/- — ^ +v„_i+2Hrt_o+ +iitto=0 

ct cy 

]S5 JvCt n—ij^Un), ■s%heic 11 n I"? a homogeneous function of 
the degice 


BF 



Iln 

=if(u); 


then 

=‘§/W+y^fW+ 

= 7iHj„ 


or 


= 7?F(14), 


or 

Btt , By , 

I"- - + 1/=- + 

01 ''?>y 


. (1) 


By ow. , _ 

a^-'+y— -+ =0 

cK ''ey 
K\ I'^rn KP 

ill. following icsults In diffemiti.ition 
1 li'it —Sjy; 

Thib IS tlo.iih homogcncon'! niul of tlu ZnX dtgicc, vlicncc 

■• If I ..Bw 


( 2 ) 




1 3 

Tilth !•» TV lv«int "('iw'fnin O’:] in ‘•'ion of «l«gri>o whence 

Jif , 1 

'■ -3-v. 

r ~ 

s>’/ 

v'’ - 


,T Ixt 

Hen Art l‘'2givi. 
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4 Let 


jr-ff 


Here Art ISO ci\ es j*?— j; ~ =sin 2 m. 

Cr ' cy 

0 Find ^vhkii of the followjng functioris are homogeneous, and in cases 
of liMmogeueity itnf\ Eulers Theorem of tlie fiitt <Iegrec * 

(a) xK-f. 

W) 

(/) (.r-y^ Oog r- log t/). 

(o) 

x-ry 

0 G.ven :=sr-^>/ and y=^~ find the diuerential coefficients of the 
Cr-t onler, 

(1) i^heu T k the independent ^an'>hle, 

(2) IS hen y is the njdei«ndeiit sarnble, 

(3* irhcn : is the nidej>endcnt \-anabTe 

7 Gh cn j-/r=<r, find all the dilurential co.fhcnnts of the first and 
■^t-Ojiid onl(.T> taking “ and y for ind‘'jH.ndent s an ible^ 

»/S If 

T)r»5re tliat tan v. 

cx " <.y ~ 

9 If «=rOjr— f/y*n- <r^ •*-£/« tv 

rlnnv (h-'t. if it bo |K''.nbk‘ to find talues of J, t/, r which s\ill «miultane* 
mi«iy valL'fs 

0 

Cx~Cy~'C:~~ ’ 

then vnll /»• f-,/ ='T 

M, J. c 

10. If 1 / lie a hoinogereoHs function of the j>‘*- degiet of anv number of 
vantbU', prove tlwt 

(xS-i-y^-— ) r'=j.«i/ 

N c.r ' Cy ' 

11 If v—fjx, y) and »/)=0, p'^vc that 

I A If t. be a homogeneous function of tlic r*** degn-e in x, y, z, and if 
«=?/,.!, I' 5?)whcic A', )' Z are the first differential coefficients of with 
regard to x, y, z respcctii th . pros e that 

„?r , i-cf, y of fl 
d.l ol cZ n-\ 

13 If uT denote the opentor 

cx 'ey 

and be a homogeneous fundmii of v dtmensiors in the variables x,y,r, . , 
cbowthat !)'« [OxrorK 183$.] 


[OxroPD, 18S6 ] 
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186 General Proof of Euler’s Theorems 
We now proceed to give a moic complete investigation of 
Eulei’s lesults 

Let u^<j)(x, y,z ) be any function expiessible in the form 

-4 1- ) 

It IS observable that if re+'r/, y+yi, be written instead 

of X, y, a, in any such function we obtain the lesult 

= (l + f)"it; 

so that the effect is simply that of multiplying the oiigmal 
function by (1+i)" 

Now, let F„, denote the symbol of opeiation obtained by 
expanding {xX+yY+zZ+ )•“ by the Multinomial Thcoiem, 

3 S 3 

and after expansion wilting in place of A', Z, 

etc , then we have, upon expansion of each side of the above 
equality, 

/2 y3 /r 






i 


And on equating coefficients of like powcis oft 

F2W=w(ii— l)it, 

FgU = 'll (oi— !)(<)} — 2)u, 

etc 

FrU = n(')t — 1) (91 — 

187 When there aie two independent vaiiables x and y, 
these become 

^11 , 'dll 


a“sr-T+ 2xy-. 


dxdy 
etc , 
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and for the case of thiee independent variables 


"dw , 'bxi , du 




‘dH 


■2ZX: 


3% 


dzdx 


■^xy- 


3% 

'dx?yy 


3s2 ■ ’‘^’’Tnjbz 
=ir(?i— l)w, 
etc 

188. It may be observed that although the expiessions 


m 


.3% 




32tt , ,,3?u j A 3 , 7 


are identical, caie must be taken to distinguish between 

„3% , o ,3-at 


and 


("“1+4)“ 


^\2 
^yj 

It is appaient that the lattei 

/ 3 , 3 \/ 3i£. 3u.\ 

“ 2/^/ 2/^?// 


3?/) 


/ .,3“it , 3W/ 3% \ 

3^t . 3i{. 93®!^ 

■2'^+2'-^; 


+ (xy: 


„3% 




'dvdy 
32a . 


3x2 ■ —'^'df0y ' '^"dy-'^'^dx'^^dy 
and therefore diffeis from the foimei expression by the addition 
of the two teims 

3a 3a 

2/^ 

189 Laplace’s Equation 

^2 ^2 ^2 

The opeiator ^ 2 +^+^ (- V^) plays a fundamental part 

in the Highei Physical Analysis 

The equation ys ]?■=() jg called Laplace’s equation , and any 
homogeneous function of x, y, z which satisfies it is called a 
Spherical Harmonic * 

It is customaiy to denote ai^+y'^-^z- by r2 

♦See Thomson and Tnit, Ttcahse on Natural Philosophy, vol I , p 171 
Laplace, Mecamquc Celeste, bh II 


'dy' 

3a 


du 


‘^+2'S-, 
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Similailj’, 


Ex 1 Let r=7-”‘ 

Sr X 

Then 

1 1 K SF_SF Sr_ __s 

and ^^e have 

and ^=m(m-2)r“-H"+jn»"-=. 

Similaily, “ 2);^-y +mr“-S 

^=m(m - 2>j"-‘£2+,nr’"-= 

by addition, y F= — 2)r““® + 
or +!>”■' 

Since tins expression vanishes xphen »n = — 1, it appeals that - is a 
spheiical hannonic of degree — 1 

E\ 2 If T’,. be a spherical hannonic of degiee ti, then -will be 

a spherical hainionic of degree — n— 1 
Let m=F„/j-'‘+^ 

vnth siuiilai expiessions for and 

Adding these togethei, 


Hence, i cmenibei iiig that 


■ Si/ ' 

yr„=o. 


.,«J „ SF„ „SPn , ^ Sl,, T-r 

and ,^+y-^+c-_=„T„, 

■\\eha\e yif=0 

E\ 3 Sho\r that each of the functions ■» 

tan~'’-5 > - log^^i^ 

r T-+y- r r—z 

satisfies Laplace’s equation 

E\ 4 If « and w' be functions of a, y, e, each satisfaing y F=0, 
piove that V'0'w')=2{WxW',-r«,,i'V+M.7t'.) 

100 Conjugate Functions 

When two real functions u and -v of 4 ; and 1 / aie defined by 

the equation u + />y —lv=f{n:+is/ —ly) they aie said to be 
conjugate 
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Differentiating, we have 


Whence 
and 

Again differcntiatiug, 
and 

whence 

and similaily 


Bit , / — :rBy / — 7- Bit Bii 


% 

Bit _ By 
B.'«~B?/’ 

Bit_ _By 
By Ba; 
B^t^ B^y 
Bi,“ Ba;By 
B^it^ B^y ^ 
By2~ ByBa;’ 


Ba; Ba; 


( 1 ) 

( 2 ) 


B% B-it_ ^ 

Ba;2'*'By2~^ 


Bx2^By2 


( 3 ) 


and 


E\ 1 If «+ V- U' be a lioinogeneons function of %, y, z, of degree 
p + s' — Iq, then 

Bit , Bk , Bk 
Bp , B» , Bp ^ , 

[Thomson and Tait, Natural Philosophy ] 

Ex 2* If a and fi be conjugate functions of a and 6, whilst a and h are 
conjugate functions of a; and y, piove that a and (i aic conjugate functions 
of X and y [JLvxufll, Elecli icity ] 

32 F 32 F 

Ex 3 If the eqilhtion —^+^^=0 be satisfied wlien F is a given 
function of r, y, it will also be satisfied when F is the same function of a 

and 6, wheie a=logN/ir + w- and &=tan~’? 

’ o ^ ^ [Math Tjupos] 

EXAMPLES 

1 Veiify the formula in the following cases . 

BxBy oyov 


(a) «=sm 




a 


(jS) w = log{a tan“^ \/a2+y2} 


4 
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2 Find ^ (a) if aa- + 2/ia.y + _ 1 

(P) ifr^+y*==oah^/ 

(y) if (cos a,)' = (sin ?/)* 

(8) if2/* + 'f^ = (a + 7/)***' 

(e) if 

3 If M = sin~^- + tan“^^, show that + y~ = 0 

y 'h ox oy 

4 If ?/, y, s he functions of a such that 

<Z / dy\ d ( ds\ 

prove that 

5 If u and v he hoth functions of the same function of a and y. 


o . 016 dv ou av A i. o f o / o» 

proi e that — and that — ( ?6— ) = ^ ( «=- 

ox oy oy ax oy/ oy\ ox 


3r 


, 6 If r «/(w, v), «=/l(^, y), w=/o(^, y), shoM how to find in 

'■ 7 iV ?tV ' 

tcnns of ~ and -5— 

^ oy 

\/ Ex Given « = x- + 1/-, v = 2xy, show that 
dV 3r o „vi9r 


7 Venfv Euler’s Theoiem 


3 u , 3?6 


foi the functions (o) i6=sinf^^ — 

V+yJ 

8 If 76 = ^(7/ + a^) + ^(y - ar), proi e 

ax- oy- 

j 0 Ifu-a^(|) + ^0,prove«=&.2vy^,p=|;.O 


oO®76 


, / 1 1 If/(^, y) - 0, <f){x, s) = 0, show that 

9</» y ^ 

3a "dy dz~Wl 
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12 Find III tcims of y and s: from the equations 

rtsm t;+ 6 smyt=c 

rt cos ^ + 6 cos c= c [ICS Ekam ] 

13 If .r** + y* + 4rt“'iy = 0, show that 

{tf 4 «=^) + 3 «') 

ulicn the \anahlcs aie connected hy the tno equations 


©"= 0 )"-©" 


/t - Ti« 71/ \ /X 

\/ 1j If 7 j = 7«(i - 1 /, y-c, £-'>), piove —+ +^^=0 


10 Ifi< = 


^2, 7/2 £2 


?/, - 
1 , 1 , 1 


fJy 3; 

01/ 01/ 0// 


17 If« = coscc 


■ 1"°'' 

"I'v/— show that 
' .XT ^ 

«0-it , 9 „ 0-w . ^ o0^/ tan 7t /'1 3 tan^A 

IS Find the ^.aluc of tlxe oxinession + wlien 

0t2 oy- 

rt2 c2 ^ h-y- - c-z- = 0 [ICS Exam ] 

19 If V—A'tr -1 2Ihy + Cy-, piove 

fK\‘ ^1-2^ ^ E}L^(^jy.EI^RV(AC-irA 

\dv) 'by- ‘"'d'c dy bxdy^^'dy) 'dx- ' ^ 

"20 If r= (1 - 2-1 y + v-)~\ pi ove that 

0r 0r 

=yV' 

dv dy 


Alsothat = o 


, 21 If _ 1 = 1 , and H h my + nz = 0, pi ove that 

_ dy dz 
_mz Iz n% m% ly 
U- c2-^ 'T^~P 
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22 If = 1, and 1> P^ovo that 

rt-’ i2 C- Cl2+A A-’+X c' + A 


23 If 


dx 


+ ,- 5 -- +- 5 ^ = pj’ovc that 


dij 


a-+« 6- + « c® + M 

+ iif 4- = 2(ant,+ + CM*) [Oxpohd, 1888 ] 

24 If c and « be functions of a; and y defined by 

{z - = a?( 2 /^ - «2), {a - ^(«)} f/>'(«) = 

prove that ^ ■ [BeataaKo] 

25 If Pdv + Qdy be a perfect differential of some function of a, y, 
prove that 

26 If Pda, + Qdy + Rdz can bo made a peifect differential of some 
function of w, y, s by imUtiplying each term by a common factor, 

*o,v that + 

27 If s = (v^ - { f{y + ^) - i>{y ~x)}, prove that 


2 

W W 


dv 


[OVFOBD, 1889 ] 


f • 

28 Iff be any function of X and Y ivhcio X and Y are defined 
by the equations X=</j('i’, y), Y='^{v, y), prove that 

1 V ^ 9^+y 

mhi! 0i;'"3y‘ 7 's' BX’^l * 

nJieie , is the coefficient of in 

{f(i(x +/i,y+ /t) - <fi(v, y)y(^(% + /i, y + A) - y)}* 

[Math Tripos, 1888 I 

'29 If 7t be a homogeneous and S 3 'mmetncal function of x and y of 
71 dimensions, and if its c\panded form is prove that 

i,{(2r - «)(?,.} = 0 [GnrooRi’s ExAvriiRs ] 

^0 If f{x^, x„, -Cj r^) be any homogeneous function -which 
becomes P(A'j, A'o -V„) by any lineal substitution for the vanables 
o-j, A, in Icims of A'„ A'j and if r,', x/, a/ , A’/, X/, X/ 
be simultaneous i alucs of the tn o systems, prove that 

’■i' •< ' I'A + + = AyPx, + X,py + Ayp, + 


APPLICATIOKS TO PLANE CURVES 




CHAPTEK VII 


. TANGENTS AND NORMALS 
191 Equation of TANGENT 

It was shown in Ait 36 that the equation of the tangent at 
the point (x, y) on the cuivo y-f(x) is 

Y-y=^(X-x), (1) 

X and P being the cuirent co-oidmates of any* point on the 
tangent 

Suppose the equation of the curve to he given in the form 
fix,y) = 0 

It IS shown in Ait 104 that 

dy dx 

dx ^ 

-dy 

Substituting this cxpiession foi ^ in (1) we obtain 

r-y=-^X-a,). 

o¥ (Z-a>)^+(F-2,)|=0 (2) 

for the equation of the tangent 

192. Simplification for Algebraic Curves 

/(®i y) 3-^1 algebfaic function of x and y of degiee n, 
suppose it made homogeneous vn x, y, and z hy the %ntroduot%on 

of a proper power of the linear unit z wheiever necessaiy. 

143 
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Ui 

Call the function thus altered f(x, y, z) Then f{x, y, z) is a 
horaofTcneous algebiaic function of the -n*’* degiee, hence ive 
have by Eulei’s Theoiem (Ait ISl) 

by vntue of the equation to the cmve 

Adding this to equation (2), the equation of the tangent 

takes the foim X^+T^+^~0 . (3) 

0*7? oy oo 

where the z is to be put =1 aftei the differentiations have 
been perfoi med • 

E\ f(i, i/)^‘i^-^ahy + b^y + cfl=0 

The equation, ^^lleu made komoyencotts in v, y, z by the introduction of a 
yropc) potea of c, is 

Ui t'* + a-iys“+6^-:’+c‘:r‘=0, 

and ^ = 4 + a-yz% 

o t> 

oy 

^■= 2a* %yz + ZV^y^ + 4c?*;* 

Substituting these in Equation 3, and putting s=l,A\e liave foi the equa- 
tion of the tingeiit to the cun e at the point (♦, y) 

A'(4 r* -H cP-iJ) -h 4- ft*) + 2a-vy -h ZPy 4(?* = 0 

With very little piactice the introduction of the z can be 
peifoiined mentally It is geneially moie advantageous to 
use equation (3) than equation (2), because (3) gives the result 
in its simplest foi m, wheieas if (2) be used it is often necessaiy 
to leduce by substitutions liom the equation of the cuive 

193 Application to General national Algebraic Curve 
If the equation of the curve be written in the foi m 
fip'i 2/)“^n"l"'W^-l'l'Wn_2+ + Wo d-lti + 140 = 0 

(where Wr represents the sum of all the teims of the degree) 
then -ulien made homogeneous by the intiodiiction where neces 
sary of a pioper power of z we shall have 

/('C, y, -) =ttn + W„_iC+W„_22r + 

+ IfoS" "- + 'HiS""^ + 

^ — It n - 1 + 2ltn - + 3 {("n _ jC” + 

+ (« - 2)«2C"-=+ (M- l)ltjC"-= + 


and 
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and therefoie substituting in (3) and putting ff=l, the equa- 


tion of the tangent is 


+ (n — 2 ) 1 ^ 2 + (n — + mi,0 = 0 


..(4) 


194 NOEMAL 

Def The 'iiomal at any point of a curve is a straight line 
through that point and perpendtcidar to the tangent to the 
ciM've at that point 

Let the axes be assumed rectangulai The equation of the 
normal may then be at once wiitten down Eor if the equa- 
tion of the curve be 2/ =/(*)> 

the tangent at (so, y) is Y—y=^(X—x), 

and the normal is therefore 

(X-®)+(r-2,)g=o 

If the equation of the cuive be given in the foim 

f(x,y‘)=0, 

the equation of the tangent is 

- (Z-.)|+(F-s,)|=0. 

and therefore that of the normal is 

X—x Y—y 

dx "dy 

Ex 1 Consider the ellipse ^+^=1 

a* 0“ 

This requires iii the last term to make a homogeneous equation in a?, 
V, and z We have then 

" A 

- 2 +/ 2-^=0 

a? 

Hence the equation of the tangent is 


'tr , -rr 2y 


■z 2z=0, 


where z is to be put = 1 Hence we get 


‘ and therefore 


^^+-^=1 foi the tangent, 

for the normaL 

a: y 


BDa 
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Ex 2 Take the geneial equation of a conic 

air + 2qx-\r^fy + c=0 

When made homogeneous this becomes 

aar + 2hxy + hif + Zgxz + 2/(/z + cz* = 0 
The equation of the tangent is therefore 

X{ax-\-hj+g)+Y{hx-\-hi)^-f)-\rgx-\-fy-^c=Q, 
and that of the normal is 

X-x _ Y-y 
ax-\-hy-\-g hx-\rhy+f 

Ex 3 Considei the cun e ^=log sec- 

a a 

Then ^=lan?, 

ax a 

and the equations of the tangent and noinial aie lespectively 

T - «=tan-(A’’ - ^), 
a 

and (r-y)tan^+(jC— a)=0 

CL 

195 3/)=0 and F{x, 3/)s=0 be two cuives intersecting 

at the point y, their respective tangents at that point aie 

^fx+Yfy+Zfz = 0 

and jKFx'^FFy-]r ZFg=0 

{Z IS often wutten for z for the sake of symmetry) 

The angle at which these lines cut is 

/.WyFy 

Hence if the curves touch fxlFx=fylFy, 
and if they cut orthogonally, f^F^ +f,jFy = 0 

Ex If ^+ 1 ’''] =f(,x+iy), the curves given by ^ = constant, and by 
17= constant, form tuo families such that each member of the fiist set cuts 
orthogonally each membei of the second 

Foi by Art 190, and 3= 

ox oy ^y 0a: 


•whence 


55 ^ 0i7_ 
Sr 'dx^'dy “by ’ 


which is the condition that the tangents at the pouits of intersection 
should include a light angle 
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196 If the foim of a cuive be given by the equations 

the tangent at the point determined by the thud variable t is 
by Equation 1, Ait 191, 

Similaily by Art 194 the coiiesponding noimal is 

Z0'(O+ T'l'Xt) = ‘KW)+'KW(f) 


Examples 


1 Find the cqiLitions of the kuigeuts and noimals at the point (t, y) 
on each of the following cmves — 

(1) ir+y-=C“ (6) 

(2) ‘ y-=:Aa% (6) e*'=sinA 

(3) Ay=lr (7) v^ — 3aty+y^=0 


(4) ^s=c cosh- 


es) 




' 2 "Write down the equations of the tangents and noimals to the cuive 
y(ir+a®)=aa®at the points wdieie 

3 Prove that ^+g=l touches the cm\e 7/=6e «at the point wheiethe^ 
curve crosses the axis of y 

4 Find wheie the tangent is paiallel to the axis of ^ and wdieie it is 
peipendiculai to that axis foi the following cm res — 

(a) ar2 + 2/a^ + 6^®=l 

(y) 

6 Find the tangent and iioimal at the point deteimined hy Q on^^ 

(a) The ellipse i7=a cos 01 
y=h sin Q) 

(/3) The cycloid T=a(0+sm 0)'| 
y=a(l-cos0)J 


!} 


(y) The epic) cloid a = A cos 0 - 5 cos 
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6 If p = rcos a+y sin a toucli the curve 



971 tn _tn 

p^o^ c that p”-' =(a cos '?in a)"-’ 

Hence wiite cloivn tlie polar equation of the locus of the foot of the 
perpendicular from the origin on the tangent to this cun e 

Examine the cases of an ellipse and of a lectangulai h> pcrhola 

7 Find the condition that the conics ar^+6y-=l, a'v-+b'y-=\ shall 
cut orthogonally 

8 Prove that, if the axes he oblique and inclined at an angle w, the 
equation of the normal to y =/(r) at {x, y) is 

(r-y)(cosu+^)+(A'-a)(l ->-008 •<>^)=0 

9 Show that the parabolas and ^-—Stav intersect upon the 

Folium of Descartes •r'+y®=3ary , and find the angles betnecn each pair 
at the points of intersection 

197 Tangents at the Origin 

It will be shown by a general method in a subsequept article 
(291) that in the case in which a curve, whose equation is 
given in the lational algebraic form, passes thiough the ongm, 
the equation of the tangent or tangents at that point can be at 
once written down by inspection, the lulc being to equate to 
zei 0 the terms of lowest degree in the equation of the curve 

Ex In the curve i;2+y2+aa;+6y=0, ua.+6y=0 is the equation of the 
tangent at the origin , and in the cmie (r'+y^-=sa'(;^'-y^, r*— 7/-=0 is 
the equation of a pan of tangents at the origin 
It is easj to deduce this result fiom the equation of the tangent 
established in Chapter II Tliat equation is 

F-y=;n(A!'— r) uheie 

dv 

At the ongm this becomes Y=mX, 

■where the limiting \alue oi i allies of m arc to be found 
Let the equation of the cuive be arranged in homogeneous sets of 
terms, and suppose the lowest set to be of the r*** degree The equation 

may be written 

Binding byjf, and putting y=7Jiv, and then ^=0 and y=0, theaboie 
reduces to the form /r(»»)=0, 

an equation which has r roots giving the directions m winch the several 
branches of the curve pass tin ough the ongm If «?], tn^, hi,, be the 
roots, the equations of the sei eral tangents are 

y^THiX, y=ni]X, 
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Tliese are all contained lu tlie one equation 

and this is the result obtained by equating to zero the terms of lowest 
degree ’ in the equation of the cuive, thus proving the rule 
Ex Find the equations of the tangents at the oiigiii in the following 
curves — (a) (s-+g-)-=a-i^~b-g- 

(j8) 

(7) 

Geometrical Besults. 

98 Cartesians Intercepts 

Fi om the equation Y—y= ~~ 

it IS clear that the vntercejits which the tangent cuts off fiom 
the axes of x and y sxq lespectivelj’’ 

« IL and v— T— . 

* ^ and 2/ 

dx 

foi these aie respectively the values of X when F=0 and of 
F when 




Let PN, PT, PG he the oidinatc, tangent, and normal to 
the curve, and let PT make an angle i/r with the axis of X’, 

then tan Let the tangent cut the axis of y in t, and 

let OY, OYj^he peipendiculars fiom 0, the ongin, on the tan- 
gent and normal Then the above values of the inteicepts aie 
also obvious fiom the figure 
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199 Subtangent, etc 

Def The line TN is called the subtangent and the line JVW 
IS called the subnormal 
From the figure 

Bvhtangent— TN—y cot 

cl<c 

^/ji 

Subnormal tan = y-^ 


Uformal ’=PG = y sec y/J 1 + tan^yfy — y^l + \ 


Tangent = TP = y cosec \}r=y 


/< yi+tan^\fr _ 

tan-^/r 


Vi+(; 

y — tt;:: 


'dy'^ 

da) 




OT=Ot cos yjf- 


y-x 


dx 


dy 


dx 




Oh^+NG 


x+y 


OK « OGcosyfr^ 

' ^ Vl+ton'V' 


dx 


These and othei results may of course also be obtained 
analytically fiom the equation of the tangent 

Thus if the equation of the curve be given in the form 

/(£», 2/)=0 

the tangent X/*+ Tfy+Zfr=0 

makes intercepts —fzjfx and —fzffy upon the co-oidinate axes, 

and the peipendicular fiom the oiigin upon the tangent is 

fJ-JWW, 

and indeed, any lengths or angles desiied may be •wiitten down 
by tlie ordinaiy methods and foimulae of anal^'tical geometiy 

Ex. 1 For the chpinctte ^ = c cosh i, ■« c ha^ 03^1= sinh-, 


Hence 


subtangent = = c coth -> 

Vi c 

suhnonnnl =^i=csiiih-cos)i-> 
c 6 

normal dl + etc 

c 





152 


CHAPTER Vn 


Sjmilaily 




and in the same manner 




If yp' he the angle which the tangent makes with the axis of 
a we have as in Ai*t 37, 

tanV.=it^=it|=t, 


''PR~^8(& dx' 

, PR r. PS. 


Sx dx 


and also cosV^=ZSg; 3 ^Q=itj^=iijj=gj, 
and 

^ chord PQ aicPQ os os 

Examples 

1 Find the length of the perpendicular from the origin on the tangent 
at the poult t, y of the cui've 

2 Sho'w that in the curve the subtangent is of constant length. 

3 Show that in the curve 6y'=(a?+o)® the squaie of the aubtangent 
i at ICS as the subnormal 

4 Foi the parabola y- — 4aa , proi e 

cfo . /a+x 
dx ^ % 

A 2 

5 Piove tliat for the ellipse 1, if x—asm d>, 

or o* 


6 Foi the cvcloid 


7 Intliecuive 


-rr^a - c%ii)^ 
«<p 

t=aveis0 ) 
y=a(5+sin 9 )]' 


y=alogsec-> 

a 


V ds 


proie T-=sec-j t-=coscc-, and ‘ 

dx a dif a ^ 

8 Shon that the poi tioii of the tangent to the cun e 

r*’ 

which IS inteicepted beUveen the a\e«;, is of constant lengtli 
Fmd the aiea of the triangle foraied b> the a\os and the tangent. 
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9 Eind foi vliat value of n the len^li of the subnormal of the curve 
IS constant Also for wh^ lalue of n the aiea of the tiiangle 
included het\s een the axes and any tangent is constant 


10 Prove that for the catenaii or chamette «=ccosh^ the length of 

c 

the perpendicular from the foot of the ordmate on the tangent is of con- 
stant length 

11 In the tractory 

^ = s'c- -V^+s log ■ ^ 

C+ VC- — y 

piove that the portion of the tangent mterceiited between the point of 
contact and the axis of ^ is of constant length 

y2oi Polar Co-ordinates 

If the equation of the cuive he refen ed to polar co-oidinates, 
suppose 0 to he the pole and P, Q two contiguous points on 
the cuive Let the co-oidinates of P and Q he (?’, 6) and 
(r-fdi’, 6+Sd) lespectively Let PiV he the peipendicular on 
then NQ differs fiom Sr and KP from O'SO by small quan- 
tities of a htgher order than SO (Ait 31) 



Let the arc measuied fiom some fixed point A to P he called 
s, and from A to Q, s -1- ds Then aic PQ = Ss Hence, rejecting 
infinitesimals of oidei higher than the second, we have 
ds2=(chord PQf=(NQ^+PP'^)=(Si^+rW\ 
and therefore 



accoiding as we divide hy S^, Si^, oi S6^ hefoie pioceeding to 
the limit 
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202 Inclination of the Radius Vector to the Tangent 
Next, let ^ be the angle which the tangent at any point P 
makes with the ladius vector, then 

, dB dr , rdO 

tan^=rj^ ™^=-3r 


For, with the figure of the preceding aiticle, since, when Q has 
moved along the cuive so neai to P that Q and P may be con- 
sideied as ultimately coincident, QP becomes the tangent at P 
and the angles OQT and OFF are each of them ultimately 
equal to 0, and 


QJy or 


dr 


cos ^=Lt cos NQP = Lt 


5s c?s ' 


m ^Lt 

choid QF arc QF 


sin ^=Lt sin NQF — Lt 


NF 


= i<- 


NF 


choid QF aic QF 


= Lt 


rse 


Ss 


TdB 

ds 


Ex Enid the angle ^ m the case of the curve j"=o"eec(»0+a), and 
prove that tins curve is intei'sected by the curve »'”=6"8ec(«0+/8) at an 
angle which is independent of a and b [L C S , 188C] 

Taking the loganthmic difieiential, 

i^=tan(«0+a), 

whence d!>=ji0+a, 

2 ^ 

III a similar manner for the second carve 


|-^'=«0+A 

<)}' being the angle which the radius vector makes with the tangent to the 
second cuiwe Hence the angle between the tangents at the point of 
lutei section ib a ~ Jj 

203 Polar Suhtangent, Subnormal, etc 
Let OF be the perpendicular from the origin on the 
tangent at P Let TOt be drawn through 0 peipendicular to 
OF and cutting the tangent in T and the normal in t Then 
OT is called the “Folar SiihtangenV' and Ot is called the 
"Folar Suhnoi'mal” 


It IS cleat that 
and that 


Or= OP tan 

do 

Of=OPcot^=^ 

dB 


( 1 ) 

( 2 ) 
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204- It IS often found convenient when using pokr co- 

With 


ordinates to wiite A foi r, and therefore — i foi ^ 

% cie de 


this notation, 

Ex. In the conic 
ve have 


Polai Subtiangent=?’®^= — — 

dr du 

lu—l+ecosd 


l=—e sin 6-j- 
du 


Thus the length of the polar suhtaugent is Ife sin 6 
Also, from the figure, the angular co-ordinate of its extiemity is 0 ^ 
Hence the co-ordinates of J^ri, 6i) satisfy the equation 

ri=Z/esin^| + ft^ ^ 

The locus of the extiemity is therefore 

lu=e cos B , 

that IS, the directrix corresponding to that focus "which is taken as origin 




205 Perpendicular from Pole on Tangent, etc 
Let OY—j) and PY=t 
Then p=rsvi<p, 
and theiefore 

L = i cosec^d = i(l -f cot^d) 

^2 ,,2 V f ^lAdeJr 


theiefoie 




Similarly 

theiefore 


AdoJ ' 

t=r COS0, 

l-iecV=> + tanV) 


( 1 ) 

. .( 2 ) 
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theiefoie 


E\ In tlie spiral 
M e lia\ e 
M hence 




U’-l 

ft«=i-o-= 


anil tlicrefoie, squaring and adding, 

*!l=l-20~^+0-*+l0-<^ 

P- 

Thus, corresponding to 0 — ±1 mc ha\e 

‘'" = 4 and ^.= ±|. 


Exampl>s 

1 In the cquiangiilai spii-al-J =ac^'"‘“, pio\e 

dr 

-^■“cosa .ind w=rsmtt 
ds ■' 

2 For the mi olulc of a circle, m/ , 

(, 

(fz= cos * > 

o r 

roic cos</>=- 

r 

3 In the ]Kii-aliola -^ = 1 - cos 0, pi oi e the follou iiig i csnlts — 

(a) .^=7r-| 

(13) P=—a 


(y) f-=ar 

(S) Pol.ii Bubtangent= 2a cosec 0 
4 For the caidioide r=a(l — cos 0), pioi e 

(a) </,=! 

(/3) ^)=2aBm3| 

w a 


(S) Polar Buhtangcnt=2« 
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206 Polar Equation of the Tangent 

Let the polai co-oiclinates of tlie point of contact bo , 

and let U' be the value of ~ foi the curve at that point 

du 

The cq^uation of any stiaight line may be wntten in the 

form u—Acos(6~a.)+Bsiri(6—a), . . (1) 

A and JB being the arbitiaiy constants Let this stiaight line 
icpiesent the retjuiied tangent 
By diffeicntiation 

^=-ilsin(0-a) + Bcos(0~a) (2) 

do 

dih 

Now, since the tangent touches the curve, the value of ~ 

do 

at the point of contact is the same for the cm vo and for the 
tangent Hence, putting 6 = a m equations (1) and (2), we 

have U^A and U'—B, 

whence the requiicd equation will be 

w = 17 cos(0 — rt) + U'5\n{d — a) (S) 

20^ Polar Equation of the Normal 

The equation of avi/ stiaight line at nght angles to the 
tangent given by equation (3) of the preceding aiticle may be 
wntten in the form 

Cu= U'cos($—a)— TJ sin(0— a), 

C being an arbitiary constant 

This equation is to be satisfied by to=U, 6~a foi the point 
of contact of the tangent, theiefoic substituting we have 

GU= U', 

•whence the rcquiied equation of the normal is 
—u— Z7'cos(0— a) — U sin(0— o) 


E\ Find the polar equation of tlie normal at the point 0=2a on the 
cardioide r=«f(l +cos 0), and show* that thiec normals can be draw n fioni a 
given point to a cardioide 


dr_ 

dO 


—anniO 


Here 
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Hence 


pntl 


U' • n 

^,=a'5m2a, 
C‘ sm 2rt 


—tin « 


U l+<<<K2fl 
Hence the equation becomes 

a sm 2a v = tan a co«(y — 2n) - sin(0- 2n), 

or rsin(3a-0)=|(sin3a+sinn) .. 0) 

If we n nte » ami y for r cos 0 ami r sm 0 and t for tan n, this maj be 


avrittcn {"it — — (1 — 30y — — t"*' + f( 1 i* i}, 

or i^r~5t‘h/-^t{2a-Z.r)-^i/=0, (2) 

gi\ mg a cubic to deteiinme tbe values of tan a corresponding to the three 
normals winch pass thiough a gnen point (r »/) 


208 Class of a Curve of the ii*'' degree 

Def The nuLmher of tangents xihnli can he (haini fjom a 
gixen poixit to a national algehaic cui le xs called xts cla'^ 
Let the equiition of the cuive l>c/(r, y)=0 The equation 
of tlie tangent at the point (se, y) is 




* 





wheie c IS to be put equal to unity aftei the dilTeientiation is 
performed If this pass thiough the point h, L wc have 


dx dy 


This IS an equation of the('n— I)*’’ dcgiee in re and y and 
repiesents a cuive of the (n — ly* dcgiee though the 

points of contact of the tangents diavv n fiom the point (It, h) to 
the evLTVO fx, y)—0 These two ciiives ha^o points 

of intersection, and theiefore theie aic in genei.il xt(xi—l) 
points of contact coiresponding to n(n—\) taxi gents, X'cal or 
vmagvnaiy, which can be drawn from a given point to a curve 
of the degree * 

It appears then that if the degiee of a cuive bo ?i, its class 
as ii(ai— 1), for ejLample, the classes of a conic, a cubic, a 
quaitic aie the second, sixth, tnelfth lespectively 

♦Poncelet, Annalcsdc Gergonne, \oL Till , Bobillicr, ibid. \ol Vrv. 
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209 Numljer of Normals whict can be drawn to a Curve to 
pass through a given point 

Let h, A be the point through which the normals are to pass 
The equation of the normal to the cuivc f{x, y)=0 at the 


point (%, y) is 


X— y~y 

Zx Zy 


If this pass through h, k. 




This equation is of the degree in x and y and icpresents a 
curve which goes through the feet of all normals which can be 
diawn from the point h, k to the cim'e Combining this with 
f(x, y) = 0, which is also of the degree, it appeals that theie 
aie n- points of intersection, and that theiefoie theie can be 7i- 
710) mals, real or imaginary, diawn to a given cuiwe to pass 
through a given point 


For cxanijilo, if the enn e he an ellipse, « = 2, and the number of normals 
«* 

is 4 Lot be the equation of the ciir\e, then 

is the cun e which, With the ellipse, detemiiiies the feet of the nomials 
dniMm from the point (A, 1 ) This is a icctangular Inperbola which 
passes through the origin and through the point (/i, /) 

Tlie student should consider how it is that an r/i/initcnun^erof normals 
can be drawii from the centre of a circle to the circumfeicnce 


210. The cuivas 

( 1 ) 

and .( 2 ) 

on which lie the points of contact of tangents and the feet of 
the noimals respectively, Mhich can be drawn to the curve 
/(£c, y)=0 so as to pass through the point (/i, ^), aie the same 
for the curve /(ic, y)=a And, as equations (1) and (2) do not 
depend on a, they lepresent the loci of the points of contact 
and of the feet of the normals icspectivelj'’ for all values of a, 
that is, for all members of the family of cuives obtamed by 
varying a mf{x, y)—am any mannei 
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211 Polar Curves 
The curve 

Bu ?>y os 

IS called the “Fvist Polar Gtoive" of the point h, k with legaid 
to the ciiive /('c, y) = 0, e being a hneai unit introduced as 
explained pieviously to make y) homogeneous in a;, y, s, 
and put equal to unity after the differentiation is performed 
As this IS a cm VC of the (ii— 1)**^ degree it is clear that the 
first polai of a point with regard to a conic is a straight Vine, 
the first polai with legaid to a cubic is a come, and so on 
The first polai of the ongin is given by 



If the curve be put in the form 

Wn+^t’n-l + W.n-2+ +'Uf2 + Uj + «O = 0, 

the fiist polar of the oiigin is 

'Itn-ld'Sl/n-S'bSltrt-s-J- +(“11 — 1)111 + 71140 = 0 

In the particular case of the conic 

142 + 741 + 140 = 0 

the polar line of the origin has for its equation 

14i + 214o = 0 

For the cubic i4g+i42+i4i+i4o=0 

the polar conic of the origin is 

1t2 + 2l4i + 3l4o = 0 
* Exasiples 

1 Through the point h, I tangents are drawn to the curve 

show that the points of contact lie on a conic 

2 If fiom any point P nonnals be drawn to the cim e whose equation 
IS 7y”'=maa”, show that the feet of the noinials he on a conic, of which the 
stiaight line joining P to the origin is a diameter Find tlie position of 
the axes of this conic 

3 The points of contact of tangents from the point /i, I to the curve 
7^ + i/^=3aTy lie on a conic which passes through the origin 

4 Through a gnen point /i, I tangents are drawn to ciiives where the 
ordinate varies as the cube of the abscissa Show that the locus of the 
points of contact is the rectangular hyperbola 

2.ry+I^-3Ay=0, 

and the locus of the remaining point in wdneh each tangent cuts the curve 
IS the rectanguhi hj perbola 

xy-4ix+3Ay=0 
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212. The p, r or Pedal JEciuation of a Curve. 

In many curves the relation between the peipendicular on 
the tangent and the radius vectoi of the point of contact from 
some given point is veiy simple, and when known it frequently 
forms a very useful equation to the curve , especiallj* indeed in 
investigating certain Statical and Dynamical properties 

213 Pedal Equation deduced from Cartesian. 

Suppose the curve to he given by its Cartesian Equation 
and the oiigin to be taken at the point with legaid to which 
it is required to find the Pedal Equation of the cm ve Let y 
be the co-oi dinates of any point on the curve , then, if y) = 0 
be the equation of the curve, that of the tangent is 

YF,j+zF:=:0, 


wheie c is as usual to be put equal unity aftei the differentia- 
tion IS performed 

If ^ be the peipendiculai fiom the oiigin on the tangent at 


(a, y) we have 

^ fAi'/ " 

. (1) 

Also 

r^-=^x^+y^ . . . 

(2) 

and 

F(x,y)=0 

.(3) 


If X and y be eliminated between these three equations the 
required relation between p and r is obtained. 


Ex If F{a:y y)=0 be 

we hai e 
and 

therefore 


9 9 


p- 


i 1 L 

a*' 6 *’ 

1 , 1 , 7 ^ 



or ^+r2=C72+62 

p- 

Tlus result may be at once obtained b^ eliminating CJ) from the 
equations 

GD.p=db, 

CP and CD being conjugate semi-diameters 
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214 Pedal Equation deduced from Polar 
Let the cuive he given in Polai co-ordinates and the pole he 
taken at the point with legard to which it is lequiied to find 
the pedal equation of the curve Let r, 0 he the co-ordinates 
of any point on the curve, and^^ the length of the perpendicular 
fioin the pole on the tangent at i*, 0 If 

Jf’(r,0)=O (1) 

he the equation of the curve, then we have (see Fig 25) 

2J=?*sinqi, (2) 

and 

Eliminate 0 and <p between the equations (1), (2), (3), and 
the requiied equation between p and r will he obtained 
Ex Given r™=a”'ain md, i equired its pedal equation 
Taking logarithms and differentiating, ^ 



m dr cos m6 

1 rf0~*”sm ’ 

therefore 

cot </>=cot 7110, or ^=m9 

Again, 

p=r sin <j>=r sm md 




a"*’ 


*"•41 

therefore 



The following special cases of this example aie worthy of notice, and 
will furnish exercises foi the student 


^^lue 
of m 

Equition 

Name 

Pod'll 

Equation 

-2 

j’%in20+a2=O 

Bectangulai Hyperbola 

7p = C^ 

-1 

rsiii 6+a=0 

Stmight line 

e 

II 


COS0 

r 

Parabola 

II 

h 


Cardioide 

p^a=7^ 

1 

r=asin Q 

Glide 

pn=i- 

2 

7^^=0-5111 2d 

Lcniniscatc of Bernoulli 

X 

II 
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I2x 

Show geomctricAllj that (he pinHl equation of a circle vith lopartl 
to a iKunt on the circunifei'cnce is 2 ni=r, d being the dt.imcki of the 
tirclu. 

2 Sho-n (hat (he ]H'dal equation of the ellipse 

* A 4 

«■ 6 - 
/j* 

V ith reg ml to a focus is _ 1 

p- r 

2 Show (hat the pedal equation of the i)arabola//-=*lflrt. with regard 

to Its scitex is ,r(/^ —p-y 

1 Show th it the pedal equation of the curve r=o® is of the form p=mr 
whore in is a constant 

5 Show tli.it the ped.il equation of the tctracuspidal hvpocjcloid 
x2+y’=o- IS «- 

G Show that for the cpKvcUnd given hj 

x=(« +/»)<•<>•’ 0—bco‘i^'t^O^ 

b 

i/={a+b)B\n 0-hnn\^~0 

+ ;.=(« + 26)sin 

and that the pedal equation is 

(«+26)-’^ 

215 It is found useful to leraombei the following pedal 
equations 

(1) Circle (point on circumfcience), pd = r~ 

(2) Paiabola (focus), 

W HiT^boIa} 

W Hyperbola} 

(5) Equiangular Spiral r=ac®*"‘'» (pole), 

(G) General class n = a’"sin inB, 2 ^a’" = 

(7) General class of epi- and hypo-cycloids, 


li- 7 ^ 
-^±7- = rt.±6- 


Pedal Cukves 

21 G Dee If a perpendicular bo dtawn from a faced povnt 
on a va'i table tamgent to a curte, the locus of the foot of the 
ferpendicxdav ts called the " FnibT Positive Pedal ” of the 
original cm ve with regard to the given point 
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To find the first positive pedal with regard to the origin of 
any curve whose Cartesian Equation ts given 

Let F{{i, y)=0 .. (1) 

be the equation of the curve 

Suppose X cosa+ T^ima—p touches this cuive 
By compaiison of this equation with 


■dy^ Zz 


we have 


BjF -dF dF 

?xe “dy _'dz _ 


X, say , 


( 2 ) 


cos a sm a —p 
If X, y, X be eliminated between the foui equations (1) and 
(2) a lesult will remain which depends on pt and a onty And 
since 2h a aie the polar co-ordinates of the foot of the peipen- 
diculai, if r be wiitten foi p and 0 foi a, the polar equation of 
the locus requiied will be obtained 


Ex Find the fiist positive pedal of the cunre 
The tangent is 

Compare this with X cos a+ Fsin a—p, 

and 

P V 

Therefoie the polar equation of the locus required is 

m 111 

? — — + — 

Jm-l pm~\ 


f- 




( 


f-V/ 



217 Tojmd the Pedal with regai d to the Pole of any curve 
whose Polar Equation is given 

Let F(r, 0)=O. . , (1) 

be the equation of the cuive 



Let 9 , 0 be the polai co-oidinates of the point Y, which is 
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tlie foot of the peipendiculai OY diawn fiom the pole on a 
tangent Let OA be the initial line Then 

e=At)P=AOY+ YdP 

TT 




also 

and 

or 


tan^=r3^,, 


r'=rsm 

1^_1_ v^Y 


(Alt 205) 


( 2 ) 

(3) 

.(4) 


If r, 6, (j> be eliminated fiom equations 1, 2, 3, and 4, there 
will lemain an equation in t', Q' The dashes may then be 
dropped and the lequiied equation will be obtained 

Ex To find the equation of the firat positive pedal of the curve 

r’’‘=fl”'cosMi0 

Takiii" tlie loEraiithiiiic diffeiential 


thciefore 

theiefore 

But 

theiefore 

Again 


— — «i tan md , 

j ad 

cot <f)= —tan md , 


<f,=f+md 

0=0'+! 

/$ 




d=d'-md, or 

’ «? + 1 

r'=r sin <f>=i cos vid 

JL_ 

=acos”'md cos md 


=acns 


E±1 md 


m + 1 

Hence the equation of the pedal curve is 

m m jjj 

i m+i = a™+icos — rrO 
m+l 

218 Def If theie be a senes 6r~cuives which we may 
designate as 

Aj -A2, A^, . Aji, , 

such that each is the ^rst postUve pedal curve of the one 
which immediately pi ecedes it, then A^, A^, etc,aie respec- 
tively called the second, third, etc , positive pedals of A Also, 
any one of this senes of cui ves may be regarded as the onginal 
cuive, eg ,A^, then A^ is called the negative pedal of A^, 
Aj^ the second negative pedal, and so on 
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E\ 1 Tmd ihe Z"' positive pedal of 

t™’=^a”'cosm6 

It lias been shown that the first positive jicdal is 

j'’"i=a”‘icos«ii6’, 

, m 

where 1+^ 

Similarly the second positive pedal is 

jBij_^i»jgos ms9, 

, in, m 

and generally the Z*^ positii e iiedal is 

<- f^k = a"‘*cos mkd, 

m 


where 




1 +Zj» 

Ex 2 Eind the Z”' negative pedal of the cmve 

r”*=a’"cos»n0 

We have shown above thati”‘=o"Vos«w^ is the Z"' positive pedal of the 
cuiie j"=a’'co 3 « 0 , pionded 

mi 

This gives «=, — j— 

“ 1 -Zmi 

Hence the 1“' iiegatne pedal of i^saa^cosm^is 

=za”co&n$, 

m 


wheie 


n= 


1— Zj» 


ExA2IP1iES 

1 Show that the first positive pedal of a cn cle with regal'd to any point 
IS a Lnnagon (r=a+6cos^), wduch becomes a Oaidioide{r=:a(l+co8^)} 
wdien the point is on the circumfeience 

2 Show that the firat positiie pedal of a central conic with legaid to 
the centie is of the form r’=A+-Bcos20, wdnch becomes a Bernoulli’s 
Ldmniscate (»'®=o®cos25)when tlie come is a lectangulai liypeibola 

3 Show that the fiist positive pedal of the parabola y-=4ov with 

regard to the veitex IS the cissoid , 

v(7p+^+ay-—0 

4 Show that the first positive pedal of the cun'e 
IS 

5 Show that the firat positive pedal of the cmve 

9 rt A 

IS r= ± ff sin $ cos 9 

Also that the tangential polai equation of the cmve is 


P 


=— ® 
■’2 


sin 2^ 
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IS 


6 Show that the firet positn e pedal of the curve 

I 

cos”‘0 sm”0 




7 / 1 ”' «" 

7 Show that the fouith negative pedal of the cardioide r=a(l+cos 0) 
IS a pai-abola 

8 Show that the fouith and fifth positive pedals of the cuive 

- 2^ - 
i-'coSg0 = a® 

are respectively a rectangular hypeibola and a Leniniscate 

9 Show that the positive pedal of the spiral j is 

fif Tp- ttjco* a ^cotCt 

r=flrsm”ae'“ ' e 

219 It is useful to remembei the following pedals 

Okigixal Cgrvf Thf Given Point Name of Pedal 

point on ciicuinfeience, Cardioide 
any point, 
focus, 

\ erte\, 
focus, 
centie. 


LirDa9on 

Tangent at vei tex 
Cissoid 

Aiixiliaiy circle 
i-2=a=cos20±62siuS0 
( Leniniscate of 
( Bernoulli 
Equiangular spiral 

«n «n 

m 




cos 


Ml+1 


0 


(1 ) Glide, 

(2 ) Circle, 

(3) Parabola, 

(4) Parabola, 

(5 ) Central conic, 

(C ) Central conic, 

(7) Rectangular hyperbola, centre, 

(8 ) Equiangular spiral, jiole, 

(9 ) J " = o^cos m 0, pole, 

220 Tangential-Polar, or Equation of a Curve 
If i/r be the angle which the tangent to a curve makes with 
any fixed stiaight line, the i elation between 2> and often 
foims a veiy simple and elegant equation of the cuive This 
relation has been called by Di Feiieis the Tangential-Polar 
Equation 

The p, Ip- equation may be deduced at once fiom the equa- 
tion of the fiist positive pedal 

If r=/(0) be the pedal cuive, then, since ^p=^-{^Q (see Fig 
26, Alt 217), the equation between and yp is clearl}’’ 

Ex. 1 The 2 >, lie equation of ..I v- + 2?y- = 1 is 

^==!H^+S£jt(Art 210) 


.1 


Off 

Ex 2 The pedal of — = 1 +cos 0 m ith legaid to the origin is ? cos 0=a, 

T 

and therefoie itsp, equation is jjsm'^=a 
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221 Relations between p, t, p, etc 

Let PT, QT' be tangents at the contiguous points P, Q on 
the cuive, and let OY, OY' be peipendicukrs from 0 upon 
these tangents Let OZ be drawn at right angles to Y'Y 
produced Let the tangents at P and Q intersect at T, and let 
them cut the initial line OX in i2 and S Let the normals at 
P and Q inteisect in G 



Let the co-ordinates of P be (?, 6), and let those of Q be 
(r + Sr, 6 + Se) Let 0 F = p, 0 Y' = p+Sp, P^X = i/r, 
QSX = ylA+Sylr Then STB, pOq, Y&T each =Sy{r Let 
PY=t, and aic PQ = Ss Let OY' cut TY in V, then, since 
OFF is a light angle and YOV=S-\fr a small angle of the first 
ordei, OF diffeis fiom OF bj’ a quantity of higher order than 
thefiist(Ait 32) 

Hence VY' diffeis fiom Sp by a quantity of highei older 
than Sp, and TY' tan S-\fr= FF', 

,tan S\fr VY' 


theiefore 


'TY'- 


Sifr Syfr ’ 

and pioceeding to the limit 

dy}r 

Similaily, if PG be called p we have 
aic PQ=PO S\}r, 

neglecting infinitesimals of liighei oidci than Syjr, theiefore 

PQ 

Syjr ’ 

and proceeding to the limit, 

_ fZs 


( 1 ) 


( 2 ) 
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Again ot—Y'Q—YP 

^{Y'T+TQ)-iYV^ YT-PT) 
^(PT-\-TQ)+{Y'T- FT)- FF. 

15’o'w YV =p tan Syjf, 

and remembering that "when Srlr is an infinitesimal of the first 
ordei, FT and F'T, PT-\-TQ and os, tandi/^ and oyjr, each 
differ by quantities of order higher than the tiret, we have, upon 
dividing b}’ Srlr and proceeding to the limit, 
dt ds 

-P 


or 


d\!r 

\ ^-P 


by (1) and (2) (3) 


222 Perpendicular on Tangent to Pedal 
From the same figure it is clear that since YOY'=YTY', 
the points 0, Y, Y\ T are concyclic, and therefore 
OYZ=‘u—OYY'=OTY' and the triangles OYZ and OTY' 

are similai. Therefore 

And in the limit when Q comes into coincidence with P, Y 
comes into coincidence with Y, and the limiting position of 
YY is the tangent to the pedal curve Let the perpendicular 
on the tangent at F to the pedal curve be called then the 

above latio becomes 

p r 

or pp'=pj^. 


223 Circle on Eadius Vector for Diameter touches Pedal. 

It is clear also fiom the figure of Art 221 that the circle on 
the radius vector as diameter touches the first positive pedal of 
the curve For OT is in the limit a radius vectoi , and the 
circle on OT as diameter passing through F and Y, two con- 
tiguous points on the pedal, must in the limit have the same 
tangent at Fas the pedal curve, and must therefore touch it. 


224 Pedal Equation of Pedal Curve 

Let T—f{ji) be the pedal equation of a given curve. Then, 
smce pp'='jlfi, we have and therefore, writing r foi p 

and p for p^, the pedal equarion of the first positive pedal 

o 

curve is 

^ A’*) 
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E\ The first positn e pedal of the rectangular hjiieihola r=— is 


which IS the p, i equation of Bernoulli’s Leinniscate, as is also obvious 
fioiiiAit 218 


Exakfles 

1 Wiite downi the pedal equations of the fiist positive pedals of the 
curves given in the table of Ai t 214 

2 From the origin 0 is dia\4 n a perpendicular OPj to the tangent at P, 

similarly OPx is drawn perpendicular to the tangent at Pj to the locus of 
Pi, and so on Show that the figuie PPjPs is equiangular, but cannot 
be equilateral [Oxfobd, 1S88 ] 

3 Show that the if"' pedal, positive oi negative, of-^=/(r) is 

i 



225 Wo may also prove the results of Ait 221 as follows . — 
Let the tangent J?^£ make an angle with the initial line. 

Then the perpendicular makes an angle a—yfr—— with the 

same line Let OY= 2 ^ Let PjPs normal, and Pg 



point of inteisection with the normal at the contignous poini) 
Q Let be the peipendicular fiom 0 upon the normal 
Call this Pj Let PgP.. be drawn at i ight angles to P^Pg, and 
let the length of 0\\, th| peipendiculai upon it fiom 0, be pj. 
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The equation of P-^T is cleail}' 

2 ? = it cos a sin a .. (1) 

The contiguous tangent at Q has foi its equation 

2)-j-5j3=a;cos(a+3a)+2/sin(a+<Sa) . .. (2) 

Hence suhtiacting and proceeding to the limit it-appears that 



—asm 0+2/ cos a 


( 3 ) 


is a stiaight line passing thiough the point of inteisection 
of (] ) and (2) , also being perpendiculai to (1) it is the equation 
of the noimal P^P^ 

Similaily — acos a— 2 /sma . . • (4) 

repiescnts a stiaight line thiough the point of inteisection 
of two contiguous positions of the line PJPo and peipen- 
diculai to PiPn* so on foi further 

diffeientiations 
Fiom this it IS obvious that 


Hence 

and 



dp _ dp 
da dyjf* 


since 


da “ ’ 


^ -~da~~dyl/^’ 
etc 


p^F,P,=OY+OT._^p+^. 


226 Tangential Equation of a Curve 

Def The tangential equation of a curve is the conchhon 
that the Vine Za+m2/+‘?i=0 may touch the curve 


Method 1 Let F{x, = ® cuive, then the tangent at 

a, y is A’’Pa;+ YF,j+ZFg=0 

Compaiing this with IX +w,F+'?i=0 


l~m 


El 

n 


= X, say 


If a, y, X be eliminated between these equations, and 
y) = ^> I'c+my+n^Q, a lelation between I, m, n will 
result This is the equation icquiied 
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Method 2 Wc may also ])ioceefl ilius Eliminate y between 
F(x,y)-0 and h-\-my+n = Q , wc obtain an equation in x, 
H&y ^(a:)=0. Foi tangcncy this criuation must liavc a iiair of 
equal loots The condition for tins will bo found by ehnlinat- 
ing a; between ^(^) = 0 and ^'(a.)=0 
In follownng this method, instead of eliminating y it is often 
hettei to make a homogeneous equation between F( i:, y)~0 and 
and then expicss that the lesulting equation 
foi the latio y a has a pan of equal loots 


Ev Find the tangential equation of the conic 

i if+hr+Zgx +2^+c=0 

The fiist process gi\ cs ns ax+fii/+g=\l, 

/n+bi/+/=^»i, 


Also fr+»»/+Ji =0 

Tlic cliiiiinant from these four equations is 

a, h, q, I 


f<, b, f, m 
dt ft e, n 
I, m, V, 0 


= 0 , 


A\ Inch inaj he n i itteii 

vlf'+.ffni'+C'fl®+2/^ni7i -I- 2(/7i?+2//?m=0, 
nliere A, JJ, C, arc the co-factors of the dcteiminant 

or, b, q 

h, b, f 
9i St c 


Inversion 

227 Dep Let 0 he the pole, and suppose aiy’- point P be 
given , then if a second point Q be taken on OP, oi OP 
produced, such that OP 0(2= constant, 7»" say, then Q is said 
to be the viwerse of the yomt P loiih vesjicet to a circle of 
rad%us h and centre 0, (oi shoitly, with lespeet to 0) 

If the point P move in any given manner, the of Q 
%8 said to be vnverse to the path ofP If (y, 0) bo the polai 
co-ordiuates of the point P, and (?', 0) those of the invei’se 
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point Q, then n''=Ji? Hence, if the locus of P be /(r, 0) = O, 
that of Q will hef(^, 0^ = 0 

For example, the cmves »^’‘=o"‘cosMi0and j^cos are inverse to 

each other with legard to a circle of radius a 

228 Again, if (a?, y) be the Cartesian co-oidinates of P, and 
(a;', 2/') those of Q, then 

- Ic^ ^ j^r' cos 9 x' 
x=r cos 9=;^ cos 9 = 

r r“ x-j-y 


and similaily 


2/ = 


r * 
/<^y' 


x'^+y'^- 


Hence, if the locus of P he given in Cartesians as 

F(x, i/) = 0, 

the locus of Q iviU he 

^^+ 2 /^’ d?+yy 

Ex The iiivei se of the straight line %—a with regard to a circle of radius 
I and centre at the origin is . ,^ =o. 


01 


IT 4-^ 


a circle which touches the axis of i/ at the oiigin 

Examples 

Show that the im erse of the parabola y“=Aav with legard to a circle 
whose centre is at the oiigiii and ladius the seiui-latus lectum is the pedal 
of the parabola y®+4a^=0 wuth regard to the vertex 

2 Show that the inverse of the conic 'M2 +Wi+«o= 0 with regard to the 
origin IS the quartic curve 

l/^Ui + +«o(^ + = 0 

3 Show that the mveise of the general curve of the degree, viz , 

W« + ^^n-l + W„_2+ +«i + ?{()=0, 

with regal d to the oiigiii is 
wheie ^2=^■®+y2 

Show that the inverse of a conic with legard to the focus is a Luna- 
* 9011 (Equation r=a+6 cos 0), which becomes a caidioide if the conic be a 
parabola 

yo Showr that the Equation of the inverse of a conic with legard to the 
‘Centre is of the form r-=A+5cos20, wrhich becomes a Lemniscate of 
Bernoulli if the conic be a rectangular hyperbola 
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229. Tangents to Curve and Inverse inclined to Eadius 
Vector at Supplementary Angles 
If P' bo two contiguous points on a cui\e, and Q, Q' tlie 
invcisc points, then, since OP OQ= OP’ OQ', tbo points P, P', 
Q', Q ai c conc 3 'clic , and since tlio angles OPT and OQ'T are 
thoiefoic supplementaiy, it lollo\ss that in the limit when P' 



iiltnnatel}’' coincides ith P and Q’ with Q, the tangents at P 
and Q make supplemental j’’ angles ^Mth OPQ 
The ultimate latio of coiicspondnig elemcntaiy aics, viz, 
ds _ jpP__OP OP 0(1 I- 

oq’~o(r oq- 

230 It follows fioin the preceding article that when tuo 
cm ves Intel sect, then invci'ses inteisect at the same angle , and 
as paiticulai cases, if tuo curves touch, then iiiveiscs touch, 
and if the original cuives cut orthogonall}’^ then inverses cut 
oithogoually 


Ex 1 It IS an oIimous piopeitj of tno confocnl and co-axial parabolas 
\ibose concaMtics aie tinned m opposite direelions lb.it t)ioj cut .at light 
angles inverting tins pioposilion, the focus being the |k>1o of in\ci- 
sion, it is cleai that the (.luics wlncli cut oi tliogoii.ilb eacli niembei of 
the familj of cai-dioides r=a(l+cos 0 ) found bj gii mg diflercnt v allies to 
a, aic also c<aidioidcs 

Ex 2 Show bj ini ertiiig a come w itb regai d to its focus that the circle 
i'“+3f®=f(c+cos a)i + 1 bill a y 

touches the Liiitafon rs=f+?c cos 0at the point g^^en bj 0—a 


231 If P, P' be any two points, and Q, Q' their inverse 
points, then as before (Ait 229) the tiiangles OPP', OQ'Q aie 
PP' OP U 


similai and 


QQ' oq'~OQ oq 


PP'=JJi 


QQ' 

OQ oq 


Thus 
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Ex 1 If (t, h, c 1)0 j)omt"5 in .i straight line in the Older indicated, then 

Suiipnsc A, Ji, C to he the invci-se points of a, b, c AMtli regnid to any 
point 0 Tlieii (?, -.1, 7/, f* aic concxchc and 

r nC p AC 

o'A on on ~oa~ oa . od 

^^hcnte 00 Ali+OA BC^OIl AC, 

the icsult kno^\n aa riolenn’s Theoiein 
E\ 2 U 0 A, n, G J, 7l he points on a tiiclc, pio\e 

AD .nr , . jj{ _ j/r 

OA oiron 00^ ok oa ok 

[■\r\Tn Tinros, 1800 ] 

.T 

I 



Fig 30 

232 Mechaiucal Construction of the Inverse of a Curve 
In the accompany I njf figuic AC, GB, BQ, PA, PB is a 
system of ficcly jointed rods, of which AO=BO, and 

AQ=QB^BP=PA 

At P and Q sockets aic placed to c.ury tiacing pencils A pin 
fixes G to the di.iwing hoaid The system is then movable 
about G It IS clear fiom elemental y geometiy that G, Q, P 
arc in a stiaight line, and that 

GP GQ=GA^-AQ^ 

and is theiefoie constant Hence whatevci cuivo P is made 
to tiaco out, Q will trace out its inverse, the point G being the 
polo of inveision 

In the figuie P is icpicsented as tiacing a straight Vine, in 
which case Q will tiace an arc of a circle, as shown in Ait 228 
Peaucellici has utilized this construction foi the conversion 
ofciiculai into icctilincai motion 
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Polar Eeciprocals 

233 Polar Eeciprocal of a Curve with regard to a given Circle 
Def If OY be the perpendicular jfrom the pole upon the 

tangent to a given cuive, and if a point Z be taken on OY 
01 OY pioduced such that OY OZ ^s constant (=Jir say), the 
locus of Z IS called the polar reciprocal of the given curve with 
legaid to a circle of ladius h and centie at 0 
Fioin the definition it is obvious that this cuive is the 
^nverse of the fiist jposiUve pedal curve, and therefoie its 
equation can at once be found 

Ejl Polar reciprocal of an ellipse with regard to its centre 

Q 

Eol the elhpse ^+^=1. 

a* 0* ’ 

the condition that r cos a+y sm a touches the curve is 

p" = rt^cos^a + 6®sin-a 

Hence the polar equation of the pedal with regard to the origin is 

r®=avos-0+&®sm®0 
Again, the inverse of this curve is 

‘ ^t=sa-*cos®0+6"Siii®0, 

r- 

01 

which IS theiefoie the equation of the polai lecipiocal of the ellipse w’ltli 
legard to a circle w’lth centre at the origin and radius k 

234 The method may therefoie be stated thus — 

First find the condztion that p=xcos a+y sin a will touch 

the given curve Then write — for p and Q for a in thut 

condition The lesult is the required polai lecipiocal with 
legard to a ciicle of radius h and centre at the origin 

235 Polar Eeciprocal with regard to a given Conic 

Def If S=0 be any curve and ?7— 0 a given conic, the 
locus of the poles with regard to U of tangents to S is called 
the P olar Reciprocal of the curve S with regard to the cdiiic U 
Let the equation of a tangent to S be 

cos a+ T sm a, 

and the condition of tangency 
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If cs, y be the pole of this tangent with legard to Z7=0, the 
tangent must be coincident with the polar 
XU^+YUy\-ZU,=0 , 
cos a Tint sin a Uy 

ITz 


therefore 


sin a 
Hz ^ 


p o. p 

Hence — = '' tan a = -jy- 

p- Us Ux 

Hence the equation of the Polai Recipiocal is 

.U,. 


Ui+ £r== 


tan' 




For fuithei lufoiniation on the subject of lecipiocal polars 
and /)he inethodb of lecipiocation the student is lefeiied to 
Di Salmon’s Treatise on Gome Sections, chap XV 


EXAMPLES 


1 If the tangent at aj, y-^ to the cuive ar’ + 2 /® = meet the curve 
again in (A*", T), show that 


A’/xj + 17^1 -= - 1 
Illustrate the result by means of a figuie 
2 In the foui-cuspecl liypocycloid 

*> 2 n 

a? + y ‘ 

show that if x=a cos®a then y = a sin®o, 


[OxFopo, 1889 ] 


and that the equation of tlio tangent at the point detei mined bj’’ a is 
% sill a + 1 / cos a=o sin o cos a 

Hence show that the locus of inteisection of tangents at right angles 

, (A 

to one anothei is 72 =— cos-30 

A 

111 the scmiciibical parabola ay- = the tangent at any point P 
cuts the axis of y in M and the cuivo iii Q 0 is the ongin and X 
the foot of the oidinate of P Piovo that and OQ are equally 
inclined to the axis of x 


4 At any point of a curve wlieie the oidinate vanes as the cube 
of the abscissa, a tangent is drawn , where it cuts the curve another 
tangent is draun, iiheie this cuts the cuive a thud is drawn, and so 
on Piove that the abscissae of the points of contact form a geo- 

metiical progression, and also the ordinates 
E n.a M 
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’ '^5 If and be the i)ei pcndiculai s from the oi igin cn the tangent 

and normal respectively at the point {^,y\ and if taii^=^, prove 

that “ ;jj = 'csmi^'-2/cos^, 

and P2 = 'tcos^ + 2/sini^ 


Hence prove that 



‘ 6 Tlie tangent at a point V of the cissoul y\a -'i) = aP meets the 
curve again in Q and the tangent at Q meets the cuive again in R 
If 0 be the oiigin, prove that 

cot liOQ~ cot POQ = \ cot POP [0x1 okd, 1885 ] 
7 The cuive + y^ = Zaxy is cut in the points P, Q, othei than 

the origin by two lines diawii through the oiigin -which aie harmonic 
conjugates of the axes Prove that the tangents at P, Q -will inter- 
sect on the curve [Oxronn, 1890 ] 

« 8 Show that, if the cm ves r =J{6), r = F(9) intei’scct at {i, 9), the 

angle between their tangents at the point of intei section is 

F\0)f{e)+p{d)f(jr) 

J 9 Piovo that the locus of the extremity of the polar siibtangcnt 


of the curve u +J{9) = 0 is tt —f(^ + 

0 10 Prove that the locus of the extremity of the polai subnormal 
of the curve i = /{6) is i = /'^9 - ^ 

Hence show that the locus of the cxtiemity of the jiolar subnormal 
in the equiangular spiial o = ac"*® is anothei equiangular spiral. 


11 In the curve 


1 + tan^ 




9 


m + 71 tan- 


the locus of the extiemity of the jiolai subtangent is a cardioide. 

[PitoiEssoR IVoi^TrxnOLMF ] 

12 If the normals at the points (r^, 0^), (j,, 9^), (13, 9^) on the 
caidioide 7 =a(l + cos 9) be concurrent, show that 

tan^ + tan^2 + tan^ + 3tan ^tan^tan ^ = 0 

[OXFOKD, 1890 ] 

13 If in the last question 7^ + 72 + 73=. 2a, show that the locus of 
the point of concouise of the normals is a circle passing thioiigh the 

[OxiORO, 1886 3 
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1 1 Shov' that the locus of interaection of the normals at the ends 
of a focal choid of a cardioidc is a ciiclc 

' 15 Shoiv that tangents at the ends of a focal chord of the 
caidioidc 7 = <Jt(l + COS 6) interaect at right angles on a circle of ladius 

^ and cciitio 0 ^ 

16. If 7 * 1 , 7 «„, 713 , 7 ^^ he the lengths of the foui normals and 
the lengths of the tluec tangents dianii from any point to tho semi- 
ciibical paiahola = then will 

27«j7i27i37t^=-rt^j/,<3 [Math Tripos, 1890] 

17 The polai equation of tho pedal of tho cun'o 

(a:2 + 1 / - + 27n2ty = 0 

with respect to the point /», L may bo written 111 the form 

7 a sin OcosO- (It cos 6 + 1 sin 0) [Oxford, ISbS ] 

18 Determine the relation between p and 7 for tho curve 

y-(3» — a) = (r - a )\ [Oxford, 1 889 ] 

19 Show that the polar reciprocal of tho curvo 7 "*=a''*cos 7 «^ nith 
regaxd to a circle whoso ceiitio is at tho polo is of tho form 


.m+l. 



cos 


m 

m + 1 




20 ShoM that the polar iccipiocalof the cunc a”y with 
regard to a circle M'hoso centre is at tho oiigin is anothei ciuic of 


the same hind 




21, Show that the first positive pedal of the cune = — - is 


and that its polai lecipiocal nith rcgaid to a ciiclc of radius a nhose 
ccntie is at the oiigm is - o"i 

A 22. Show that tho inverse of the cuive p=/(i) vith legaid to a 
circle nhose radius is i and centre at tho polo is 



and that the polar reciprocal is 



23 Show that the jiedal of the inveisc of p=f(r) ivith regaid to a 
circle whose nadius is I and ccntie at the oiigm is 
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24 Show that the pedal of the inverse of 2> ~ sr regard to 

Of 


a circle whose radius is k and centre at the oiigin is 

( f,\ >» g”*-! 

\/'^5 Show that the polar reciprocal of the curve r^—dTcosmO witli 


legard to the hjperbola r^cos 2d=-a- is 

m 


,m+lgOS 


«i + l 




26 The locus of a point X is defined by the equation 
^iP\i Pi' Ps> ft>) ~ 

•.vhere />i, Pgi fire the distances of X fiom n fixed points P„ 

Show that the equation of its inverse w itli regard to any ongin 0 is 



wheie pi, Pi, are the distances of X\ the inverse of X from the n 
fived points Q„ Qa, w’hich are the lespective inverses of Pj, P» , 
ij, ij, « 3 , aie the lengths of OPj, ^^Ps, ,andP=0X' 

27 Show that the inverse with regard to any pole 0 of the Car- 
tesian oval whose equation is It + - n, where » , » ' are the distances 

of any point on the cuiie from two fixed points Pj, Pg, is 

/ OFi pi + vi OFn ps-npi, 

w'herc pi, Pi are the distances of any point on the inverse curve from 
the points which are the inverses of Pj, Po, and p^ is the distance of 
the same point from the pole of invereion 

28 Show' that the inverse of a Cassini’s oval defined by the 

equation ir'- constant 

IS of the foim piPs = ^pi, 

the lettcis />„ />„, p 3 denoting the distances of any point on the 
^nverse cun e from certain fixed points 

29 If all the normals be draw n from a given point P to any num- 

ber of giien curves, and ifP move so that the sum of the squares of , 
the normals PQf + PQ; + ^ PQ^ = constant, 

the normal to the locus of P will ahvays pass through the centie of 
mean position of the points <?„ Qj, Q„ [F^.E^FT ] 

30 A straight line AOP of given length alwa 3 's passes thiough a 
fixed ]»oint 0, while A describes a given stiaight line AT; show that^. 
if PT be the tangent at P to Iho locus of P the projection of PT 
on AOP- AO, 
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31 The point P moves so that OP O'P = constant, 0, O' being 
fixed points If OT, O'Y' be the peipendiculais fiom 0 and O' on 
the tangent at P to the locus of P, prove that 

Pr PY‘ OP^ O'J^ 

32 Prove that the normal to the cuive /(»i = 0, udiere ?a 

the distances of any point on the curve fiom two fixed points, divides 
the line joining the fixed points in the ratio 

3/ df 

[Math Tripos, 1888 ] 

33 A and P are fixed points and P a variable one lying on a 
cuiv e giv on by the i elation /(di, <?«) = 0 between the angles PAB( = 0,) 
and PPA{ = 0^) Prov'e that the tangent at P to the curve divides 

in the ratio [Oxford] 

34 0 and O' are tu o fixed points, P any point in a curve defined 

by the equation 1 - 1 = 

where r=OP, j' = 0'P, and c is constant Piov'o that the distance 
between P and the consccutiv'e emve obtained bj' changing c to 
c + Sc is ultiinatel)’’ 

Sc 

1 3c-' 

wheic a — 00' [Smith’s Prize j 

35 In a system of curves defined by an equation containing a 
vaiiable parameter investigate at any point the normal distance 
betw'een two consecutive curv'es, and deteimine the foim of the 
equation foi a system of pai allel curves 

[Professor Caveev, Messenjet of Mathematics, lol VI 
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236 Def If a strcaght hme mt a curve in two points 
at an infinite distance fi oni tlie origvn and yet is not itself 
wholly at infinity, it is called an asymptote to the curve 

237 Equations of the Asymptotes 

Let the equation of any cuive of the degiee be airanged 
in homogeneous sets of tcims and expiessed as 

To find wlieie this curve is cut by any stiaight line whose 
equation IS y=na,+^ . . •• (®) 

substitute foi ^ in equation (a), and the resulting equation 



pives the ^dbscissae of the points of iptei section 

Applying Tayloi’s Theoiem to expand each of these func- 
tional foiins, equation (c) may be wiitton 




\ 


+ 0n-2(M) ■ 


= 0 . (D) 


This IS an equation of the degiee, proving that a straight 
line will in general vntersect^ a curve of the degree im n 
points i eal or imaginary 

The stiaight line y=fix+^ is at ou/r choice, and theielorc 

the two constants /x and j3 in.iy be chosen, so as to satisfy any 
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piir of consistent cquntions Suppose mo choose n and so 
tluit •« • • • • •» 

and + (^) 

Tlic tM’o highest powers of a, now’ disappeai fiom equation 
(i>), and that equation lias tlieiefoic iv'o ivfnnierool’i 

If, then, ft., ,, fi„ he the -Ji values of /jl deduced from 
equation (i:) (winch is of the degicc in /i), the coi respond- 
ing \ allies of ^ will in gencial be guen by 


iO — P 


_ - 1 


and the u stiaight lines 


2/=/^i’ +/3i'l 

y = ft^i aic the asynijiitotrs 

. . j of the curie 


•23S Rule 

lienee, in oidei to find the asymptotes of any given cinve, 
we may either mh'-hiulc /ic+fi for )/ in the equation of the 
cm VC, and then hy cquotiiuj the (oefuricnis of the tiho laghat 
2 ‘>oiirvi of % to zoo find fi and /? Oi we may assume the 
lesiilt of the piecediiig aiticle, which may be enuntinted in 
the following practical w ay — In the liighcd degree terms yiit 
x—Tl and y—/i [the residt oj this is to form c/>„(/a)] u-'^^d equate 
to zcio llenvc find fi Form 0„-iOt) m a similar way from 
the irrms of degree oi — l, and, difiircntiate qinifi), then the 
'Values oj fi arc found by oihstituiing the several tallies of p. 

1 a the formula fi—— 

f/» nip) 


liv l'i7ut thf o/ty7iiptotrs of the ritb7i 

2 ( ■* - j '*// - 2.>/r + 1 /* T 2x‘ + r»/ - M- + r + V + 1 5= 0 

^ *S- *. 


ll<‘rp 

tlioit'for*' 

giving 

Ag.uii, 

mid 


•Hf7)=ii?-2ir-p+Z~Q , 

' (/*-lX/»+lX>-2)=-0, 

/ 1 =], - I, oi 2 
Hp)=^-+p-{n 


tliei efore 
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Hence if ^=^1 

if 

and if n=2, ft =0 

Hence the a<3} mptotes of the cm ve aie 

2 /~-r, 

i/—2v 

EXAUPIjES 

1 The asymptotes of 

y^-G^y^ + ll^"y-6^^+v+y=0 
are 2/=^, y=2v, y=3v 

2 Tlie as 3 mptotes of + 2^* + 4y +a = 0 

ftie y—^i y—x-{-\=0, y+t + l=0 

239 Number of Asymptotes to a Curve of the Degree 

It IS clcai that since ^„(/a)=0 is m general of the degiee 

in [i, and is of the fiist degree in ft, that 

<n values of y., and no moie, can be found fiom the fiist equa- 
tion, while the n coi'respondvng values of ft can be found from 
the second Hence n asymHoies, real or zmagvuary, can he 
found for a cuA've of the degree 

240 If the degiee of an bquation be odd it is pioved in 
Tlieoiy of Equations that theie must be one leal loot at least 
Hence any curve of an odd degiee must have at least one real 
asymptote, and therefore must extend to infinity Eo cwrve 
therefoi e of an odd degi ee can he closed Neither can a curve 
of odd degiee have an even number of leal asymptotes, or a 
curve of even degiee an odd number 

241 If, however, the term y'^ be missing from the terms of 
the n^'^ degiee in the equation of the curve, the term y” will 
also bo missing from the equation 0,i(^) = O, and there will 
therefore be an appcM ent loss of degree in this equation It is 
deal, however, that in this case, since the coefficient of /r” is 
zero, one root of the equation 0„(/r) = O is infinite, and there- 
fore the corresponding asymptote is at right angles to the axis 
of 'll , 1 e, pai allel to that of y This leads us to the special 
consideiation of such asymptotes as may be pai allel to either 
of the axes of co-oidinates. 
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242 Asymptotes Parallel to the Axes 

Let the cmve aiianged as in equation (a), Aifc 237, he 

+ an?/” 

+?>y»”"®2/ + +&n3/""^ 

+ C 2 a ;«-2 + . 

-{-.=0, . ,(a) 

Ifairanged in descending poweis of x this is 

afpf+(ajy + b^)x'*-'^+ =0 . ( b ') 

Hence, if vanish, and y he so chosen that 

ai!/+h=0, 

the coefficients of the two highest poweis of x in equation (s') 
vanish, and theiefoie two of^ts roots are xnjvmte Hence the 
straight line is an asymptote 

In the same wa}^ if an=0, aB_ia;+6„ = 0 is an asymptote 
Again, if «o=0, — &i = 0, and if y he so chosen that 

a22/H&22/+C2=0, 

three loots of equation (b') become infinite, and the lines lepie- 
sented hy a,?/^ + 62?/ + Cg == 0 

lepiesent a pair of asymptotes, real or imaginaiy, parallel to 
the axis of £C 

Hence the lule to find those asymptotes which are paiallel 
to the axes is, “ equate to zero the coefficients of the highest 
qjovjcrs ofx and y” 

Ex Find the cvtymptotes of the cui'ie 

_ -c2^ _ 1^24. ^+2/ + 1 =0 

Here the coefficient oi and the coefficient of ?/- is Hence 

a:—0, x=l, y=0, and y= 1 are asymptote's Also, since the cui\e is one 
of the fourth degree, ve have thus obtained all the asymptotes ‘ 

Examples 

1 Tlie asy inptotcs of y\v^ —cF)=x are 

y=0 -I 

I x=±aj 

•J 2 Tlie co-ordinate axes aie the asymptotes of 

3 Tlie asy'inptotes of the cuive x-y-=i?{^-\-y°') aie the sides of a square 
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243 Partial Fractions Method 
The values of jS, viz, 

^n-lW 1(^*2) pt„ 

aie exactly tlix constants rcqmred %n imttmg 

^n-l(t) 

<i>n{t) 

into partial fractions * 

This gives a veiy easy way of obtaining the asymptotes. ^ 
Foi if 

0n-l(O_ A j A I A I 
tPnif) I Ml I M2 ^ Ms 
the asymptotes will he 

2/=Mia5+/3i. 

2/ = M2®+A« 

etc 


Ev Find the asymptotes of the curve 

(t='-y®)(«+2y)+5(^2+?/-)+^+y=0 

25 6 


Heic 


^'■-1-0 «s 


«=+l 


ss * 4 * 

0 .i I *1 » 


3 


(2< + ])(<-l)(<+l)~2« + l^<-l ’^t+1 


lienee tlio asj mptotes ai e 2y + 1 = 


25 




y + ^=5 

244 Particular Cases of the General Theorem. 

We letuin to a closei consideiation of the equations 

^n(p-)~^r .... • (E) 

^^n(M)'l"^«-l(M)~®i ' 

of Art 237 

It IS piovccl in Theoiy of Equations that if an equation such 
<lhiifi)—0 have a pan of roots equal, saj*^ then 0n{Mi)— 0 


* vSiqipose the aiiiglc factor to occur in if>„[t) Let 


^«{0={^-/‘i)x{0 

Hcm. 0 , clifrcientiating {'-/ijk'lO. 

uiul putting /•=-)«„ 0 '„(/*,)-X{A‘i) 

Pwt if parti'll fraction corresponding to the factor 


>1 ~ _ ^ii-l{/l|l ^A,^ 


inn\ 
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I liCt the roots of he /Xj, fio, n„, supposed all 

‘ diifcrcvf, so that <//f,(/z) doc^ not vanish for any of these loots 
AlsoTpupposc and 0„-iCm) to contain a common factor 

sny, then ^>n-i{ni)—0, and thcicfoic fti = 0 
V Hence the coiiesponding asj'inptote is y-fi-jX and iKisses 
ihi'ov(fh the origin 

IT Kext, suppose t uo of the Tqots__o^ the equation ^n(/“)=0 
to he cqval, eg, fju=;ix, then ^/i,0“i) = O In this case, if , 

^Ji-iO't) tlo not contain as one of its f.ictois, tlie value ^ - 
"dt^ci mined fiom c([uation (r) is infinite. The line 2 / = /Wi'r+j8i 
then does indeed cut the curve in two points at an infinite 
distance fioin the oiigin, hut it malc(> an infinite intercept on 
the axis of y and therefoio this line lies uholly at infinity 
Such a straight line is not in gcncial called an asyinptotc,''b‘ut 
it ndl hoveier count as one of the n {hcorciical asymptotes 
discussed in Art 239 

Iir. But if tf,„{iJL)=0 have a pair of equal, roots each =/4i, 
we have and if /x^ he also a loot of ^»n-i(ji)=0 the 

value of fi cannot be detennined fiom equation (r) We may 
however choose /3 so that the coeflicicnt of in equation (d) 
of Art. 237 \aiiishes, that is so that 

^ '/miOO +y30 n_ i(/i) + 0n - sC/x) = 0, 

fiom w’hich two values of fi, leal oi iinaginaiy, may be deduced 
Let the loots of this equation be fty and We thus obtain 
the equations of tico paroUcl straight lines 

which each cut the cuive in three points at an infinite distance 
ft 0111 the oiigin. In this case theie is a double point on the 
cuive at infinity (see Art 286) 

It is deal that iii this case any stimght line paiallel to 
y=fx{e will cut the cuive in two points at infimt 3 ' But of all 
this system of paiallel stiaight lines the tw’o whose equations 
we have just found aic the only ones which cut the curve wi 
three pioinis at infinity, and therefoio the name asymptote 
confined to them The one equation •wdiich includes both 
.stiaight lines is obtained at once by substituting y—fx^x for /8 
in the equation to obtain /8 and is 

(y~/^l^')'‘i”n(fxd + 2(y — /Xia;)0/«- lOxj) + %l>n - 2(/^i) = 0 
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Et Fh d the a^ynipfof^^ of the ciibte curie 

7y-— — 12/-*-2=0 

Eqnihng to zero the coefficieot of y- we obtain ^ =0. the onlj asymptote 
parallel to either axis 
Patting iLr—fiiovy, 

j= -i- 2ir + ,8) - -i- /5)^ - ^ J- 2 = 0, 

or rearranging. 

y3)-2=o 

l—2ff^fL-=0 gives two nx)to /i=— 1 2^-^2fi8—l-fi=0 is an 

identin if /i= — 1 and this fails to find j8 

Proceeding to the next coefficient, p^-/3=0 gives P=0 or 1 
Hence the three a.«yniptote3 are ^=0, and the pair of ixarallel lines 

f/— j-=0, 

y-*-x=l 


245 Form of the Cxirve at Infinity Another Method for 
Oblique Asymptotes. 

Let P„ Pr used to denote rational algebraical expressions 
Tvhich contain terms of the and lower, but of no liigher 
degrees 

Suppose the equation of a curve of the degree to be 
thrown into the form 

Tlien any straight line parallel to ax-i-by=0 obviously cuts 
the curve in one point at infiiuty ; and to find the particular 
member of this family of parallel straight lines which cut-s the 
curve in a second point at infinity, let us examine what is the 
ultimate linear form to which the curve gradually approximates 
as we tra\el to infinity in the aho^e direction, thus obtaining 
the ultimate direction of the curve and forming the equation 
of the tangent at infinity. To do this we make the a, and y of 
the curve become laige «i ihe latio ghcn hy .v:y——h.a, 
and we obtain the equation 


ax 


i-l^+c+Lt^ 


If this limit he finite we have arrived at the equation of a 
straight line which at infinity represents the hmiting form of 
the curve, and which satisfies the definition of an asymptote. 
To obtain the value of the hmit it is advantageous to put 

'^= —j uud y — j, and then after simplification make f =0 
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Et Find the oxijmptote of 

A'® + 3 r^+ 2^ = 4- x 

■^^'c may ■\vnte this cun e as 

{p -i-2v)'’»-+-a3f +»/-)= V, 

•whence the equation of the asjmptote is given by 

A;-^2v=itx=_2,=*— ; — . a * 

A:-«-Ay+y- 

— o 1 

and putting x=- — If—j "'B have 

.T r, i-‘fi t r* 5-2< 5 
j;+2y 


<2 Z2‘^Z2 


t.C, 


r+2y=- 


Example Show that a —1!=% is the only real asi niptote of the curve 


( !• +yX’^ d-y*) = a(r’ -i- qI) 


246 Next, suppose the equation of a cm ve put into the form 

then the line am-^hy+c = Q cuts the curve m two points at 
infinity, foi no terms of the or (ii— degiees lemain in 
the equation determining the points of intersection. Hence in 
general the line a^+6y+c=0 is an asj'mptote- We sa}', ^n 
general, because if Fn-i be of the form (ax+hy-{-c)Pn~ 2 , itself 
containing a factor aoi+by+c, there will, as in Art 244, m, 
be a pair of asymptotes parallel to ax+hy+c=0, each cutting 
the cuive in three points at infinity The equation of the 
curve then becomes 

(Oai-f *f c)2P„_2+i^7i-2 = 0, 
and the equations of the parallel asj'mptotas ate 

ax +by-i-c=± 

where x and y in the limit on the light-hand side become 

infinite in the ratio — = — — 

V « 

Or, if the curve be wi itten in the form 

(a® +?)y)-P„_ ,+ ^c/.-c+6y)F„_2-J-/«-2 = 0, 
in proceeding to infinity in the direction ao^-\-by = 0, we have 

{ax+byf+{axi.+by) Lt^+Lt^=0 

Fn-z Fn-z 
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when the limits aie to he obtained by putting cc= — j, y=j, 

and then diminishing t indefinitely We thus obtain a pair of 
parallel asymptotes 

ax+hy=a and aai+hy=^ 

where a and /8 are the loots of 

p^+pLt j^ - = 0 

n-2 n-2 

And other paiticulai foims which the equation of the curve 
may assume can be treated similaily 


Ex 1 JT ojind the pair of parallel asymptotes of the cm lo 
(2t - 3y+iy(a;+y) — 8x+2y-9=0 

Here 2a;-3y+l = 

where v and y become inhmte m the diiection of the line 2v=Zy 

O Q 

Putting a = -, y = the right side becomes ± 2 Hence the asymptotes 

if ti 

required are 2a;-3^=l and 2.r-3y+3=0 

Ex 2 Find the asymptotes of 

(a-yy-(a2+y2)-l0(t -y)r34.12yH2a +y==0 


Here (a-y)®-10"(a?— 






_ 


x-+y- 


=0 


ar+y‘ 

or (a-7/)--5(v— y)+6=0, 

giving the parallel asymptotes v—y—2 and x-y=3 

247 Asymptotes by Inspection 

It IS now clear that if the equation Fn=0 bieak up into 
Clinea^ actois so as to represent a system of n stuight lines no 
two of which are parallel, they will be the asymptotes of any 
curve of the form Fn+Fn-z=0 

-Ex 1 (r-y)(^+y)(r+2y-l)=3a;+4y+5 

i^a cubic curve whose asj mptotes aie obviously 

v-y=0, 

v+y=0, 

^ + 2y— 1=0 

Ex 2 (a;-y)V+2y-l)=3v+4y+5 

Heie 17+2^— 1=0 is one asymptote The other tw'o asymptotes are 
parallel to y=sv Tlieii equations aie 
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248. Case in which all the Asymptotes pass through the Origin. 
If then, when the equation of a cuiwe is ananged m homo- 
geneous set of teims, as 

v--s4* =0, 

it be found that there are no terms of degiee 7? —1, and if also 
contain no repeated factor, the m, stmight lines passing 
through the origin, and whose equation is v„=0, are the 'll 
asymptotes 

Exasiples 

Fmd the asymptotes of the following ciir\ es — 

1 1/3= r®(2'T— r). 

2. f=r{a--T^). 

3 

4. i!/(a--^r^=aV 

5 axy—J^—a^. 

6 s/\2a 

7. 

8. ^V=<z®. 

10 arf=aY—l^j^. 

11 . xy(x—y)—ai(j^—y'^—li^. 

12 

13. .r). 

14. — x) = T (& — .r)2 

15 x^v=.r3j-x-'-2r. 

16 x>f^-^a-y=x^-rniJr-TPv-i-p 

17. J^-r2}^i/—iiy-—2^-i-4y--i-2.ry-i~y—l=0 
18 x®— 2.r3y-rXj^-4-x^— .3y-}-2=0 
19. y(x -yf=y{x -y) ^ 2. 

20 .T^—SLr,/— 4x^—8^— 4x-i-8y=l 

21. (x-^f/)^x+2y+2)=x-9y-2 

22. l7jry-}-21j^— 9^— 2ax^— 12<7jy- 18o;jr— 3cr-t-ra'^=0 

249 Intersections of a Curve with its Asymptotes. 

If a cuive of the degree have n asymptotes, no two’ of 
which are parallel, we have seen in Ait 247 that the equations 
of the asymptotes and of the curve may be respectively wiitten 

and ^'«+^'n- 2=0 

The 71 asymptotes "therefoi e intersect the curve again at points 
lying upon the curve Fi _2 = 0. Kow each asymptote cuts its 
cuive in two points at infinity, and therefore in 7 i— 2 other 
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points Hence these ' 11 ( 11 -— 2) points he on a certain curve 
of degi ecn—2 Foi exampl e, 

1 The asymptotes of a cttfttc will cut the curve again in 

three points lying in a straight line , 

2 The asymptotes of a quartic cuive will cut the curve 

again in eight points lying on a conic section , 

and so on with cuives of higher degree 

Examples. 

1 Find the equation of a cubic •nhich has the same asymptotes as the 
curie r3-6i:®^+lla^®-6y® + a + 7/+l=;0, and vhich touches the axis of y 
at the origin, and goes through the point (3, 2) 

2 Show lhat the asymptotes of the cubic try- 

cut the cu^^e again in three points Mhich he on the line r+y=0 

3 Find the equation of the conic on which he the eight points of 

intersection of the quartic curve Ay(^®— + with its 

as} mptotes 

4 Show that the four asymptotes of the curve 

(ir — + 3ry® — 2y® — r® + 3a.y — 1 =0 
cut the curve again in eight points which he on a circle 

5 Form the equation of the cubic cui\e which has x=0, y=0, 

for as) mptotes, and cuts its asymptotes in the three points w here they 
mteisect the line = and also passes through the jioint or, h 

6 Foiin the equation of a quartic curve which has t=0, y=0, y=x, 
y— — v foi asymptotes, Avhich passes through the jioint a b, and cuts its 
asy miitotes again in eight points ly^ng upon the cucle %-+y^=a^ 

250 Common Transversal of a Curve and its Asymptotes 
The equation of the asymptotes and that of the cuive 
coincide in the terras of the it**' and (it— 1 )*’* degiees Hence, 
if we put both equations into polais, the sums of the loots of 
the two equations for r are equal, also, the origin is arbitiaiy 
Hence, if through any point 0 a line OP^P^P^ be diawn to 
cut the cui ve in the points Pj, P,, P 3 , and the asymptotes 
in 2\> P 21 P 31 then SOP = 20p, whence, if SOP = 0, it foUow’s 

that I.Op — 0, so that both systems of points have the same 
centie of mean position Hence also the algebiaical sum of the 
intercepts betw ecu the curve and its asjTxiptotes is zcio 

[Niwtos] 
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A well known cnse of this is that of the hyiieibola, wheie, if 
0 bo the middle point of PiP>>, + theiefoio 

0, and thciefoic 0 is also the middle jiomt of 2hPi> 
whence it folloN^s that in that case PiPi = PzP^ 


25 J Other Definitions of "Asymptotes.” 

Othei definitions have been gi\cn oi an ns-^miptotc, eg, 
(a) Thatan as} niptote is the I iniibug posilion of the iangeni to a 
cm VO vhen the point of contact ino\es away along the cuive 
to an infinite distance from the oiigin, while the tangent itself 
does not nltiniately he wdiolly at infinity, again, (/3) That an 
asymptote is a stiaight lino whose di<>(ance from a po'i'nt on 
the cvric (Jnmntshcs iniPfinitclg as the point ino\cs aw^ay 
alone: the cuno to an infinite distance liom the oiigin 

w O 


252 To prove the Consistency of the Several Definitions 

“Wc pioposc to ‘"how that tlic icsulfs dpiivt'il fiom tht^-c definitions aic 
the tame as llio«e dcinol from oni definition in Ait 230 
Con>>idor dt tinition (a) 

I-kI tilt cunt* be C s: «„+H„_i + i'rt_ 5 + +Wo=0 

llic equation of tlio tan"on( is 

+ ntfQ~0 


xTJl + J I - -t K„_, + 2w„_i+ 

Oi/ 


tVe fhall now suppose Ihc point of contact i,y to mo'c to « .ilong some 
bi-uuh of the tunc. We sfiall thciefoie onh ict.iin the higlicsl poweis 
of r and which oetui, ^ i/ , (hose of the (n -])*'* degiec Thus we must 

retain onh for foi , and if„_i foi !f„_j+2jf„_ + -hmin 

Ot VI Of/ Off 

Hence in the limit wc sh.ill li.nc 


+ «„.,] =0, 
1. C?)'' Off ) 


or 


r 


-a4- 


o»„ 

3?f,. - 


i>7J 


and it IS ca.s} to see tint this agiee-> with the cqu.ition of an as\mptote 
found in Art 237 

2i3 AVc ne\t considei definition (/8), we Iia\e alicady shown that 
rt.r+&y+ci=0 is, nccoidiiig to oin definition, in genenil an asymptote of 
the cm \ e (o ? + bt / + = 0 

TJie perpendicular from any point of this cun c upon the line 

<t%+by+e=Q 
ai+bf/+r 1 


IS 


•Ja'+& 


P ii-g^ 

\ta-+b^ >■_/ 


EDC 


19-i 


CHAPTER rni 


and the limit of this cxpie^siou is dearlj zero ■when and ^ become in- 
finite in the ratio -Z> a, proiided that the tenns of degiee n-1 in 
do not contain ar-^-hf as a factor, for the degiee of tlie denominator is 
higher than that of the numeratoi Hence the distance heticcon the cum 
and the asymptote is idtimatch/ a xamshnxg quantity, and the line 

ar-^hy+c=0 

IS such .is to satisfi definition (/3) 

254 The Curve m General lies on Opposite Sides of the 
Asymptote at Opposite Extremities 
Let the stiaight hue a.a+%+c=0 be an asymptote of the 
cinve, and suppose theie is no othei asymptote of the cuive 
paiallel to this The equation of the ciuve is of the form 
(t'%+&t/+c)F„_i+i’n-a=0 j and, as in the last aiticle, the 
peipeudiculai fiom auy’^ point a, y cA. the cur\e on this asymp- 

j. L in 1 ^»i-2 

toteugxvenby 

When a and y become vcij' laige in the ratio given by 

V.— ® 

this may ultimately be written as 



where h is a constant, and it is therefoie obvious that P 
changes sign with a 

Hence in geneial the cuive at the opposite extiemities of 
this asymptote lies on opposite sides of it 

255 Exceptions 

If, howevei, ox-\-hy be a factor of the teims of highest 
degiee in P„_ 2 , we may wiite the equation of the curve 
(aa+iy+c)P„_i+P„.3=0, 

so that the perpendiculai on the asymptote is now given by 
^j_ ax+hij+c _ 1 Ph_3 

P„_i ’ 

and when a and y become veiy laige in the latio given by 

V_ a 
'C~ b’ 

this can be ultimately written 



This, howevei, though ultimately vanishing, docs not diange 
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sign with X, so that m this case the cm ve at opposite extremities 
of the as 3 ’’inptote lies on the same side of it 

256 Again, if the equation of the cuivo he expiessible in 
the foi in (ax +by+ c)“P„_ o -f P,. _ 2 = 0, 

the e-^piession foi the length of tlie peipendiculai is in the 

limit of the foim This does not in general ultimately 


vanish, and theiefoic in geneial ax+bp+o =0 is not an asj^mp- 
tote, hut IS parallel to a pan of asymptotes This case has 
been discussed in Ai t 246 

257 If, howevei, the curve assumes the foim 
(ax + + c)“P,i_ 2 +P» . 3 = 0 , 
the length of the perpendiculai is given by 

(P«pendicula.)»=-^ fe 


1 / cc 

Hence, if the latio of - be that of — ^ when x and y become 

Oj U 

infinite, this may ultimatelj’’ be wiitten 
and theiefoie Peipendiculai = ± Xl)* 


which ultimately vanishes, but x cannot change sign or the 
peipendiculai will become imaginaiy at one estiemity of the 
asymptote Hence the line is only asymptotic at one end and 
the cuiwe appi caches the asymptote on opposite sides 

And in the same way othei paiticular foims maybe discussed 
258 Curvilinear Asymptotes 

If theie be two curves which continually appioach each 
othei so that foi a common abscissa the limit of the difference 
of the ordinates is zeio, 01 foi a common ordinate the limit 
of the difference of the abscissae is zeio when that common 
abscissa or common oidinate is infinite, these cuives are said 
to be asymptotic to each othei Foi example, the curves 

y=Ax^-\-Bx-\-G-\-^, 

y==Ax^+Bx+G 

are asymptotic , for the diffeience of theii oidinates for any 
■ D , • 

common abscissa x is a quantity whose limit is zeio when . 
X IS infinite 
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259 Linear Asymptote obtained by Expansion Stirling’s 
Method •* 


If it be possible to express the equation of a given cuiTe in 
the foim y=Art;+5+^+^4- , 


then the line 3 /=Aa+JS is eleaily asymptotic to the cuive 
This method of obtaining lectilineai asymptotes is fiequently 
useful 

260 To find on -which side of the Asymptote the Curve lies 
The sign of C (Art 259) is useful in deteimining on which 
side of the asymptote the cuive lies 
Let y be the oidinate of the cuive, y' that of the asymptote, 

then y-y =;-+;n+ 

•V aV» 

Q 

K a, be taken sufficientl 3 ’^ laige, the sign of — governs the sign 

%X/ 

of the -whole of the iight-hand side 

Suppose a and y to be positive, ie,tn the first quadrant, 
then y — y' will have in the limit the same sign as 0 If d be 
positive, y — y' will be positive, and the oidinate of the cuive 
will be gicatei than that of the asymptote, and the cuive will 
therefoie approach the asymptote fiom above Similaily, if G 
be negaUve, y—y' ^v^]l be negative, and the cm ve nill appioach 
the asj'-mptote fiom below And in the same way for poitions 
in the other quadiants 


E\ 1 Fmd the asymptotes of the curie 

Here {C-— a-=0 gives and i— — a, two asymptotes parallel to tbe 

a-us of y 

I" 


Again, 




1 -^. 






'"Lin Tat Old JTcictoniana’, p 48 



Hence the asymptotes are 
and 
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r= +aj 

Again, considering y=:p— 

it appears that if v he positive the oidmate of the cuive is less than the 
oi dilute of the asymptote, and tlieiefoie the cuive approaches the line 
1 / =x in the positive quadrant from below Similai Iv the curve appi caches 
the asymptote y = — r in the fouith quadrant from above 
The student should observe that the curve cuts the axes where t = ±2a, 
and also at the oiigiii vheie the tangents aie y=±2.i* Also thaty is 
iniaginaiy* -when lies between a” and 4fl- There should now be no 
difficulty 111 drawing a graph of the cui\ e j 

Ev 2 Find the asymptotes of 

(y- i)2r-3X2^-a-)+2ji=0, 

and examine how the cm ve is placed u ith reference to them 

Heie the coefficient of y" is t — 3 , theiefoie i=3 is an asymptote 
Also the cun e niaj be u ritteii 

(y - a )2 - 3(y - r)^+2 =0, 

• 

and therefoic, m the ducction at.infinitj, this ultimately takes the 
form (y-i)--3(y-'i)+2=0 



Hence y— r=l and y—v=2 are asj mptotes 
Put y_r=A+-+ , 

‘t- 

therefoie the equation of the curve becomes 

y^-3(7?+A+^+ ^+2a.=0, 

r(A2-3A+2)+{2.Ij5-3(A2+7?)}+ =0 


or 
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Equating to zeio the several coefficients 

yl2-3J + 2=0, 

2vLB-3(J-+E)=0, 

etc, 

•whence ^1 = 1 oi 2, 

2?=-3 oi 12, 
etc 

Hence tlie equation of the cmve ma) be expiessecl in cithei of tlte ways 

a 12 

Hence to the i iglit of tlie y axis the cm i e lies below the as^ mptote 

y=x+\y 

and above the asi mptote y=r+2 

On the leftside of tlie y-a\is the cnive la aboi e 

y=^+ly 

and belca ^/=^+2 

The student -will easili verify 

(a) that neither of the cioss asymptotes cuts the ciiivc again in a point 
■whose co-ordinates aie finite , 

(JB) that the asymptote i=3 ciitg the ciu\e^wherey=35 < 

(y) that the pioduct of the roots foi y is and is positive iiiiJess 

^ lies betw een 0 and 3, but is then negative , 

(S) that y IS imaginaij if % lies between 0 and -24 , 

(«) that the tangent at the oiigin is i =0 
Elgin e 31 is a tracing of the cmvc 

Exahtles 

I g 

1 Find the asimplotes of the cuive ?/=^ — Emd on ■which side 

of the oblique asi mptote the cur\c lies m the positive qiiadiant Show 
also that the h^peibola r{y - v)=2a? is asi mptotic to this cubic curve 

2 Find the asjmptotes of the cnive y-=a^ldi?j and find on nliich side 

the curve appioaches these asj niptotes ® 

3 Show that tlie cuiie has a lectihneai asymptote ?/==0, 

ay 

and a parabolic asj mptote y^—ax 

4 Show that the cun c x9y= 1 ?+ t+ 1 has a parabolic asymiitote 
whose %eite^v. is at the iioiiit (-^, 1), and whose latiis iectum=l 

5 Show that the cui\e has a In peibolic asymptote 

w hose eccent ncitv = -■ 

n'^+72 

2G1 General Investigation 

In Older to express the geneial equation 

'i’0,©+«”-V.»-.(|)+v-V.-=(|)+ -0 . (1) 
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in the foim *» • 

(0 (0“ 


( 2 ) 


suhstifcutc for y fiom (2) in (1), then, since the lesnlt must be 
an identity, the coefficient of each power of x will be zero. 
This will give sufficient equations to determine /j., /Q, y, 

Tlie lesiilt of this substitution is 




-1 




+f0"..W 

+ 0»-2(m) 


which gives us the scries of equations 

= 0. 
= 0, 

70 «(/^) + oi + ^0'« - i(m) + 0n - aC/^) = 9, 


(0 

.(ii) 

.(lii ) 


Hence /*, y arc detei mined 


2C2 Parabolic Blanches 

In the case when 0 „Oji) = 0 has equal roots it follows as 
in Alt 244 that — ^ 0>i-i(mi) 

vanish it appears that the second of the above equations (ii ) 
cannot be satisfied by any finite value of ^ Hence the assump- 
tion that the equation of the cuive can be thrown into tlie 
foini (2) with /Xi for the coefficient of .'ll is no longer tenable 
The equation of the cuivc is now of the foiin 


(.y ~ - 2 + 'M'n - 1 + Ww - 2 + +'*('(, = 0 

wheie does not contain the factoi y—fx{c 
We may wiite this 




I '^)i- 2 I 

Vfi * 2 ^71 “ S 


. = 0 , 


( 3 ) 


and if we put « foi Lt^^~ and 6 for when x and 

aV ,,_2 '^ 11-2 

y become infinite in the i atio 1 the cm vo ultimately appi oxi- 

inates to the parabolic foim 

{y-/jiiX)~+ax+^=0 . (4) 

This paiabola, although a fiist appioximation to the shape 
of the cuive, is not in goneial asymptotic to it, but serves to 
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suggest that in closely examining the paiaholic branches we 
should endcavoui to expand y in the foini 


— j-i h *"- + “+ (®) 

%. ffi- X %- X“ 

and discaid for this case the expansion (2) a^umcd m the last 
ai tide 

If we •substitute this in 


.ind expand as befoie, the result (altci collecting the coefficients 
of the powcis of r) IS 

+'.”-W.'W+^,'W+^icv„'OO+^0"W 

«>r 

"(m) + - 5^ « - i(i«) + iCa^) + ^»-2(m)] 
4-etc =0, 

and equating to zeio the several coefficients 

= 0 (^twd by supposition ^/,)(/x) = 0, 

—j 0 /it/*) + <l>n - 1(/*) = 0, 

■S^^u(/*1+ -Q ^"«(/*)+0'»-i(/t)=O, 

^C',i'„Cu)+^V»W+-3V«W+^/'..(/‘) 

+ Brp'„ - £(/*) = 0, 

etc, 

\ihich deteimine the hithcito unknown constants 


A, B, C 

The paiabola (y—fxx—Bf— AH+2AC 
is then asymptotic to the cui\e, and the side of tlie parabol 
on which the curve lies is indicated hy the sign of D. 
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It should he noticed that the first appioximation 

{y—fixY=A^ 

is not in geneial asymptotic to the curve. 

263 In piactice it is found inoie convenient to adopt a 
method of successive approximation to obtain the ultimate 
foim of a paiabolic branch at an infinite distance fiom the 
origin This method ■will be indicated best by an example 


Ex Obtain the rectilineal as3Tnptote of tlie ciiive (y-r)®(y+;i?)=2aa;', 
and examine the paiabolic branch 

The lectilinear asymptote is paiallel to y+%—0 We may wiite the 
equation 

y+'v=2ay ^ 


{y-xf 

=2a-^ to a fiist approximation 
4r-‘ 

_a 

2 ’ 


( 1 ) 


giving the equation of the asymptote 
Pioceeding to a second approximation, 

y+^=2(^ 


=1(1 -fj 


— ®4._ 


( 2 ) 

This indicates that the curve lies above the asj'mptote on the right-hand 
side of the y-axis, but below on the left 
To examine the parabolic branch 

The .axis of the asymptotic parabola is cleaily in the diiection y=a. 

For a fiist approximation to the shape at infinit} , 


V 2aa2 / — 
— : — =vav 


a -ha; 


(3) 


Foi a second appioximation, substitute this value of y and we obtain 


2a.a 




or 


y-‘r=/s/aJ 


(4) 
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To obtain a tliiwl apiiiOMimlion, ii^e tlic \ ,il»cof //"non bj Equation (4) 

TIhh 


/ 2//r- / — /, 1 * A' f 

rq-r+\VM-- 


01 


/— , -I «- 

//- 1 M\/«> - JflH J- 

32 >i 


(5) 


It ap])cai-, tbeufnio, tbal tlioiipb the fiivt apinoMuiation (3) imlicilci 
tho ultim lie pbipeof tbecmicat tiiiiiiit\, il ii not as\ iiqitolu tolliL‘un\o 

Tilt suooml apiiioMiiialioii (I) pMs a piiabola mIiuIi, n<; i*» '•ten fioni 
('■»), i-i Midi lint llie limit of the ilifieunci r.f its oidiiiate fi-oiii that of 
tlie time i*- /eio, anil tlioiigli not itself btiii^f lint ]iiribola wlndi iinn/ 
apjiio\iiinto-> to tlio slnpe of tlie cime at ct , n neieitlielr-'i 
mcfiil in tlie tmtiiig of tlie tiute Tins n tlie dotted paiiilKila of the 
ti itiii" ‘•liotMi brlnw 

The tim'd appioMiinlion (fi) •^liow-^ tint the oidnnte of the iipiwi 
biaiidi of this jni-abola n less tlian tint of tlu eime, and that the 
oidniitc of tilt loMii bniiuli of llm jm-aboh is pu itei thin that of 
the time, so tint both bninchcs of the cime appioath this paiabola 
fi-oiii the outside 

Equation (1) shows that the tine asjniptolic pinbola is 

+lV’’’ 

wlndi IS coiMal with the pinbola (1) shown in the ligni'e 



Fig 32 


264 Fot fnithci infoimatton on tho sub]ect of ciuvjhnciti 
asj'inptotes the student is icfoiicd to Fiost’s Cuvic THiciiig, 
chaplets YII and VIII 


ASYMPTOTES 


203 


265 Polar Co-ordinates 

Let the equation of the cuive be 

r"/,.(9)+i-”-y,-i(e)+. +4(0)=o, . (1) 

01 *”/oW+“”‘‘/l(®)+ +/n(e) = 0 (2) 

To find the duections in which r=oo oi u=0 we have 

/«(0) = O (3) 

Let the loots of this equation be 

6 = a,l3,y, 

Let XOP = a Then the ladius OP, the cuive, and the 
asjunptote meet at infinitj^ towaids P Let 0F(=2 j) be the 



Fig 33 


peipendicular upon the asymptote Since OF is at light 

dQ 

angles to OP it is the polar subtangent, and ]>= — j- Let 

XOF=a', and let Q be any point whose co-oidinates aie r, 6 
upon the asj’^rnptote Tlien the equation of the asymptote is 

23=7’ cos (0— a). . . .(4) 

It IS clear from the figure that a'=a — ^ 

do ^ 

To find the value ~dM 1^=0 diffeientiate equation 
(2), and put u=0 and 0 = a, and we obtain 

• • • (8) 

Substituting the value of hence deduced for 2> m 

equation (4) ive have 


fn{a) 


= 7’ cos 


(e-o+l) 


=rsin (a— 0) 
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Hence the equations of the asymptotes are 

etc 

Cor The case most often met with is that in which 71=1, 
when the equation of the cuive is 9;/j(0)+/o(0)=O Then 
/i(0) = O gives a, )8, y, etc, and the as 3 'mptotes aie 

rsm(a—6)=^^, etc 

266 The equivalent Cartesian foi m 

3,=»tau„+sec„@^___ 

Will he found convenient to lemember and somewhat easiei to 
draw the asymptote fioin than the polai equation 

267 Enle for Drawmg the Asymptote 

Aftei having found the value of suppose we stand 

at the oiigin and look in the direction of that value of 0 which 
makes u=0 Diaw a line at light angles to that direction 
thiongh the origin and of length equal to the value of 

right hand oi the left accoiding as that 

value is positive or negative Thiough the end of this line 
draw a peipendiculai to it of indefinite length This stiaight 
line will he the asymptote 

268 To deduce the Polar Asymptote from the Polar Tangent 
The same le&ults may he deduced from the equation of a 

tangent (Ait 206) 

The result 16= Z7cos (0— a)+ i!7’'sin (0«-a) at once icduces 

to -^ 7 = 1 sm {6— a), when U=0 Pu tting 

1 __ /«-!(«) 

U' fn[a) ’ 

as found in the last aiticle, we again obtain the equation 


rsin(a-0)=%^^ 

7 
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Ex Ftnd the mymptotes of the citn e 

} =a tan 6 oi j cos 0 - a sm 6=0 
Heie /i(0)=cos0 and /o(0)=-asin0 

cos 0=0 gnes 

A 2t 


and 

^(a) _ — osma_ 


fi{a)~ —sin a 

V 

Hence 

7Sin^^-0^=O Ol 7 cos 0 = 0 1 


7"sin^^— 0^=0 01 7cos0=-aj 

aic the as} inptotes 

\ ^ / J 


Oi, using the Caitesian foiimiLi of Ait 266, 

Jt=^cot0 

a 

u =0 if 0=«7r+^, and —~=ai>mW=a 
2 du 


foi this angle 
lEence the formula 
becomes 


y 


cosa=ASina+ 
r= ±a 



269 An Exceptional Case 

In foiming Equation C, Aiticle 265, it has been assumed that the value 

of theie obtained is not indeterminate , and, fuithei, that none of 

the coefficients of the several poweis of u become infinite in the limit when 0 
is put equal to a If on difleientiating Equation 2 and imtting «=0 and 
6 = 0 . any lenn should occui which is indeteiminate, it must be i etained and 

the tiue value of eialualcd, either iii an elementary manner or 

by the methods laid dou'ii foi undetennined fornib iii Chap XIV 


Examples 


1 «0*=a 

2 r 6 =a 

3 r 8111710= a 

4 7 =a cosec 0+6 


5 7 =20 81110 tan 0 

6 7 sin 20=0 cos 30 

7 7'=a+6cot7i0 

8 7 "sin 710=0" 


9 Show that all the asymptotes of the curve 7 tan7i0=a touch the 


circle r=- 
n 


270 Circular Asymptotes 

la many polai equations when 9 is inci eased indefinitely it 
happens that the equation takes the foim of an equation in r, 
which lepiesents one or moie concentiic cucles 
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Foi example, in tlie ciuve 


r=a 


d-i 


i 


■which may he "a ntten 



it IS deal that if 9 becomes very laige the eiiive njipioachcs indefinitely 
neai the limiting ciicle i=a 


.Such a cucle is called an asymptoUc circle of the cuive 


EXAMPLES 

1 Find the as3'mptotcs of the cuives 

(i ) ahy ~f/^ = 0 

(ii ) y* — 

2 Show that there is an infinite number of asj'mptotes of the 
curve y = \a- a)tan — , viz , 

«:=-«, a,= ±3a, 't= +5a, etc 

3 Prove that any tangent to the cm ve 3^//- = c® is divided by the ^ 

asj'mptotes and the curve into segments Inch bear a constant latio 
to each other [Oxfopd, 1889 ] 

4 Find the asymptotes of the cuivo 

+ y){x- yf + -y)~ a!hf ~ 0 [0.\fokd, 1889 ] 

6 Find the asj'mptotes of the cun’^e 

- y'f{x - 2i/)('c - Zy) - 2a(# - 1/®) - 2a®('B + y){x - 2?/) = 0 

[O'VFOitn, 1888 ] 

6 Determine the asymptotes of the sc'^tic 

(a,-® - 2y2)={2(a:2 + 21/2) _ 3J ^ _ 4)2 

[Oxford, 1886 ] 
aO^ 

7 If » = , the curve has two icctilinear asymptotes at a dis- 

tance 5 fiom the pole, making angles ±1 with the prime radius 

Also, there is a ciiculai asymptote 

8 Find the asymptotes of the cuive 

1 0 cos 0 = ti cos 26 [O.xroRD, 1889 ] 

9 Find the asymptotes of the curve 

rO cos 9 = (te® [Oxford, 1888 ] 

10 Show that there is an infinite series of parallel asymptotes to 

the curve „ + A 

5 sin 0 ’ 

and show that them distances fiom the pole aie m Harmomcal Pro- 
gression Find the ciicular asymptote 
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11 Show that the cuive 0-(n? = has a ciiciil.ar asymptote 

12 If M = f{6) he the equation of a curve and /{6) = 0 gives a loot 
9= a, the coiiesponding asymptote is 

. sec a 
7/ = a: tan a 4- 

/(«) 

Ex. For rO - a { 6 - - tt") the asj^mptote is y + = 0 

13 Show that if y = '*/('*') he the equation of a curve which admits 
of a rectilineal asymptote, then 



IS its equation 

Apply this method to find the asymptote of -c® + y" = 3a^y 

[Bailv amj Lund ] 

14 Show that one of the as 3 'mptotes of the cuive 

- 2y)2 - 8ay3(^ — 2y + 2o) - 2a'’'cy = 0 ' 

touches it at a point whose co-ordinates are finite [Oxford, 1890 ] 

1 5 Determine the asymptotes of the cuiwe 

4(i^ + y*) - 17a:^“ - 4'c(4y2 - x-) -f 2(^- — 2) = 0, 
and show that they pass through the iioints of intersection of the 
curve with the ellipse + 4y2 = 4 [Oxford, 1890 ] 

16 Prove that the mn intersections of two curves of the m*'' and 
, 71*’* degrees, and the mn intersections of the asymptotes of each with 

those of the othei he on a curve of the (?« + n- 2)*’* degree 

Examine the case of a number of the asymptotes being the same 
for both curves [Math Tritos, 1876 ] ‘ 

17 Determine completely the relation of the line a% + b?/ = 0 to 

the cun'e (m + 6y)-u„ .2 + (na + ly)io„^z + ‘*^n -3 + + «o = 0 

wheie u,, w, are homogeneous functions of a and y of degree ? 

Trace the curve = 1, and determine the form it assumes 

X- y- 

when a is diminished indefinite!}' [Math Tripos, 1884 ] 

18 Obtain the rectilinear asymptotes of the curve 

y-(a- - y2) — 2®y® + 2«®a = 0, 
and the parabolic asymptotes of 

y^ - 2ay2('c + a) + (a, + a)%^ = 0 [Oxford, 1887 ] 

19 Form the equation of a quaitic curve which has asymptotes 
a; - y = 0 and a + y = 0, the curve being supposed to ajiproach each 
asymptote at one extremity only, but from both sides of that asymp- 
tote, and also to touch the axis of y at the oiigin 
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20 Form the equation of a quartic curve with asymptotes y = 0, 
aj + y = 0, a- 2 / = 0, the cm vc being supposed to approach y = 0 from 
opposite sides at the same extremity, but the other two asymptotes 
from the same side and at opposite extremities in each case The 
curve IS also to touch the axis of y at the origin and to pass through 
the point {2a, a) 

21 Find the equation of a curve of the fouith degree which has 
two coincident asymptotes ^ + y = l, an asymptote 't-y=\ and a 
fouith parallel to this, and of which the origin is a double point, the 
branches touching the axes of co-ordinates [Math Tairob, 1887 ] 

22 Find the equation of a quartic which has y=±a;±l for 
asymptotes, which cuts the a-axis in four contiguous points at the 
origin, and the yaxis in three points (othei than the ongin), for 
w hich the product of the ordinates is - 1 

23 Obtain the asymptotes of the curve {y - b){y-c)a?=a”y", and 
find upon w'hich sides of the asymptotes the curve lies 


24 Show’ that the cuivo y + su + a- ^^^=0 is asymptotic to the 


folium of Descartes a? + y^=daxy Hence find on which side of the 
linear asymptote the curve lies 

25 For the quartic ar* - by* + <?'cy = 0 show that 


Draw the asymptotes, and determine on w’luch sides the curve lies 

[ViKCE, Fldmoss , Peacock ] 

26 Find the asjrmptotes of the quartic 

4-y(y-j-o) = 0, 

examining in the several cases on w Inch side of the asymptotes the 
curve lies [A Beer.] 

27 In the cun’e y® = QaPy -t- there are no rectilinear asymptotes, 
but the curve is asjTnptotic to the parabola y = a® + 2a; 

28 Find the asymptotes of the curve y(y-'5)2(y-f 2a:) = 9ca:®, 

show’ing that the parabola ly -x+^c)- = Zcx+Vlc^ is asymptotic to 
the curve [Fbost, Gw ic Tracing ] 

29 Show that the curve 

(y - 2'c)2(y + ®) + (y + 3 ^) {y-z)+x=0 
has a parabolic branch to which + + is a first 

approximation, and to wdiicli the parabola 3 (y - 2a; + 4^)® -t- 5a: + = 0 
is asymptotic 
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30 Find the i ectilincal asymptotes and the parabolic branches at 
infinity of the curve 

{y - xf + {y- v)-2y + (y~ x){Sv - y) - 2a5 - 2y + 1 = 0, 

and find the position of its points of intersection with 

(y-x)“ + a; + y=0 [Oxford, 1 SS8 J 

31. Find the asymptotes of the curve 

i (sin a - sin 0) = a sin a cos 0 

Examine the case when a becomes a right angle 

[\\*oi.STENnoi.Mi , Edncaitonal Times ] 

32 Show that a cubic curve with a double point cannot have 
parallel asymptotes A cubic has three given as 3 mptotes ■which 
form an equilateral triangle Show that if the curve possess a cusp 
it must he on the inscribed circle of the triangle 

[SlAnr Tripos, 1890 ] 

33 If the equation of a cuive be WTitten 



and if <{>„(jh) = 0, = <l>n-M = 0, and = 0» show 

that there are tivo parallel asymptotes equidistant from the origin, 
■whose equations aie 

34 Show that the fiist approximation to the difterence of the 
ordinates of the curve 






= 0 


and its lectilmear asymptote y=/xa, + ^ foi a point w hose abscissa 
IS X is 


assuming that no other asymptote is parallel to this one Show 
from this result that the curve at opposite extremities is lu general 
also on opposite sides of the asjunptote 

35 Prove that an algebraic curve of the «*** degree represented 
by the equation 



has two parallel asymptotes, provided /o(/x), /,(/i) vanish for 

EDO O 
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tlie same value of /i , and that the approximations to the correspond- 
ing infinite hranches of the curve arc given by 

ivheie V is a root of the equation 

, +/a(F) = 0 

Find'alSo an appioximation for the case of equal roots 

' [ilATH TriPO's, 18S8 ] 

36 Show that tlio as.vmptotes of the general curve of the degice 

I ’/)“+«(^'fl, ^1, . y)”~*+ =0 

u ill* all pass through one point if 

j <*0> ^J» I j 

I 0-1, rto, Oj, 1 Ufi 1 

j ^0) ^11 J ^ti-1 , , 

and that the co-oidinates of that point arc 

lllbi — Oibg — 

rto «2 - Oj® fljrf , - a ® 

[The notation (a^, <7„ , a„lx, y)” is used for the general binarj' 

quantic of the «“* degree, i iz 

arfc" + nayx"~hj + ] 
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-•"'singular points 

271 Concavity Convexity 

In the tieatment of plane ciuves the tcims concavit}’' and 
convexity with legaid to a point aic applied with then ordin- 
ai,V signification Thus, foi example, any aic of a ciicle is said 
to Lc conca\c to all points within the ciiclc , nhilsfc to a point 
without the ciicle the poition lying between that point and 
the choul of contact of tangents diawn fiom the point is said 
to be convex and the lemaindci of the ciicnmfeience concave 

272. In gcncial the poition of a ciiive in the immediate 
ncighboiiihood of any specified point lies entnely on one side 
of the tangent at that point. This is cleai fiom the definition 
of a tangent, which is considcicd as the limiting position of a 



choid There is an ultimately coincident cioss and lecioss at 
the point of contact, as shown at the ultimately coincident 
points P, Q in fig 3 1< , so that the immediately neigliboiiiing 
poitions AP, QJJ must in geneial he on the same side of the 
tangent P2’ 

273. We may thus give the following definition of concavity 
and convexity. Let P be any point of a ciiive in the midst 
of continuous ciiivature Let A and P be two points iieai 
togethci on the same biancli of the cuive passing through P, 
but on opposite sides of P Then in the limit when the aic 
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AB IS indefinitely diminished the cinvo is concave in the 
iiniiiediatc ncighbouihood of P to all points on the same side 
of the tangent as the aic APB and convex to all points on the 
opposite side 

274- Point of Inflexion. Stationary Tangent 

'riie kind of point discussed in Art 272 is an oidinaiy point 
on a cm VO It may howevci happen that foi some point on 
the cm VO the Ungent, after its cioss and iccio.ss, crosses ihe 
curve again ai a third ultimately coincident point Such a 
point can bo seen inagiiilicd in Fig 36 



Fig 35 


In tins case it is clcai that two successive tangents coincide 
in position • VI/ , the limiting positions of tlio clioids PQ, QB 
The tangent at such a point is thciofoio said to ho " stahoiiary,” 
and the point is called a ** point of contrary flexure*' oi a 
“ point of inflexion " on the cui vo The tangent on the whole 
ciosscs its cm VO at such a point, and the cuivo changes fiom 
being concave to points on one side of the tangent to being 
convex to the same sot of points 

275 Point of Undulation 

Again, tlieio may bo a point on the cmvo for which the 



Fig 30 


tangent ciosscs its cuive in fom ultimately coincident points, 
Q, B, S, ns scon magnified in Fig. 36, and tho point is then 
called a " pfomt of undulation ” on tho cmvo Thcio aio now 
Ihicc contiguous tangents coincident, and tho tangent on tho 
whole docs not ci oss its cm vc And it is clear that singulai- 
itics of sumhu chaiactei but of a highoi oidci iiia}' aiisc. 
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276 Analytical Tests Concavity and Convexity 
It IS easy to apply analysis to the investigation of the foim 
of a cuive at any paiticulai point 

Let ns examine the point £C, y on the cuive y = <p(x) 

Let P be the point to he consideied, P^ an adjacent point on 
vI 



|0 N N, X 

Pig 37 


the curve Let PA^, PiP^ he the oidinates of P and P^, and 
suppose PiJ^i to cut the tangent at P in Qj Then ON—x, 
NP=y~<f>{x) 

Let 

then ' PiPi = 

= 0(a;)+740'(®)+^0”(®)+ > • (1) 

hy Tayloi’s Theoiem Affain, the equation of the tangent at 
Pis Y-y=<l>\x){X-x) 

Putting X=x+h 

we obtain Y=y+h<j>\x) = <p(x)+h<f/{x), (2) 

which gives the value of 

Hence the oidinate of the cuive exceeds the ordinate of the 
tangent by 

(3) 

Now, if h be taken sufficiently small, the sign of the nght- 
hand side will be governed by that of its fiist term , and this 
teim does not change sign with 1i because it contains an even 
power of hy viz, the squaie Hence, vn, generaly on whichever 
side of P the point P^^ be taken, will have the 

same sign — positive if ^"(x) be positive, and negative if ^"(®) 
be negative, and theiefoie the element of the curve at P is 
convex or concave to the foot of the oidinate at P accfoiding as 
0"(a;) is yosiUve or negative 
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We have diawii oui figuie with the poition of the curve 
consideied above the axis of 05 If, howevci, it had been below, 
the signs of and would both have been negative and 
we should ha\o had the coiitiaiy lesult But obscviung-that 
IS positive for points above the axis of x, and negative foi 
'points below, w’^e may obvionsty state the unicstiictcd lule that 
'the elementaiy poition of the cuive y=(/>('i) m the iieighboui- 
ihood of the point (a, y) is convex or concave io the foot of the 

ordinate according as tp(x)^"(x) or y-^i positive 01 negative 

277 Points of Inflexion 

If <j)''(x)=0 at the point undei consideiation, we liavo 

and, as befoie, the sign of the iight-hand side, when h is taken 
sufficientlj’’ small, is gov'eincd by the sign of its liist teim 
But this now depends on ]p, and theiefoie changes .sign with 7t, 
that IS, the oidinate of the cuivm is gieatei than the oidinate 



Fig S8 

of the tangent on one side of P, but less on the othei The tan- 
gent now Glosses the cuive at its point of contact, and the point 
IS of the kind desciibod in Ait 274,and called aiioint of inflexion 
A neeessary condition then foi a point of inflexion is that 
if not infinite should v’^anish, and the sign of detei mines 
the chaiactei of the infleMoa, foi (assuming the element above 
the axis of a:) if be positive, changes fiom 

negative to positive in passing fiom negative to jiositive values 
of /i le^in passing thiough P the change is fiom concavity 
to convexity with legaid to the foot of the oidinate But if 
^ (x) be negative, the change is fiom convexity to concav^ity, 
and this lattei is the case lopiesonted in the figuie 
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27S Point of Undulation 

Again, if 0'"(a)— 0 at the same point, and do not 

vanish, the fiist tcim in the expansion of depends 

on h*, and theiefoie tins expiession docs not change sign in 
passing thiongh P The tangent therefoie on the whole does 
not Cl OSS its cm \ e at 2^ The point is of the kind desciibed in 
Art 275 and called a. point of undulation 


271) Higher Degrees of Singularity 

It Mill nowapjieai that, if by Ino successive diftcientiations 
a icsult of the foim 


-ly 


m-4 1 


d-y 


be deduced fioni the equation to the ciiivc, although 

vanishes both at the points given by ^ = c^ and bj* x — b, yet it 
only undcigocs a change of sign when it passes thiough x = h, 
the index of the f.ictor x — h being odd Hence at the points 
given by x~a theic is no ultimate change in the diiection of 
liexuic, while at those gi\en by a; =6 there is a change The 
]>oints given by a/=a look to the eye like oidinaiy points on a 
cui\e, while those given b}’’ x — h icsemble points of inflexion, 
and indeed lKl^ e been foi distinction culled by Cianiei points 
of visible inflexion,* although the singulaiity is of a highei 
Older than that desenbed in Ait 274, wdneh is the case of 
m =0. If 'll = 1 , the points given by a; = a ai e points of undula- 
tion, such as described in Ait 275 So that for an Inflexional 

Point ike condition = though necessary, is not suflicienf 

The complete critei ion is that should change sign If 

vanish, but do not change sign, the curve at the point under 
consideration is undulatory. 


280 Case when the Tangent is parallel to the //-axis 
The test of concavity oi convexity has been showm to depend 

upon the sign of -.-fn In the case, howcvei, of an aic, the tan- 

gent to wdnch is paiallel to the axis of y, the value of and 


* Dj salmon, Jlvjhei Plant Cu‘> i cs, p 3*i Cramer, Aiiali/sc ties Ligncs Courbes, 
Geneva 
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of all subsequent differential coefficients is infinite But in 
this case it is obvious that it ■would be convenient to consider 
?/ instead of '> for the independent ^ anable, and then the sign 


of o will tei>t the concavity oi convexity to the foot of the 
chj- 

oidinate drawn from the point under consideration to the axis 
of 2/ 

Similarly, at a point of inflexion at "which the tangent is 

dH 

parallel to the axis of y, change sign 

And 111 other cases whenever it is more convenient to use y 
instead of % foi oui independent \ anable, "ue are of couise at 
libeity to do so with an interchange of the letteis x and y in 
the fonnula quoted 



2 SI The test for concmify or conicxity may also he miesti- 
gated asfollov.s — 

Let P be an3' point of the curve, co-oidinates x and y Let 
the adjacent points on the curve and P„ have co-ordinates, 
(r— /i, y^ and (r+h, y^ lespectively Let the oidinate of P 
cut the chord P.P„ in Q Then if h be made infinitesimally 
small the poition ot the cur\e in the immediate neighbouihood 
of P will be con\ex or concave to jV, accoiding as j\^P is < or 

> XQ ? c , as y is <QT> 
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so tliat the ciiterion depends upon whether 

/i“ dhi 

2/bo<oi>»+^^+.. , 

and pioceeding to the limit the cuivo is convex or concave to 
iV accoiding as is positive oi negative 


Ex 1 Consider the cm he y=^<Jav Is it convex or concave to the foot of 
the ordinate ^ 

d^/_ _jA/a 


Heie 


and 


dv^ 

“'rf'JT ^ 


VI 


Hence y%^ is negative for all positive Aalues of v (and negative values of 

V are not admissible), so that the cuive in the iieighboiiiliood of any 
specified point is concai e to the foot of the oidinate of that point 
Elk. 2 Consider the cuiie i=y +3y® Mas it a point of inflexion ^ 

^ changes sign as y passes tluoiigh the a alue y— ■ 
the point (2, — 1) is a point of inflexion on the curve 


Here 
so that 


■ 1 Theiefore 


282 Convexity and Concavity of a Polar Curve 
Suppose the equation of a cuive to he given in polar co- 
oidinates as u=/(0), and that it is required to find a test of 
convexity or concavity towaids the pole 



Let 0 be the pole, P the point of the cui ve to be examined 
Let the co-ordinates of P be denoted by t, 0, and let A, B be 
two points on the curve adjacent to P, and one on each side of 
it whose co-oidmates aie lespectively (r^, 6—SQ) and (r^, 6+SQ) 
Then the cuive in the immediate neiglibouihood of P Avill be 
concave or convex to 0, according as 

AAOP + ABOP is > 01 < AAOB 
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"when ^\c piocecd to the limit That is accoiding as 
« o\r sin d0+r) osm SO > oi < i ]“> W" 2o0, 
or lY/'+ri’fl > 01 < SO , 

7 C,as ?t„+«^>oi < 2iicos5(9, 

^^llClo -we have wiittcn ij=-- , etc 

■**1 

Noil, by Tayloi's Them cm, 

, d'li SO- , 

Itj— U + + > 


J-ii oO~ 


and tlicieforo 


^ „/ d^u SO-, \ 

«,+«.= 2(u + j^- 2-+ j. 


■svliciico wo have concavity oi couvovity to the jmlo accoxding 


- , ^d-u S0\ ^ SO-, \ 

as 2it+2-^^, y + IS > 01 < 2«(^J - ,jr+- J> 

and pioceeding to the limit aecoiding .is 

«+^, IS > oi < 0 

283 Polar Condition for a Point of Inflexion 
At a point of inflexion the cm \ o change-7 from conca\ itv 
to convexity, and thciefoio the mcessmy condition is that 

should change sign. 

E\ J''nul the point of inflexion on the enrir j =«0-l 
Heie 011 = 0 ’, 

tlicicfoic 


Hence, jnitting 


dhi In'* 

'Vje-'-l'’ ■ 
. d‘« « 


to find for yx liafc ■\ ahio of 0 .i cliange of sign can occiii , A\ o 1mA e 

oi-\o-'=v, 

o=±i 

And the posit n e a aluc onh is adiuisMblc, giA nig 

r==a.,/2'l 

0=^ J 

o» the polai co-oidinates of the point of intlgMon 
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2S4 Condition for Pedal Equations 

It will 1)0 obvious from a figme that for an element of a 
cm VO A\lnch is concave towaids the pole p ■*’ increase or 
decrease together But foi convexity^j increases as r decreases 

and ricc icisa Thus foi conca% it\- is iiositive , foi con- 
vexity negative 


7 

At a point of inflexion -J- changes '^ign 


2 Sj 

since 


Tin- condition is dishiciLle at one*, from the {xilar coiichtionj for 



or 

i^hcncc the result follow 


_ 1 dp_ ^d-tt 
fd> '' d(h 

d'lf IT d)> 

dv~ 2'' 

s innutdiUch. 


lI\AMri.!-« 


1 Sho)\ that the curve is at e%».n i>oint com ex to the foot of the 
ordinate of that jXJint 

2 ShoM tluit for the cubical {larabola 

ay=fT—bp 

there is a jwint of inflexion who-e abscissa is b 

3 Show tb It there aie po.iits of inflexion at the origin on each of the 

cmves (tt) y=-» cos- 


W) y^atanf' 

(y) y=^"log(l -J) 

4 show that there is a jioiiit of inflexion on the ciiiie 


)/=«*' 

at the point (8, c^) 

j .Show that e^cry point in which the curve of sines 

V X 

- =sin =- 


cuts the axis of a h a point of intkMon on tlie curve 

C Dtternnue the nature of the jxnnt wheie i = 6 on the curve 

(?/-«— ry =(r(t — ly 

7 Show* that the curve 

(y — cr/ = <1- — 2cf- r-^ai^ 

IS always concase towtSids the foot of the ordinate Ilowisit situated 
With regaul to points on the j/-axi*iJ 
6 A«ctrtani whethu Ihcspinl 

) coMi 0=« 

U5 com ix or coiicm c towards the pole 
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9 Slio-\\ that if the ongin he a point of iiifle\ioii on tJie curve 

«i+m>+«3+ =0 

M, 11 ill contani Wj foi a factor 

*10 Show that there is a point of inflcMOii at the ongin on the cubic 

H Shoii that there is a point of uudnlation at the origin on the cun e 
y = a r* + + cy* 

12 Enid the positions of the points of infle\ion on the cuiie 

. 12^=1^- iai'=*+42c2+12a + l 

13 Proi e that the cun e 



has a point of iiiflcMon gii en b} 

1 

14 Proi e that the point ( - 2, ^ is a point of infleMoii on the cun e 

y=ic* 

Multiple Points and Tangents 

286 Nature of a Multiple Point 

A. singulai it}*” of diffeient natuie liom those above desciibed 
oceuis on a cuive at a point wbeie two biancbes inteiscct, as 
at the point A in the accompanying figuie It will appear 
from an inspection of the llguie that at such a point as the one 
diawn there are tuo tangents to the cuive, onefoi each bianch 



Fig 41 


Each tangent cuts the cui ve in two ultimately coincident jjoints, 
such as P, Q on one bianch, and it incidentally intersects the 
othei branch through in a third point P, ultimately also 
coinciding with A Each tangent theieforc at such a point 
inteisects the curve in thvee ultimately coincident points at the 
point of contact, and if the curve be of the deo’iee. each 
tangeut will cut the curve again lu 71 — 3 points leal 01 iniagin- 
ary In this respect the tangent at such a point i esemhles the 
tangent at a point of inflexion, for (Art 274) the point of con- 
tact of a tangent at a point of inflexion counts foi three of the 
71 intersections of the Ime with the cuive 
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2S7 Points tlnougli which moic than one blanch of a curve 
passas aie called ** multijjJe points’' on the cuive. If two 
branches pass thiough the point as in the abo\e figuic, A is 
called a "dovhlc point" If thice blanches pass thiough any 
point, that point is called a triple point" on the cuivo , and 
gencially, if thiough any point r blanches of the cuive pass, 
that point IS lefeiied to as a '‘nitUtiplc point of the order" 
on the cuive Fiom what has been said with legaid to the 
tangents at a double point it will be obvious that there aie r 
tangents (ical or iina^naiy) at a multiple point of the oidei, 
one foi each bianch At such a point each of these r tangents 
cuts its own blanch in gcneial in two points, and each of the 
other blanches in one point : f c , in »•+! points altogethei, all 
ultiinatel}’’ coincident ith the multiple point Such a tangent 
thciefoio cuts the cm ve in n — )•— 1 other points i cal oi imagin- 
aiy 13ut if at the multiple point tlicic happen to be a point 
of inflexion on the bianch consideied, the tangent n ill cut that 
branch in tliico points instead of two at the point of contact, 
making i +2 points of intoisection with the curve at the mul- 
tiple point, and theicfoio leducing the icniaining numbei of 
points of lutei'section to -n — 

' 288 Species of Double Points 

Considci the case of a double point The tangents thcio 
may be leal, coincident oi iniaginai}’^ 

Cask 1 If the tangents be leal and not coincident, theie aie 
two ical blanches of the cuive passing thi*ough the point, and 
the point IS called a node oi cininode 



Case 2 If the tangents bo imaginaiy, there are no real points 
on the cuive in the immediate ncighbouihood of the point con- 
sidci ed, and we are unable to tiavel along the curve fiom such 
a point in any ical diiection Such a point is therefore simply 
an isolated point, whose co-ordinates satisfy the equation to the 
curve, and is called a " conjugate point" oi "acnode" 
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Case 3 If the tangents at the double point bo coincident, 
the two branches of the ciiive will touch at the point con- 
sideied The point is then in geneial of the chaiacter called a 
stationary point, cusp or spinode 

289 Two Species of Cusps 

There aie two kinds of cusps, as shown in the accompanying 
figures T 


Fig 43 Fig 44 

(a) In fig 43 the blanches PA, QA lie on opposite sides of 
the tangent at A This is leferied to as a cusp of the first 
species or a hei atoid cusp (-t e , cusp like horns) 

(j8) In ¥ig 44 the blanches PA, QA lie on tlie same side of 
the tangent at A This is called a cusp of the second species oi 
a i amphoid cusp (^ e , cusp like a heak) 

290 A Multiple Point can he considered as a Combination of 
Double Points. 

A ti iple point may obviously bo consideied as a combination 
of tliiee double points, foi of the thiee blanches inteisecting at 
the point each pair form a double point at then point of intei> 
section And in geneial a multiple point of the r**' oidei may 

be consideied as the lesult of the combination of ^ double 

/i 

points, since this is the numbei of ways of combining the r 
blanches two at a time 

291 To examine the Nature of the Ongm 

If the equation of a euive be rational and algebraic, it maj'" 
be wiitten in the foim 

a 




(A) 
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If this be put into polar co-ordinates it becomes 

a 

-pi (7»iCos ^-f-ft^sin 6) 

-Pi"(CiCos-0-f fccos 6 sm O-^c^sm-d) 

+ ••• 

Hf-i*”(Z-jCos"0-f-/.iCos^“^0sm O-P .-p7.„_ism"0)=O (b) 

Let 0 be tbe pole and OA the initial line Then equation 
(u) gives the points Pj, Po, P- , in vrhich a radius vector 



OPjPc . . making a given angle 6 with OA, cuts the curve. 
The roots of this equation are OP^, OPa, OP^, 

It is clearly of the degree, and therefore has n roots 
These may, howevei, become imaginaiy in paii-s 

I If or =0 it will be obvious fiom eithex the Cartesian equa- 
tion (a) or the Polai equation (b) that the curve passes fkrov{/h 
tJiCr 01 igm 0 In tins case one loot of the equation (b) is zero, 
and in the figure OPj^—Q 

II. In this case, if 6 be so chosen as to make 
6jCos 0 -p 62 sin 0=0, 

a second root of the equation (B) vanishe'?, and therefore we 

infer that a straight line making an angle tan"^^— ^ with the 

initial line cuts the curve m two contiguous points at the origin, 
and therefore is the tos^gad theie. The Cartesian equation of 
this line is obvious upon multiplying by r, viz, 

\x-\-h0~Q. 

Hence if a curve pass through the origin, the terms of fiisf 
chgt ce (if any such exist) oa hehig cqyated to zero form tloe 
equation of the tangent at the origin. (See Art. 197.) 

ni. If «=0, 6i=0, and 1 ) 2 = 0 , then in general it is possible 
to choose 0 so that 

c,cos-0-Pc,cos 0 sin 0-Pc-sin-0=O, 
and then three roots of equation (b) will vanish ; that is to say, 
of the pah of lines whose equation is r^iTAc-^gA-c^J-=0 ea^ 
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cuts the curve at the oiigin in thiee contiguous points There 
aie theiefore two branches of the cuive intersecting at the 
oiigin, to each of which a tangent can be diawn, and of the 
tlnee contiguous points in which it has been seen that each of 
these tangents cuts the curve two lie on one branch and the 
otlier on the lemaining bianch The, oiigm is in this case a. 
double ‘povnt on the curve, and the terms of lowest degree in 
the equation of the curve, viz , 

c^a^+c^y+Cs'if, 

when equated to zero fonn the equation, of the tangents at the 
oiigin The tangent of the angle hetueen these straight lines 

, , Co“~4c.c« 

IS given by tan ^ = ' - 


Cj + Ci{ 


V' 


If c„">4cjC,, the tangents aie real and not coincident, and there 
is a node at the origin 

It cf=^CjCg, the tangents are coincident, and the two branches 
of the curve touch, and there is in general a cu^ at 
the 01 igm 

If cf<4!CjC^, there are no real tangents at the oiigin, although 
the co-oidinates of the origin satisfy the equation of the 
curve , theie is then a conjugate point at the ongin 
If Cl +€3=0, the tangents at the origin intersect at right angles 

IV If a=0, ii=0, b 2 = 0 , 0^=0, c,—0, Cg=s=0, the origin is a 
ti iple point on the cuive, and (as show n m III foi the tangents 
at a double point) the tangents at the oiigin aie 

+ d^hj + dgccy® + d^if = 0 

V And geneially, if the lowest teimsof an equation are of 
the degree, the origin is a “multiple point of the order" 
on the curve, and the teiins of the 7’*^ degiee equated to zero 
give the r tangents there 


292 To examine the Character of any Specified Point on a Curve 
Results similar to those of the preceding article may be 
deduced for any point on the curve 

Let the straight line — ■==^-~=: p be drawn through a 

given point (A, ^!;) to cut the cuivey(aj, y) — 0 Then 

(e=h-\-lp, 

y=Ji.-\‘nip 
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The use of these equ.itions is obviously equivalent to a double 
tiansformation of co-oidinates, the fiist to parallel axes thiough 
7i, I, the second to polais 

Substituting for x and y in the equation of the cuive we 
obtain , h+'nip) = Q 

to find the points Pj, P„, in which a ladius vectoi thiough 
the point h, L cuts the cm vc 

If this be expanded b}’^ the extended foim of Tayloi’s 
Theoiem, the equation becomes 

/(A, 7.) +7=(*it+«'i;y+ 2'('a+”''8Tr-^+ 


which IS exactlj^ analogous to equation (b) of Ait 291, and 
corresponding lesults follow 

I If /(/«, /i)=0, one loot of the equation foi p vanishes and 
the point h, h lies on the curve (which is otheiwise obvious) 


II In this case, if the latio I m be now so chosen that 


7|/+mV= 

3/i. ZL 


0 , 


then anothei i oot vanishes, and this lelation gives the dvrectio n 
of the tangent, whose equation is theiefoic 

(*-4+(77-/4=o, 

as found in Ai t 191 

III But if ^=0 and ^=0, as well as /(/t, /u) = 0, then all 

lines through k, L cut the curve in two contiguous points 
But if the 1 atio I ni be so chosen that 


I 27m I 0 


ZliZlu Zk^ 


\ve have in geneial, as in Art 291, III , two directions in which 
a radius vectoi diawn thiough {h, JJ) cuts the cuive in thiee 
contiguous points The point (/t, /„) is a douUe point on the 
cvA've, since two«bianches of the cuive pass thiough this point, 
and of the thiee contiguous points in which each of the above- 

EDC r 



CHAPTER IX 


226 


mentioned ladu veetoies meets the cuive, two he on one bianch 
and one on the pthei The equation of the two tangents is 


IV Fmthe.,.fg=0.^^= 


= 0, and addition to 


=0, ? 7 = 0 , and J{h, K)=0, identically for the same values of 
3/fc 3ft/ 

h, I, and if on going to terms of the third oidei wo find that 
all these do mot identically vanish, the point (h, h) is a it iple 
•point on the cuive 

V And geneially the conditions foi the existence of a •miil- 
Uplo point of the order at a given point h, k of the cuive 
aie that /(-r, y) and all its difieiential coefficients up to those 
of the (?’— ly* ordei inclusive should vanish when x=h and 
y=k, and then the equation of the r tangents at that point 
will be 


+(y-iy^=o 


dk' 


2D3 Special Case of Double Point 

Reclining to the case of a double point at a point (A, k), since 
the equation of the tangents is 

the angle between these tangents is given by 

2 

\\dh?)l/ a/t® 3^2 


tan ^=. 




and the point h, k is a node oi conjugate point accoiding as 
/ d-fV > 32/ 32y 

K-dh-dk) < 3A2 s/„2’ . 

and is in gcneial a cusp if 

32y 

\dkdhJ 3A2 -dk- 

with the prelinimaiy conditions in each case that 
rn. i\^n 
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AVc say ‘in general a cusp , for it ■will be seen that in some 
cases hen the above conditions bold the cm ve becomes ^mag^n- 
aiy in ihc nieighbovihood of the point considered, which must 
theiefoie be classed as a conjugate point In the case of the 
coincidence of tangents, fm ther im cstigation is theiefoie neces- 
saiy The mode of pioceduie is ludic.itcd below in the method 
foi the investigation of the chaiacter of a cu‘?p It appeals that 

/ ay_y- ^ BY 

Tu,- Z\f 

leprc&ents a curve A\hich cuts f{x, y) = 0 in all its cusps, and 


that 


Zx-Zif 


IS a cmve 'snIucIi cuts /(a?, 2/)=® double points at 

which the tangents aic at light angles 


291 To search foi Double Points. 

The lulo thercfoio to seaich for double points on a cmve 


/(»» y) = 0 IS as follows h’lnd ^and equate each to zcio 

and sidve Test whether any of the solutions satisfy the equa- 
tion of the cui \c If so, apply the tests foi the charactei of 
each of the points denoted, i c , tij*^ wdiether 


'?f 

.dxdijJ < dx- 


295 To discriminate the Species of a Cusp 
hIcrnoD I Suppose the position of a cusp to have been 
found by the foicgoing lules Tiansfei the oiigin to the cusp 
The transfoiined equation w’lll be of the ioim 

(«T+W+Wa+«4+ =«, (1) 

wdieic ax+hy=0 is the tangent at the oiigiu, and .. 

aic homogeneous lational algebiaical functions of a; and y of 
the degices indicated by then respective suffixes 

Let P be the length of the peipcndiculai diawn fiom a point 
03, y of the cmve, veiy neai the cusp, upon the tangent 

ax+hy=0 

_ ax-\-hy 

"v'a-'+f- 


Then 


* • « 


.. ....( 2 ) 
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If y be eliminated between equations (1) and (2), an equation 
IS obtained giving P in teiras of x It is our object to considei 
oulj’- the two small pei pendiculais fiom points on the cuive 
neai the oiigin, and having a given small abscissa x, hence in 
conipaiison with P- we lejeet cubes and all highei poweis of 
P and also all such teiras as P^x, F^cu^, which may aiise on 



Fig 40 — Single cuf>p, first species Fig 47 — Single cusp, scemul species 



Fig 48 — Double cusp, first species Fig 49 — ^Double cusp, second species 



Fig 50 —Double cusp, change of Bpecics Osculinflexion 

slifl.ll tliGn lifl\ c fl/ to dotciininG P If, *ivliGn ^ is 

made veiy small, the loots bo nnaginaiy, the blanches of the 
cuive tluough the oiigin aie unieal, and theiefoie thcio is 
a conjugate point at the ougin If the loots be real, but of 
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oppoatf*' die t\\o small p« i pfiitlh ulai s ho on oppo^sito 

'■alf*? of the tangent, an<l Ihoie is a t n^p of fhe fu"^t spcdcs at 
the oiigin If the loofs he leal ami oflil'e Mf/» the pcrpondic- 
ulai-^ lie on the same sklo ami the cimp of the second spcacs, 
ami the sign of the loots detoi mines on vhich side of the tan- 
gent the cusp lies 

Complete' infoiinalion is also atfoulod by this method as to 
whethei the cnsji m '^inple or fhmbh', as to whethei the 

bmnehes of the cin\o e\tcnd fiom the cusp toivaids one 
extiomity onh of the tangent, oi tow aids both e\liemities 
a*: shown in the annexed liguic'' 

Tlie lealny of the loots ol the quadiatic for P will in some 
iff pt nd u/jpu, and in othoi« be indf'pcndenf of the sign 
of 1 In the foimei cases the cusp is ‘^inpk , in the lattei, 
donhh' Mnieovci, if double, we can detect whethei the cusp 
is of the '-anic oi of ditleicnt species tow aids opposite cxticni- 
ities of the Lniigent When the cusp is of ditfeicnt species 
tow aids opposite extiemities the point is called by Ciaraei a 
point of O^nndinrU'don 

“Tir,i«loi)ting the abc)\e process it will cleaily be sunicient to 
put P — iO+hp, thus diopping the foi the sake of 

bu\il\ , the etlectof this being to eoiisidei a lino whose length 
is pioportional to that oi the peipendiuilai instead of the pei- 
peiidicnlav itself 

IX 1 JJtxtviuo' t/ic c/ioriti (Cl" of l/ti' o> npit oil l/i' cinn' 

I ‘ - 1 i^p - i> »/* 1 “0 

II( n tlie taii!'( iit ,it Iht? oiigiii is Actonhng (o tlio ndo put p — P 

riu‘ qii wlj-atu fuj 

/’“(l-Sr)- |/»r2+ 0 

Tin* loots of this c'fpi ition ,11 c i<al oi nn.igiii n \ rn conluig as 

1 » ^ IS > Ol < I '( 1 - 111 ), 

? , a< f Ol l lllg_as.,^_^a -UQsit n c oi lu i; at o o lienee the cusp is "single" 

Mnl lies to tlio light of (lie axis of »/ AIoico\ei tlio prodm.t of lluirooto 
, 1 

is-j — j- aiul isjiOsitiNo when i i^ \ui\ sin til, and llie toots aie thcicfoic 

of the ‘amt sign TIic origin is Iheiefoie n sintjh’ rny) of the ^ceond yiceir^ 
AIoioo\ti the sum of till* roots in posili\e so that, tim two luanehes noai 
the migiii /if i» t/ii fii't f/mdrani 
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Ex 2 JS^Tainvie the cliaraetei of the cm vc 

'»‘-3r2y-3:J'?/+9/=0 

at the oncfin Hoie //=0 is a tangent at tlic ongin Put y=T Tlie 
quaclmtic foi P is 

P-=(9-3v>-3i"P+a‘=0 

The roots are leal oi imaginan accoiding as 9r^— 4(9 — 33').v* is positne oi 
negative, i « , as - 27i '+ 12 r® is positu e or negatn e 
Non, nheii ^ is leij small, is neqhgihh in companson with v\ and 
tlieiefoie the above cxpies-jion is negatiic foi verj sin.ill positiie oi nega- 
ti\e values of x The loots of the equation foi Paic llieieforc iniagiiiaii, 
and the oiigin is a conjugate point on the tune 

E\ 3 Examine the character of the cun c 

gm+l 

y=l{x)±{x-h) -» /(a) (1) 

in the neiyhhoiuhood of the point i—h, y=E(h), m and n being yontiie 
intcgei t 

Bj Taj loi’s Theorem ne ina^ wiite 

P(i +Ji)~ F(h)+ttr+hx‘^+ 
and [Xt+//)]-=<f,+6ji4- , 

whole being [y(/0]" i’’ ntcessaiilj positnc 
Hence on transfonning oui ongin to the point {//, F{k)} we obtain for 
the tiansfomiecl equation 

8m+l 

(y-av~hi^ - )-=v " + ) ( 2 ) 

Exarauung the foi in of the cun c at the ongin, thcic ait obMousl} com- 

CJjii I 1 

cident tangents if - —T .. Ijc > 2 
n 

* Put y - ax— P, then 

2m+l 

P- — 2P(Z>r-+ — " — =0 

That the loots of this quadiatic aie leal, if r be positi\e and small, is 
obMOus fiom equation (2), also, that the loots aie iniagintn foi small 
negative % allies of x Time is therefoie a viigle cusp extending to the 
right of the new axis of y 

Again, the pi oduct of the i ools = - Oj r - 

If — ; — > 4 , this pi oduct has the same sign as mIjcii ^ is taken 

tv 

sufRcientli small, and theiefore is positne, giiiitg a cusp of the second 
species 

2ni+l -'"•H 

If — ~ — 4, the term —Oiv " is the inipoitaiit lenn in the pi oduct 

and IS negatu e, r being positii c Tlierc is theiefoie in this case a cusp of 
the frst species 

■\Ve have assumed that the coefficient b oi —F"(h) is not zeio If how- 

-er this coefficient vanish. It is casv to make the con esiioiiding change 
jj, eCubsequent investigation ° 



sixnuji in I’oiNTs. 


TX 1 ih»' uatiHf' of ih' douhlr point on t/u' rune 

(t T » +2)‘’“0 

ro,o X' +v)*+2 s'2(,>/- » H' 2 )-= 0 ,l 


. + „y - 2 ^' 2 ( 1 / - t + 2) =0 
dtf 


iiitl )i-i+2~0j 

Ml 1-1, ) 

V - - 1 j 

Now tins ])t>int oli\io«sl\ Iie<; ujwn the* cmvo, ami thi’it! is (licicfoio a 
niuUijilo jH*int of pttjiu' tlo-i’iipiitiii Ihoii* 

Ati.un, t '''■ u i-i-if -2^/2 - 2^/2 al tlic point (1, -1), 

l I *■ 

(,'H j'j- 2 ^'2 -2^/2, 

c’v- 

(.r. I VH 2 sO- 2^/2 

s’loj/ 

ITcnu* at tin» point ^ ^ *(-) > 

‘ t I- «v/- '0»i2<// 

niul wo linM' a tlouliU* point at whuh tiu* tanficnts ate (oiiu'ulcnt 

No\l, trsuihfotnnn'' to tho point 1 1 - 1) for oi ij»in, the orpiation liocrnnc'i 

(’ i'^r-v/20 /-.)“-o 

.litonlin;' to tin niK wo pul y- i Then icj«i*ini«r tciins in /*' nnd 

lu\o s^2/^- li'" V2~0 

Tilt ioot« arc wal if 18i* + I ^tZr' > (», 

wjiich IS the tnsc if a lie m ‘1 \ Kinall ami posilno Theic ir theiofoio a 
tnnqlf' i imp at tho jioint (1, - 1) 

A^mhi, tho piodiicl of tho mots- — Ii\'2, ami is nojjntno wliiii i is 
sin ill This imlieiti s that tlie oimp is ono of the /ii st ywift 
pi his i HI % e IS oh\ iohhU onU v ti-ansff,vmntion of the sunii-cnbical pam- 
holaj/-' - i’] 

1C\ 'i Sinri'h foi a mult! plv point upon (he I'll} le 

r"+2i'*l-2.i''’i/H 2r-'*^ i-’-t 2iy {-jy-+2i 1 2y t-l-sO 


ITere * 0i' + 2.r+2y+2=^0 

-2,r'»+2i « 2// I 2-=0 .. . 

Oy 

Fiom the accoml erpiation y 

Snhstitiiting in (i ) 7i-”-Gr'— 0, 

Mhciue .(>-^0 oi C, 

ami tlKitfoie w=r -1 oi _p':i 

' a la 


. . (i) 
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It IS obMOus that the latter solution c<iiuiot satisfy the equation to the 
ein ^ e 

Transfoiining to the point (0, - 1), tlie cqii.ilioii hccoiiics 

r'f + 2 V + C'®’ 

iiidicatiiig that theie is eithei a cusp at the new oiigiii to winch 'r+7/=0 
is a tangent, or a conjugate point 

Put ^+?/=P, then P--\-2Pa?+t~=0 

The 1 oots will be real if is positu e, n Inch is tnie hen c is positive 

and less than 1 , and also n hen x is negatn c Hence there is a double ciisp 
The pioductof the loots is r’’, ^^hlch is positne or negative according as a? 
IS positne ox negative It is thcrefoie ranqihoid on the iight-hand side 
of the new y a\is and keratoid on the left-hand side, and therefore there 
IS an oscnlinflexion Also the sum of the i oots is - 2a'*, and is thei efore 
positn e n hen v is negatn e , hence on the left side of the nen y-axis the 
upper poition of the cni've dciiates fiom the tangent inoic i-apidly than 
the lowei poi tioii 


296 Method II Anothei method of disciimmation of the 
species of a cusp depends upon the test foi concavity oi convex- 
ity Find the two values of (oi see Art 280) If these 

have opposite signs veiy near to the cusp, the two hianchcs 
starting fiom the cusp aie in geneial one concave and the other 
convex to the foot of the oidinate, and the cusp is of the first 
species But if the signs he the same, the two hiauches aie 
either both concave or both convee to the foot of the oidinate, 
and the cusp is of the second species In the case liowevei 
when the ^-axls is a tangent at the cusp, tlie cusp ivill be 
keiafcoid when both branches aie convex to points on the axis 

neai the cusp But in this case the values of ^ 

dx“ 

opposite sign Hence the above test still holds 


aie 


of 


Ex Dtscuss the fonn of the curve y = r ± at the origin 
Heie «/,= — 3/4^1 

Hence onlj positive values of v aie admissible and the two i allies of y, 
liai e opposite signs The oi igin is therefoi e a single ciixp of the fit st species 

297 Singularities on the Reciprocal Curve 
Since to a tangent to a cuive couesponds a point on its 
polar lecipiocal, it will be evident that to the points m which 
a stiaight lino cute the one coiiespond the tangents which can 
be diawn fiom a given point to the othei If the one has a 
multiple point of the oidei the othoi has a multiple tangent 
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touching its cuive at p distinct points, to a double point on 
the one coiiesponds a double tangent oi bi-tangeut to the othei , 
to a stationaiy point on the one conesponds a stationaiy tan- 
gent on the other. 

These consideiations tend to show that the multiple-tangent 
.should be classed as a distinct singulaiity 

Examples 

1 Show that foi the semi-cubical parabola 

ay-=%^ 

the oiJgin IS a cusp of the firet species 

2 Show that the origin is a cusp of the fiist species on the cuive 

a(y— 

3 Sho\\ that the cmves 

«- = i"sin -r y- = i"tan - 

ha\e cusps of the fiist kind at the oiigin 

4 Show that at the origin on the cm ve 

y-=ihx Sin - 
a 

there is a node oi a conjugate point accoiding as a and h have like oi 
unlike signs 

5 Show that foi the Cissoid — 

2a -r 

the oiigin IS a cusp of the firat species 
G Examine the natuie of the point on the cuive 

y— 2=T(l + 'r+r^) 

vheie it cuts they-.axis 

7 In the cun e a^y- — 2abtry=i'^ 

show that theie is an osculinfle\ion at the oiigin [Cramer J 

8 Scaich foi the double point on 

(y-2)-=^(^-l)=, 

and find the diicctions of the tangents there 

9 Determine the position and species of the cusps of the following 

(а) (2y+r-ly=4(l-^)^ 

( б ) 

(c) xy^+2a-y—av‘—Za-x-3a^=0^ 

^ 10 Examine the natuie of the point (—a, a) on the cuive 
V* — ay' + 2av‘y + iaa? + Za^y- + 4a-xy + 4o- 1 - — a'^y = 0 

11 Show that at the point (-1, -2) theie is a cusp pf the first species 

on the cm ve t-s + 2a- + 2a;y — ?/- + 5a - 2y = 0 

12 Show that at each of the fom points of intersection of the cm ve 

(ai )» + (6y) j =(«- — 6-)° 
w'lth the axes theie is .i cusp of the first species 
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13 Sho^^ that the oiigm la a conjugate point on the cm a e 

v* - az-t/+a‘t>/-+a-)/^=0 

14 Show that at the oi igm thei e is a single cusp of the second species 

on tliecuive a,’*-2aitr^—as;ff-+a-i/'=0 

1 5 Show' that th e cm \ e y- = 2a-i/ + tPy + r* 
has a single cusp of the fiist species at the oiigin 

16 Show* that the cm ve y~ = 2 t-t/ + v*i/ + 1 '* 
has a double keratoid cusji at the oiigin 

17 Show that the cun e y-=2v^+v*>/ — 2x* 
has a conjugate point at the origin 


298. Singularities of Transcendental Curves 
In addition to the singulaiities above discussed others occui 
occasionally in transcendental cuives, due to discontinuities in 

the values of y, etc Foi Tnstance, if the value of y he 


discontinuous at a ceilain point the cuive suddcnlj’' stops theie 
and the point is called a “ d 'm vet ” oi “ stop poi'nt" 

Consider the cm \ c , (®> 1 ) 

When t=-oo, 3/=l, and as r inci eases from — oo to zeio y is alwajs 
positive and dcci cases down to rcio As soon, howeici, .is ^ becomes 
positne, being still indefinitely siiwll, ysuddenlj becomes infinitely gi eat, 
and as r iiici eases to +oo 7/ giadiuilh diniimshes down to miitj Ihe 
oiigiii IS a. paint d'auff on this cuiie, and the shape is that shown 111 the 
annexed figuie 



Next suppose that the value of y is continuous, but that at 

a certain point becomes discontinuous, so that tivo branches 

of the cuiie meet at a certain angle at the same point and stop 
theie Such a point is called a "^^ovnt saillant” 
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299 Branch of Conjugate Points 

It sometimes happens that a cui ve possesses an infinite senes 
of conjugate points, satisfying the equation to the curve and 
foiming a bianch of isolated points M Vincent, in a memoir 
published in vol xv of Gergonne’s “ Annales des Math has 
discussed seveial such cases, and calls such discontinuous 
blanches by the name branches pointillecs 

Ex In tiacing the ciuie it is deal that, when ^ = oo, i/=a> , 

and when 1=1, ^=1 Also that as t decieases fiom co to 1, y also 
deci cases fiom oo to 1 Uet\\een t = l and ^=0 ?/ is less than 1, and 
■when 1=0, ?/=! (see Chap XIV) There is theiefore a continuous 
‘ hranch of the cui\ e, vir , oo PB, aho\ e the axis of % 

Again, wheneiei t is a fiaction with an even denoniinatoi theie aie 



Fig 52 


two leal values of y, diffenng onh in sign , eg , 

whilst, whenevei the denoininator of ^ is odd, theie is hut one leal value 
for y Tlieie is theiefoie a set of conjugate points heloAv the axis 
foiming a discontinuous hi’anch, of the same shape as the continuous 
braiidi above the axis 

Next considci ■what hajijiens w'hen ^ is negative Let the co-oidinates 
of any point P on the bianch in the first quadrant be (^, y), then 0N= r 
Take On — —v along the negative poitiou of the axis of r, then, if p be the 
coiiesponding point on the cuii c, w e hai-e 

= ( - r)~*, 

and theiefoie pn PjtV=( — 1)*, 

whidi ma\ bo =1, —1, or iinaginaij, accoiding to the paiticulai laluc of 
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X Hence, when the oidniato pn is leal, its magiiitucle is iiiveisc to that 
of the coiiespomliiig oidiiiate PAT Hence on this ciiivo 110 li.ive two 
infinite senes of conjugate points, as shown in the fignie 
Foi an account of M Vincent’s memoir and ciiticibins upon it see 
Hi Salmon’s “Highei Plane Cuives,” 2nd cd , p 275, or a paper by 
Mr D P Gregoiy, “ Camb Math Jonlnal,”^ol i,pp 231,264 

300 Maclaunn’s Theorem with regard to Cubics 
If a 0 culms vector OPQ be drawn through a point of vn- 
flexton (0) of a cubic, cutting the curve again m P and Q, to 
show that the locus of the extremities of the harmonic means 
hetueen OP and OQ, is a sty aiglit line 
If the origin be taken at the point of inflexion and the tan- 
gent at the point of inflexion as the axis of y, the equation of 
the cubic must assume the foim 

y^+xu—O . . (1) 

wheie u is the most geneial expiession of the second and lowei 
degrees, viz , cwj^ -f 'ihxy + hy'^ + %gx -h S/i; + c, 

for it is cleai that the axis of y cuts this cuive in thiee points 
ultimately coincident with the oiigin 

The equation (1) when put into polais takes the foiin 

Li'^->rMr-\-F=Q, 

where L — sin^d -|- (a cos^d + 2h am 9 cos 9 +h 8in^9) cos 9, 

M = cos 0-1-2/ sin 0) cos 0, 

M—ccos 9 

If r^, I’g be the loots of this qnadiatic, and p the harmonic 
mean between them, we have 

-=1-4-—=! ~ cos 0 

p rj ?2~ ]I~ c 

which shows that the Cartesian Equation of the locus of the 
extiemity of the haimonic mean is the stiaight line 

S''c+/2/+c = 0 

SOI It IS obvious fiom Ait 211 that the equation of the 
polai conic of the cubic (1) with legaid to the oiigin is 

x{2gv -f 2fy) + 2c% - 0, 

01 -r(7i;-f/y-fc) = 0 
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Hence the polai conic of a point of inflexion on a cubic breaks 
up into two stiaiglit lines, one of winch is the tangent at the 
point of inflexion, and the othei the locus of the extiemities of 
the haimomc means of the ladn vectoics thiough the point of 
inflexion It appeals fiom this that only tliiee tangents can 
be diawn fioin a point of inflexion on a cubic to the cuive, 
^^z, one to each of the points in which the line gx+fy+c — O 
meets the cuive, and consequently also that then thice points 
of contact lie in a stiaight line 

302. If a Cubic have three real points of Inflexion they are 
Collinear 

It follows iinmediatel}'’ fiom Maclauiin's Theoiein above 
pioved that if A and B be two points of inflexion on a cubic, 
the line AB pioduced will cut the cuive in a thud point G, 
which IS also a point of inflexion on the cubic Foi if B, Bi, Ba 
be the thiee ultimate!}' coincident points on the cubic, which 
lie in a straight line (jS being a point of inflexion), let AB, 
ABy AB^ cut the cuiwe in G, G^, Go, and let AH, AH^, AH^ be 
the haimomc means between AB, AG, AB^, AG^ , AB^, AG^ 
lespectively, then H, H^, lie in a stiaight line by Maclauiin’s 
Theoiem, and B, J5j, Bo he in a stiaight line, theiefoie by a 
theoiem in conic sections G, G^, Go also lie in a straight Ime, 
and they aic ultimately coincident points G is therefoie a 
point of inflexion 

303 Number of points necessary to define a Curve of the 
Degree 

The numbei of teims in the geneial equation of the degiee 
.S 1+2+3+ +(«+I)= (”+lX”+g) 

It theiefore contains — 1 or indepen- 

dent constants 

Hence in geneial a curve of the degree may be drawn to 
pass thiough aibitrarily chosen points 
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304 Maximum Number of Double Points on a Curve of the 
71^’* Degree 

There cannot be moie than double points on 

an 71 -tic cm VC 

Foi if there could be double points, a cuive 

of degiee 71—2 could be diawn to pass thiough them and 
thiough any 71—3 other aibitiaiy points on the cuivc, foi 
(71-1X71-2) ^^^^^ ^ (71-2X71 + 1) 

and theiefore these would make just sufficient points to com- 
pletelj’’ define the new cuive But the numbei of inteisections 

would be j) + 1} + (71 - 3). 

01 7l(71— 2)-j-l, 

which IS one more than possible foi curves of degrees 7i and 
71 — 2 

Exaufles 

1 Show that a cubic ciuie cannot lla^e inoie than one double point, 
and cannot have a tuple point 

Examine the case of the cun e 

2( - 3(3ir+y^) + 12a;=4, 

and show that theie aie appaiciitly tuo nodes at (1, 1) and at (2, 0) 
lespectnch E\plain this result 

2 Show that a qinrtic cannot haA e nioie than tliree double points, and 
cannot haie a double point and a tuple point 

3 The curve whose equation is 

V* +y = 2a-(^-+y-) — a* 

has foul double points Find them, account foi this, and trace the curve 

[CuAMi a j 

4 All cun es of the thud degree winch pass througli eight given points 
also pa‘!s through a ninth coiiiinoii point 

f) All the double points of a faniilj of cubics determined by seven gn eii 
points lie on a sc\tic 
/ 

^ 305 Use of Homogeneous Co-ordinates 

Let /■('Jj, y, z) = 0 be the equation of any cuive of the 
degice, which maj’^ be consideicd expiessed eithei in tiilineais, 
aicals 01 Caitcsians made homogeneous by the inti eduction of 
a proper power of c( = 1) where lequisite 
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Let (a\, 1/j, Cj) be the coordinates of any fixed point A, and let 
(X, F, Z) be the cuuent co-oidinates of an}’- point P on the 
secant xlP Let AP cut the curve in the points Qii Qo, • 
Let any of the points Q(a, y, s) divide AP m the latio X fx 
\ilicie X+/x = l 

Then i = XA*" + 

c = XZ-{‘fiz^, 

Hence /{XX+fio^, XY+jxyi, XZ+/i::i) = i) 

This may be expanded in two ways by Tayloi’s Tlicoiem; 
and to abbieviate the algebia let /(X, F, Z) be wiitten /"and 
Vv ^i) Miitten /j, also denote the operations 
/ a , 3 , DV 




+y^+z^)‘ 

dy^ d=iJ 


by F''tind F/ lespectnely 
Then wo have 


xv+-,^‘r/ 


»w/ -f fJil. /* -j. /i” Y if 4 . ^ " V"->f A- 4- ' F » f 

= 0 . ( 2 ) 

Either of these equations gives the n values of the latio 

/f ,,, ^Qi JPQ. 

Q^A• Q,A’ [}. 

Compaiing the coeflicicnts we have the senes of identities 

(irhiYrv.-r/. 

etc, 

« 

“ (7Y_2)’ 



240 


CHAPrER IX 


. ' 306 Polar Curves 

The seveial loci defined by the equations 

TVi=0, 

1 ^ 1 %= 0 . 

etc, 

are lespcctively called the polar hue, the polar conic, the polar 
cubic , and so on 

The curve Fi’‘'Vi=0, oi, which is the same thing, 7/=0, 
has been called (Ait 211) the first polar of the point tCj, i/i, % 
Siiiiilaily the curves V^f=(), Fy=0, etc, are called the second, 
third, etc , polar curves It is clear then that 

the 11 — polar curve is the polar line, 
the n— polar curve is the polar conic, 
and so on 


307 Geometrical Interpretations 

The geometrical meanings of these equations will bo 
obvious — 

If Fi/i=0, the sum of the roots of Equation (2) vanishes, 


01 




0. 


01 putting AQy = etc , and AP = B, 


giving 



^=L+l+i+ 


/g '3 

This property is due to Cotes, and the special case of it when 
the curve is a conic gives use to the name polar line 


H 0, ^»o have sS 0. 

which may be interpreted as before, and similarly for the 
higher polar curves 


It appears that since each of these curves is completely 
defined by its geometrical propeityit is totally independent 
of any system of co-oidinates used in its description. 
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308 Polar Curves of the Origin 

Taking Cai tesians, if the oiigin be chosen at the points., 
and it appears that the polar line, polai conic, polar 
cubic, etc, of the origin lespectivelj* i educe to 

^=0. 2^2=0, etc. 

dz”-- dz"~^ 

If the Cartesian equation be xviitten 

Vo+Ki + li'2 + ^^3+ • + v.i = 0 
this becomes when the z is intioduced 

u^” 4- '-d-UgS” +i'n=0, 

and the equations of the several polais of the origin aie 
p + (n- — 1)’ % = 0, 

1 VH (n - 1)' V 1 - 4- (n - 2)* V 2 = 0. 

1/ w4- (« - 3)' iig = 0, 


ie -Miijjd-iqssO, 


etc. 


~-^v 0 4 -'('« - 1 )mi 4 - ^ 2 = 

72(n-l)(n-2) , (n-l)C7i-2) 9 x,, , ,, _q 

etc 


309 General Conclusions. 

If the point A hicli has been taken foi origin lie on the 
cuive, then Vg=0, and the polar curves all have ifi=0 for 
tangent at the origin 

If also the first degiee terms are absent flora the equation of 
the curve they are absent too from all the polars, and the terms 
of lonest degree throughout the whole svstem are -it, T\"e 
therefore draw the following conclusions : — 

({f ) The polar curves at any point on the original curve all 
touch it at the point in question. 

(6.) The polar curves at any multiple point all have a mul- 
tiple point of the same older, with the same tangents 
as the multiple point on the original curve. 



242 


CHAPTER IX 


(c ) The polai conic at a double pomt on a curve breaks up 
into two straight lines, viz., the tangents at the 
multiple point 

{d) ThepoLu conic at a cusp bieaks up into two stiaight 
lines coincident with the tangent at the cusp 
{e) The polar conic at a point of inflexion breaks up into 
two straight lines, one of which is the tangent at the 
inflexional point and the othei does not in general 
pass thiough that point 

[Foi in this case must contain % for a factor, 
say, so the polar conic becomes 

the line r^+'ii — 1 =0 is called the Haimonic Polai of 
the point of Inflexion (see Art 301) ] 

310 First Polar Cases of Node or Cusp 
If a cuive have a node at any point let the origin be taken 
thoi e and the tangents at the node foi axes 
The cuive then takes the form 


u s xyd^ " “ + tfjc" " ® 4- ■ * + 

The fiist polar of y,, 5,, viz 




becomes )+y^{xz^-^+ )+ =0, 

the lowest degiee teims only being letamed And since these 
teims aie linear it appeals that the first polai of any point a;,, 
Vv “1 thiough the origin and theiefoie through all the 
othei double points on the curiae 

If the cui\e have a cusp and the oiigiu he taken theic vsitli 
the tangent at the cusp as a-a\is the equation of the curve 
takes the foi m 


at = - 2 -f ^tgCr" - "5 .f u_^c" “ ■* + =0, 

and the first polar of any point a;,, y,, c, is 
2/i(2y2"-'+ )+ =0 

the term of louest degiec only being letamed 

Hence this ciino also touches the a-a\is at the ongin 
Thus the fiist polai of any point goes thiough all the cusps 
and touchcH the cui\c at each 
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311 The Hessian 

We have seen that at all double points and points of inflex- 
ion the polar conic degenei/ites into two stiaight lines Hence 
its disci lunnant vanishes Also, convei&ely Now the equation 
of the polar conic of the cuive y,z)~Q coi responding 

to the point ail, ^ 1 , is 



+2re^ + 

Hence if y^, 

be a 

double point or 

Ave have 

32/ 

?S^f 

d-f 

dz^dt\ 


o^f 

32/ 

d-f 






?^f 

3-y 

3y 

1 




that IS, the cuiac 



7/00 = 1 



Uxs 



'^VV> 



«r*. 

Ihift 



= 0 


= 0 , 


= 0 


cuts the oiiginal cuive ' 16=0 m all its multiple points and 
points of inflexion 

The determinant is called the Hessian of %h fiom 

H. Otto Hesse, the disco veiei of the i elation between the 
cuives w=0, H{%i)=0 


312 Number *of the Points of Inflexion 

The degree of this curve is cleaily Z{n—2) Hence it cannot 
have inoie than 3?2 (‘Ji — 2) inteisections with the oiiginal cuive 

Thus in a cuive with no multiple points upon it theie will 
be 3n('Ji— 2) points of inflexion leal or imaginary 

313 Gases of Node and Cusp 

If the cuive has a node let the oiigin be taken there, and 
the tangents to the node foi axes 

The equation to the cuive now becomes 
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Hence 


4. 





the lowest dcgiec tcims only in « and y being ictainol in each 
case 

Hence in 

II{u)='Hxx Vt/y ‘ltx+2l</|/- Uix Wjrj / — Vxf V-tjz zx 

= 0 , 

the lowest degiee teiins aic of the foiin Aay Hence the 
Hessian has a node also at the oiigln and the tangents to the 
node of the Hessian coincide with the tangents to the node on 
the oiiginal curve 

It* IS easy to piovc furthei that when the em\c has a mul- 
tiple point of 01 del L the Hessian has a multiple point ot 
01 del 3/i.— 4 at the same point and that each of the tangents at 
the multiple point is a tangent to one oi othci ot the — 4 
blanches of the Hessian (Sec Di. Salmon’s Jltyhcr Plane 
Cm ves, 2nd ed , page 58 ) 

We next consider the case of a cusp Let the oiigin be 
taken at the cusp and the tangent foi the a-avis Then the 
equation to the cui vc becomes 

Heie 

ov 

u« = (7i-2)(n-3)7/V-‘+ , 

oi ay 

the lowest degiee teiras only in a, and y being letained 

Hence in H(^C) — 0 the lowest degiee terms in a; and 1 / aic of 

the foim A . y- 
occ** 

So the Hessian has a triple point with two coincident tan- 

gents 3/=0 and a third tangent —^‘’=0 

dv 
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. 314 Plucker’s Equations. 

\\’^e aie noiv in a position to establish Pliickei’s Equations foi 
the numlier of tangents which can be drawn fiom a given 
point to a cuive of the n*’' degiee and for the number of points 
of inflexion upon it 

It was established in Ait 208 that the fiist polar cuts the 
cm VC in n(v — 1 ) point*: The fiist polai however goes through 
all the double points and in the case of a cusp touches the 
cuive there Hence a node counts as tiio and a cusp as three 
points of intci -section Thus if theie be d nodes and k cusps 
the class of the curve, viz «(n — 1), is diminished by 2o + 3v 
ITcnce if be the class 

M = 02(11 — 1 ) — 2 d — 3/v' . .. -( 1 ) 

Again, let t be the nuinbei of inflexions on the cui ve Tlien 
it has been established that if thcie aie no multiple points 

/=3ii(-n— 2) 

But it has been shown that the Hessian passes also through 
all the double points and has tangents coincident witlyjthosc 
of the cuive. Hence each node counts foi intciscctrons of 
the Hessian with the curve And since at each cusp on the 
cuive the Hessian has a tuple point, two tangents being the 
coincident tangents to the curve at the cusp, each cusp counts 
foi S intei-cttions (3 + 3-}- 2) Tims the numbei of inflexions 
is diminished Gd+S/c and stands as 

1 = 311 ( 0 — 2) — Cd— 81 c . . . .(2) 

By consideiing the leciprocal cuive for which 

a stationari’ point gives lisc to a stationaiy tangent, 
a double point gives lise to a double tangent, 
a stationary tangent gnes use to a stationary point, 
it follows tliat if T be the numbei of double 01 bi-tangents, 
ic tangents having contact at inoie than one point of theii 
length, and m the degice of the lecipiocal cuive, t e the class 
of the oijginal cuive 

n=m(i/i—l)—2't — 3/, .. .. .. (3) 

. r=3m(Tsi — 2) — Gt — Si .. ..(4) 

These four equations are due to Pluclccr. 
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315 Deficiency 

The number J bj’- which the number of 

double points falls short of the maximum possible is called the 
deficiency of the cui ve 


Exampues 

1 Piove that the four equations established in Ait 314 laie not inde- 
pendent 

2 Show that the geometrical propeitj of tiie jiolai conic ni.i\ be 

expiessed as — Z— -f-i— — — 0 

^ 2 p' p 0i jjrj 

3 If A be a point of inflexion on a cnive and A, P^, P«, , Pn-i he a 

secant cutting the Haimoiuc polai of the point of inflcMon in Q, pioie 

AQ ~APx'^AP2'^ ‘ 

4 Eonii the Hessian of and find the number of points of 

inflcMOll [OX-IORD, 1S&3 ] 

5 Establish the equations 

2T==i!(n - 2)(«- - 9) - 2(»r - « - G)(2S+ 3k) •+■ 46(8 - 1) -f 128k -I-OkCk - 1), 

28 =!m(«i - 2)(nr - 9) - 2{m^ ~m- 6)(2t-!- 3i)-1-4t(t - 1) -h 12ti + 9i(t - 1) 

[PtUCKER ] 

6 Pioie that the deficiency of a cuiwe is the same as that of its 
recipiocal 

316 Unicursal Curves 

When a cuive has its full number of double points, so that 
its deficiency is zeio, the cuiient co-ordinates can each be 
expiessed as latioual algebiaic functions of some single paia- 
metei 

Foi supposing that theie are points, a 

cuive of the ('it— 2)^** degiec may be made to pass thiough them 
and thiough n~3 other points on the cuive Then since 

2 2 

the points now chosen aie insufficient bj’’ one to completely 
deteimine the new cuive Its equation will theiefoie contain - 
one aibitiaiy constant and maj'- theiefoie be wiitten 

«+X^==0, 

with an undetei mined paiametei X 


&iNGULA.R POINTS 


24f 


Eliminating y between tins equation and that of the given 
cuive, we have remaining an equation between x and X of 
degree «(n — 2) detei mining the abscissae of the points of 
intereection Of the -nOi — 2) roots all but one aie known, 
being the abseissae of the — 1)(?7 — 2) double points each 
counted twice and the abscissae of the chosen ir— 3 points 

for mi'll - 2)- -aj = 1 

If then the coiicsponding factois be divided out we are left 
with .r, the abscissa of an}^ other point on the oiiginal cuive, 
expiessed as a rational intogial function of X In the same 
way y ma\’ be similailjf^ expressed 

317 Though it is impossible to compiess into the limits of 
the picsciit volume a complete account of the singularities of 
cm ves, it is hoped that the later articles of this chapter Avill 
foim a fair introduction to a studj'^ of their gcneial piopeities 
in Di Salmon’s Tieatise, to which the student is lefeiied for 
more detailed infoiination and to which also the Authoi desires 
to acknowledge his indebtedness 


EXAJfPLES 

1 Wntc doi\n the equations of the tangents at the origin for each 
of the foIloiMiig cunes — 

(tt) « + c = c cosh - 
c 

(/?) y = atan| 

(y) 7/2 = xlog(l + r) 

(S) Tr* + 7^ = 3axy 
2. Show that on the cui vc 

{ny — %-)- = 1)3? 

theie IS a cusp of the fiist species at tlie oiigin, and a point of 
inflexion uhosc abscissa is -^h 
3 Show that the Tiident ciiiic 

uxy + a® = 

has a point of inflexion at the pome in m Inch it cuts the axis of a?, 
and show that the tangent at tlic point of inflexion makes with the 
axis of a an angle tan“^3 
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4 Show that the curve l{ay-a?f = 'i^ 
lias a cusp of the second species at the origin 

5 Show that, if n he greatei than 2, the cune 

has a cusp at the origin of the first or second species according ns « 
IS less 01 greatei than 4 

6 Find the two points of inflexion of the cuive 

c \ a ) 

and draw figures showing the chai actors of the inflexions 

7 Show that the points of inflexion on the cuhic 

A 

are given by a; = 0 and ^ = + aJZ 
Show that these thiee points of inflexion lie on the straight line 

a = 4y 

8 Show that the cui ve au = 6" has a point of inflexion ivheie 

n 

au~ {n(l -n)}2 

9 Find by polais the points of inflexion on the curve 

2a{^2 + y^) = rt(2'i;- + y-) 

10 Show that the oiigm is a triple point on the ciuvc 

"V* + 1/^ = 

and that there is a cusp of the fiist species tlicic 

11 Show that the abscissae of the points of inflexion on the cuive 

arc loots of the equation 

12 Show that the abscissae of tiio jioints of inflexion on the curve 

7/=:e-^*tan/«; 

are given by 2/x sec*p»(P' tan /w, - X) + X^tan jja = 0 

1 3 Show that the cm 161 /= 

•B® - a" 

has a point of inflexion at the point whose abscissa is 

„ 4^3 + 1 
;y3-i 

] 4 Show that there aie two points of inflexion on the cubic 

ar* + 

at the points (a, 0), (0, «) icspectivelj'^ 
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15 In the cm ve ar’+y‘==aai2 

show thafe there is a cxisj) of the first kind at the origin, and a point 
of inflexion where v—a 

16 In the cur\ c y- — {x - ff)(A* - b)(x — c) 

«how that if cf = 5 tlierc is a node, cusp, or conjugate point at x— a 
acconling as <s is > =, or <c Also show that the points of 

inflexion hai e for their abscissae o = Hence show that the 

points of inflexion on this curve aic leal oi imaginary accoiding as 
the cun e lias a conjugate point or a node 

17. Sliou that foi the cune 

i =«(1 -co« 0) 

there is a cusp of the first kind at the ongin 
IS Show that the curi e 

1 ^os-6 = fl-cos 2d 
has a double point at the origin. 

1 9 Show that the cun e » = o sir. nO 

ha'« a multiple point at the oiigin of older n oi 2n according as n is 
odd 01 even 

20 Show that the cun e » = 

ha.*! a cusp of the first kind at the pole 

21 Shou that if the cubic 

= -rCX-i-d 

have a centre, then u ill 5 = 0 and </= 0 and the centie is at the origin 
In this c.ise sho^^ also that the ongin is a point of inflexion on the 
cur\e 

22 SliOAi that thcic is a conjugate point on the locus 

'>P-hy"-r3cry — c^ 

at the jioint ( — c, - c) Trace the cun*e 
23. Show that the cune 'c®+y’' = 5ff»-"y- 
has tuo cusps of the fiist species at the origin, and that -t + y = a is 
an .isjmptote 

24 Show that the cur\ e by- = r^sin^ 

a 

has a cusp of the first species at the oiigin and is symmetrical n ith 
legard to the axis of .r Show also that it has an infinite series of 
conjugate points h ing at equal distances from each other along the 
negatue poition of the axis of a^ 
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25 Show that the cm ve y - ^ = 
lias a node at the iioiiit (1, 2) 

26 Shon that the curve 

(®2 + y2)2 = fl(3ai27/-2/3) 

has a tuple point at the origin, and that the angles between the 
branches through the origin are equal 

27 Show that the curve 

(a:2 + y-)^ = iaxy{%- - y-) 

has a multiple point of the eighth oidei at the oiigin, and that the 
curve consists of eight equal loops 

28 Slion that foi the Conchoid 

x-y‘^ = {a+y)\lfi-y% 

if h be >a tlicie is a node at ^ = 0, j/ - - a, and if 6 = o there is a 
cusp at the same point. 

29 The cuive whose tangent is of an mvanable magnitude is 
alwaj's convex towaids the foot of the ordinate 

30 Examine the nature of the origin on the curve 

y® + aa^ - h-xy^ = 0 

31 Examine the natuie of the origin on the curve 

a* - aya? + = 0 

32 Examine for multiple jioints the curve 

- 2ay® — da^- - 2a?x- + a* = 0 

33 Examine the singulaiities of the curve 

a* - 4aa’® - 2ay" + 4a®a2 + 3a-y~ — a* = 0 

There aie nodes at the points (0, a), (a, 0), (2a, o) Find the direc- 
tions of the tangents at these points 

34 Show that the cuive 

a« - 2%-y - ay2 _ 2x2- 2ay +y2 _-c + 2y-f-l = 0 
has a single cusp of the second kind at the point (0, - 1) 

35 Soaich for double points on the cuive 

y* - Sy”* - 1 2xy2 + IGy- + 48vy + 4x-2 - 64a = 0 [Rollf ] 

36 Show that there aie tno double points m all respects similar 
on the cm \ e v*- 2av^ ^/2 + 2aH- - oyS - a-y" = 0, 

and that thcic is an luficxioii at each double point 

[Cn.vMrK, Ltgnea Oourbes ] 


[Cbajier ] 
[RoniiE ] 
[Peacock ] 
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37 Deteiimiie the double points, distinginslnng their species, on 

the sextic (cl^ - 2y-f{2{a.‘^ + 2y2) - 3} = {3(a,2 + 2i/) ~ 4}2 

[Oxford, 1SS6 ] 

38 Deteriniue the double points on 

(y~ — y“)(y — 1)(2'b - 3) + 4(^2 + y~ — 2v)~ = 0 [Pldcker.] 

39 The points of contact of parallel tangents to a cun-^e of the 

71 *** degree he on a cun^e of the {n - ly** degree [Sepbet ] 

40 If A be any point on a curve, and APiP« P„_i be a secant 
cutting the curve in P«, P„_i and the polar conic of A in Q, 

n-l 1 I 1 

AQ " AP^'^ AP^'^ '^AP„.r 

41 A nodal cubic iuteisects in the points P and F two lines which 
are hannonically conjugate with respect to the tangents at the node 
Prove that the tangents at i* F meet on the curve 

42 Prove that the locus of the cusp of a cubic mth thiee given 

asymptotes is the maximum ellipse* insciibed in the triangle formed 
by the asymptotes [Peucker.] 

43 If (-c, y, z) be a double point on a curve u = 0, and if 

IX + mY + nZ = 0 

be a tangent at the double point, then will 

+ + -74^=0 

I m n 

and = 0 [OxFOKD, 1S86 ] 

44 If the equation to a plane cui\ e be ^ = 0, where ^ is a function 

of 0 . and y wdiich fulfils the condition = 0, prove that if n 

ox^ oy~ 

blanches of the cuive meet in a multiple point then tangents wull 

form 277 angles with each othei, each equal to - 

^ n [Smith’s Prize, 1877 ] 

45 Prove that the Hessian of the cubic 

a?* + + Omxys - 0 

IS 4- xyz = 0, 

m- 

and show that the cuive and its Hessian have the same points of 
inflexion [S.vt»iox, 7/ P U] 
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318 Angle of Contingence 

Let PQ be an aic of a cuive Suppose that between P and 
Q theie is no point of inflexion oi othci singular it}^ but that 
the bending is continuously in one diiection Let LPR and 
MQ be the tangents at P and Q, inteisecting at Pand cutting 



a given fixed stiaight line ZZ in Z and M Then the angle 
RTQ IS called the a i(/le of contingence of the aicPQ 

The angle of contingence of any aic is theiefoie the difference 
of the angles which the tangents at its extremities make with 
any given fixed straight line It is also obviously the angle 
turned tlio'ough by a line which lolls along the curve from one 
extremity of the arc to the othei 

319 Measure of Curvature 

It IS clear that the ^ohole bending or cui'vature which the 

curve undergoes between P and Q is greater or less accoiding 

as the angle of contingence RTQ is gi eater or less The 
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„ ^ ansrlo of contingencc n j i.i 7 j • 

fi.iction — 7 , — I—® IS called the average hendvnq or 

length ol aic 

average curiature of the aic Wc shall define the curvature 
of a curve in the immediate neiglihomhood of a given point to 
be ilic rate of dcflechoji fiom the tangent at that point And 
\\~c shall take as a ineasine of this late of deflection at the 

. , , . 1 . .1 angle of contingence 

given point the limit of the expiession — ^ n — ^ — 

° ‘ ^ length of aic 


when the length of the arc raeasuied fiom the given point 
and thciefoie also the angle of contingence aie indefinitely 
diminished 


320 Curvature of a Circle 

In the case of the circle the cuivutare is tlie same at every 
2 J 0 int and is measured by the rlciprocal of the radius 



Foi let r be the ladius, 0 the centie Then 

the angle being supposed measuied in ciiculai measure Hence 
an gle of contingence _ 1 
length ot aic ~r 

and this is tiue wliethci the limit be taken or not Hence the 
“ cui vatuie ” of a ciicle at any point is measuied by the lecipio- 
cal of the radius 


321 Circle of Curvature 

If thiee contiguous points P, Q, R bo taken on a cuive, a 
ciicle may be diawn to pass thiough them When the points 
arc indefinitely close togethei, PQ and QR are ultimately 
tangents both to the cuive and to the ciicle Hence at the 
point of ultimate coincidence the cuive and the ciicle have the 
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bamc angle of contmgence, viz , the angle RQZ (see Fig 55) 
Moi cover, the aics PR of the ciicle and the cuivo diffei hy a 
small quantity of oidei higher than their own, and theicfoie 
may he considered equal 'in the Vimit (see Art 34) Hence 
the cuivatures of this ciicle and of the cuivc at the point of 
contact aie equal It is theiefoie con\ciiient to descnhe the 
curvatiiie of a curve at a given point by leference to a ciicle 
thus drawn, the lecipiocal of the ladms being a correct measure 



of the rate of hend We shall theiefoie consider such a ciicle 
to exist foi each point of a curve and shall speak of it as the 
circle of curvature of that point Its ladiris and centie will be 
called the radius and centre of curvature respectively, and a 
chord of this circle diawn through the point of contact in any 
direction will be leferied to as the chord of curvature in that 
direction 


322 Formula for Eadius of Curvature 

Kcfeiiing to the figuie of Ait 318, let the aic AP measured 
from some fixed point A on the curve up to P be called s, and 
AQ, s4-5s, let the angle PLZ=-^, and Q,MZ=\lr-\-8yJr Then 
the angle of contmgence RTQ=oylr and the measure of the 

curvatuie=A<-^=-^^ If therefore the radius of curvatuie 


be called p, we have 


(A) 


l_dl/r _ ds 
p~ els' ^~d\fr 
32 3 This formula may also be ai i ived at thus Let PQ and 
QR (Fig 55) be cousideied equal chords, and theiefoie when 
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we pioceed to the limit the elementaiy aics PQ and QR may 
he considered equal. Call each os, and the angle RQZ=oyjr 
!Xow the ladius of the ciicum-ciicle of the tiianglc PQR is 

PR 


PR 


-.Li 


2 sin PQR 

2os 


Hence p — Lt . 

' 2 sin PQR 2 sin o\/r oxf/- sin dyfr 

Also, it is deal that the lines which bisect at right angles the 

chords PQ, QR intersect at the circum-centi e of PQR, ? e , in the 

limit the centre of curvature of any point on a cui ve may he con- 

sideied as point of intei section of the normal at that point 

iLiththcnormalaia contiguous and idtimoAehj coincident point 

324. Tlie fomiuLi (a) is useful in the case in w Inch the equation of the 
cnn*e is given in its intrinsic foim, i e when the equation is given as a 
1 elation between s and (Art 346) Foi example that relation for a 
catenaiy is s=ctanilr whence 

ds » t 

and the rate of its deflection at any point is measuied by 

l_ cos^^ _ c 
p~ c 

325. Transformations 

This foimula however must be transfoimed so as to suit each 
of the systems of co-ordinates in which it is usual to express 
the equation of a curve These tiansformations we proceed to 
perform 

We have the equations 

, dx , di/ 

cosi/r=^, smyU = -f- 

Hence, diffeientiating each of these with lespect to s, 

, d\!r dH , ddr dry 

dAv 

1 


S\!r 


ds 

d-yjr 


whence 


jdA 

ds 


dfy 

ds^ 


dx ^ 

ds 




and by squaring and adding 

p^~\d^J ‘ \d.A. 




..(B) 


(c) 


These formulae (b) and (c) aie only suitable for the case in 
which both X and 2 ^ aie known functions of s 
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326 Cartesian Pormnla Explicit Functions 
Again, since tan 


w e have 


sec- 


.d\!r_dhf 


by diffeienliatmg 
Now 


with legaid to a; 
d\}r_d^ els 
dx ~ (Is dx 


1 

p cos rlr 


i 


therefore 

and 


„ , 1 dht 

r®’ 

see-^=l+t.m'^=l+^^^ > 


therefore 



.(D) 


This*impoitaut foini of the lesult is adapted to the evalua- 
tion of the ladvus of curvatuie when the equation of the cinve 
IS given in Caitesian co-oidinates, y being an explicit function 
of® 


32T CarteBians imphcit Functions 

Wo may throw this into another shape specially adapted to 
Cartesian curves, in which neither vanable can be cxpiessed 
explicitly as a function of the other 
Thus if ^(®, 2/)=0 be the equation to the curve, we have 


and diffeientiating again 

dx ^ dy dy 




- 0 , 


or 


<l>xx+-^x 




+^.^=0 


Hence substituting for 


dx 


and 


d-y 


in the formula 
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we have 


P = 








nr « K9x-r<PuJ- 

^ 

328 A ciuve is fiequently defined by giving the two Car- 
tesian co-oidinates ca, y in teims of a thud vaiiable, egr,the 
equation of a cycloid is most conveniently expressed as 
a;=a(0+sin0), 2 /=a(l— cos0). 

Foimula (d) is very easily modified to meet the requirements 
of this case 

Let a;=F(i{)'|^ be the equations of the 

curve 


Then 


and 


y=f(t) J 

ch 

cly clt f\t) 
d^~cU~T^) 
clt 

d tdy\ dt 
dx^~dt \dx) doi 

d~y dx d-x dy 
dt^ dt dt^ dt 


c 


and foimula (d) becomes 


doS^ 

dt) 

f"(t) nt)-fXt) r'(t) 

im)! 




2'li 







P'~cl?y cU_c2x ^ fit) F\t)-f{t) F\t) 
dt^ dt cW dt 

Ex In the above-mentioned case of the cydoid 


g-asinS, 

and by formula (f) 

^_ct((l -t-cos g)^-bsin^gp_ 


g-«cos9 

Sctcos^f 


cos P(1 cos d) -1- SlU-’P 


2 cos’ 


^ = 4«cosr 


.(F) 
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329 Curvature at the Origin 

When the cuive jjasses thiovigh the oiigm the values of 
^(= 2 ?) and ^(=?) origin may be deduced by substi- 

* 2 

tuting for y the expression expansion of y by 

Maclannn’s Theoiem) and equating coefficients of like powers 
of a in the identity obtained The ladius of ciuvatuie at 
the ongin may then be at once deduced fiom the foimula 

[Foimula (d)} 

<r 

Ex Let the curve be ax+by 

+ =0 
Putting + 


Ai e hai e 


therefore 

and 

gning 
v hence 


a 1+ a'j^-r sO, 

+ bp +ih'p 

+6y 

o4.iy>=0, 

a'+2A'p+6y+§=0, 

a 

^=-|and g=.-2^±=’!:E±ky 

+(i±P^=l 

' ~ q 2a'b°-~2ft'ab+b'a? 


Tins lesult of couree might be dedneed at once from foimula (e) 


330 It will be noticed that, if the lowest teims of the 
equation be of the steond degiee, we should get a quadratic 
equation giving two ^lues for p, and consequently also two 
A’alues for q These indicate the two values of p coiresponding 
to the two blanches of the cuive passing through the origin 


Ex Find the radix of curiaturo at the origin for the curse 
S'- — 3 ly + Er- — 0 
Substituting foryweliaie 

Jlf' 


P”- 

-Zp 

•4-2 


^-4- pq 
— I 


sO, 
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hence 


whence 

and 

and therefore 

or 


^“-3/)+2=0, 

pq-lq-l=0. 


etc, 

p= 1 or 2, 
gr= — 2 01 2, 

a±2!!)i_^_-72=-i4i4 
<I -2 

K 

= ^ =^^/ 5=5 590 
2 2 




The difference of sign intioduced b}* the q indicates that the tw o branches 
passing thiongh the oiigin bend in opposilfe directions 


B 



331 Newtonian Method 

The Newtoniun Method of finding the cuivatuie of the cuive 
at the oiigin is instinctive and inteiesting Suppose the axes 
taken so that the axis of x is a tangent to the cuive at the 
point A, and the axis of y, viz, AB, is theiefore the noimal 
Let APB be the circle of cuivatuie, P the point adjacent to 
and ultimately coincident with A in which the cuive and the 
ciicle inteisect Tlien 


or 


PE^=AN FB, 

PF^ 


FB= 


AF 


Now in the limit 

FB=AB=t\ncQ the ladius ofcurvatuie 


.1 PiY2 


,x- 


Hence 

Similarly, if the axis of 2 / be the tangent at the oiigin, we 
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Fmd tho radius of cwiaiiut at the ongtn for the curie 

Sj** + S y* + + Ti/ ~ + 2a? = 0 

In tins case the azis of ^ is a tangent at the origin, and theiefoie e shall 

enclea^ oui to find Li^ 

2^ ^ 

Dnidiiig by ^ 2’^+3y^ ^+4a^+,y— ^+2=0 

% *c 

n 

Non, at the oiigin C£’^=2p, %=0, y=0, and the equation becomes 
-2p + 2=0, or p=l 

332 The sanie method may be applied \yhen the tangent to 
the cuive at the ongin does not coincide with one of the axes , 
but as the method of Ait 329 is veiy simple we leave the 
investigation as an exercise to the student • 

Ex Estabhsh m the above niannei the lesult of the Example m Art 329 


Examples 

1 Applj formula (a) to the cun-es 

«=ai^, s^asiTi^jr, s=asec®yr, i^=gd- 

Co 

2 Apph formula (n) to the curves 

«- = 4« t, w =3 c cosh - 
e 

3 Appb formula (e) to the cnii e 

at +6^+aV+2/t'ty+&'y+ =0 

to find the ladius of ciuiatuie at the origin 

4 Appb foimula (f) to the elhpse 

t =acos 
y=i>sm 0) 

5 Piote that in the case of the equiangulai spiral whose intrinsic 

equation IS «=a(e”‘lf'- 1), 

G Eoi the ti actnx s = c log sec ^ pioi e that p~e tan 

7 Show that in the cun e y—x-k- St- — x? 

the ladms of cuiiatuie at the oiigin = 4714 , and that at the point 
(1, 3) it is infinite 

8 Show that in the curve 


y ' — 3 . V )/ — 4 1 - + a ;® + = 0 
the radii of curvature at the origin are 

^^/17 and 5^2 

9 Show that the radii of curvature of the ciuie 

y-=t€±f 

a~A 


for the origin = ±a^/2, 

and for the point ( - a, 0) =2 
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10 Show that the ladu of cuivatiuc at the oiigiii foi the cui^e 

I 3u 

le each =— 

11 Piove that the choul of cunatme ])aiallcl to the axis of y foi the 

y=« log seel 


cm \ e 

IS of constant length 

12 Pio\c that foi the cm\e «= 7 »(see’i/r- 1), 

p=3in tan i//- ‘mcPxjf, 

and hence that 3}n{'^ ^ 

f/t «»“ 

Aho, tlntlhisdifTcicntial equation is satisfied hj the scmiciibical paiabola 

27«j^-=8>" 

1 3 Pi o\ e that foi ( he cm \ e 

s = « log ‘ ot • 

\1 2/ COS-l/r’ 

p = 2« seo^^ , 

and hence that i 

f/?-' 2a 

and that this difleiential equation is satisfied by the paiabola 

x~=4<n/ 

X 

14 Show that foi the cuno in aihich s=«t,' 

(p=«(6--t-)5 

15 Sliow that the cune foi A\hich «=\/8m/ (the cycloid) has foi its 

iiitiinsic equation s=4asiu ^ 

Hence pi ok p= laj^J 2 

Pi- 

IG Pioie that the cm ve foi which y-=r*+s- (the catcnaiy) has foi its 
inti insic equation »=c tan xjr 

o#2 

Tlencc inoie p=A=:thc pait of the noiinal intciccptcd between the 
cm VC and the -i-aMS 

17 Show th.it foi the ciiiie %"'4-y"'=l”' 
w e niaj w 1 ite p 111 the foi m 

/ Ij^t l-m Y’ 

_ !■ l,e.o 

coB“ f/)Sin“ ”* «/» 

Examine the cases in =2, '{, 1. 

18 Poi the 1 ectangulai liypei bola 


prove that 

? being the cential radius vectoi of the point consideied 


^ 2il-’ 
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333 Formula for Pedal Equations 

Since a cuive and its ciicle of cuivatuie at any point P 
intersect in tliree contiguous and ultimately coincident points 
they may be legarded as having two contiguous tangents 

common Theiefoie the values of r+Sr and are 

dv 

common in addition to those of r and p , ie the value of ^ 
IS common Now let 0 be the pole and G the centie of curva- 



tuie correspondmg to the point P on the curve. 

Then 00^— +p^—2ip cos OPG 

2?’/>sin 0 

=0'^+p^—2p2y 

Considering this as lefening to the ciicle (foi which OG and p 
aie constant) we obtain by diffeientiating 


0=2r|-2p, 


dr 


and it has been pointed out that the values of r and -r- aie 

dp 

the same at the point P for the cuive and foi the ciicle 
Hence for the curve itself we also have 


dr 


(H) 


Ex In the equation -whicli lepiescnts any ejn- or li^po- 

cycloid [p 1G3, Ex 6], we liavc 


and tlieiefoie 




The eqniangulai spiial, in winch ^ a j, is included as the case in which 

if=0 



CUrwVATDRE 


2C3 


334 Polar Curves 

We shall next lectucc the formula to a shape suited for 
application to curves given by their polai equations 

We pioved in Art 205 

1 « , fdu\" 


Hence 


Now 


therefore 


^ dhi\ cJiL 

tW \ * cW'/ dd’ 

dir ^ v^d6-J 


rdr , 1 

_ 1 dllr 1 


r+lrfs; / 

'’=-7—3^ ■ ■ ' 

*\“+d6p; 

335. This maj’’ easily be put in the r, 6 foim thus — 


Since 


we have 


theiefore 


dll _ 1 dr 

de~~^ dO’ 


,,, - d-io 2/dr\^ 1 dh\ 

audfchcicforo lle-~iAue) i'‘ d^-’ 


Si +l('?rYV 

[,r-r\d6J j 

n d-r\ 

^\rp\JeJ 'i^-dO-j 

WST ' 
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336 Tangential-Polar Form 
In Alt 221 it was pio\ed that 


P 



(K) 


giving us a foimula for the laduis of cuivatuic suitable for 
23, yp- equations 


E\ It IS kno\\n Hut tlic geneml p, -p equation of all cpi- and hjpo- 
eycloitls tan be n i itlen in the foi m • 

sin (l* 1G3, Ev G) 

Hence /)=vl sin Bp, 

and tliei efoi e p^2^> 

thus again proving the lesult of the Evamjile in Ait 333 


337 Point of Inflexion 

At a point of inflexion the ladius of cunatuie is infinite 
This IS geomoti icall^’^ oba lous fiom the fact that it is the radius 
of a cucle which passes thiough thieo colhneai iioints Wo 
may lienee deduce raiious foinis of the condition foi a point of 
inflexion , thus if p=co, 


we get 


^=0 fiom (A), 


^1/ 

d'x? 


—Q fiom (d), 


1± (^'\- 

\d}/J 


t 

'W 


, dhi - - 

= 0 fiom (i), 



0 fiom (j), 


some of which have already been established otherwise. 


338 List of Formulae 

The foimulae pioved above aie now collected foi convenience 

ds 
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(c) 

/r“Ws=/ ‘W/ ^ 

j 


‘ d^li 

^=^±rl_ 

^ iq-—2-/iq-rtiJ^‘ 

_(J2±r}l 

i^P-F'f -t'F 


^^-2y 

c7r 

‘^F 



( 



_ 




, d'p 

— 

{ 


‘ cl^!^ 


^D) 

Ce) 

(E) 

fa) 
(H) 

il) 
fj) 
(K> 


Exiin'Lss. 

L Appiv formTila (n) to tiie curves 

^=nr. fTr=^. 'p=—^ 

2. Afiply forEiola to the reciprocal spiral 

3 Apply the polar formula for ratlins of curvature to shov that the 
radios of the circle r^'r ccs $ is ^ 

S> 

4. Shov that for the carilcide r='7^i -r-cos 0, 

4^r $ . , 

p=— cos-; i.c_ sr^V. 

Also deduce the same result from the j>edal espiatiou cf tre curve, viz.. 

5. ShcT* that at the zu the Archiri.-deaa spimi r—aS 

intersects the reclpir-csi spiral ■^f’=fitheir t.Eir"anires are in the ratio 3.1 
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C For the equiangular spnal i piove that the centre of cun’atnre 

IS at the point -nheie the perpendieulai to the radius \ectox through the 
pole inteisects the nomial 
7 Prove that for the cuii e r—a sec 20, 





8 Foi any curve pro\ e the formula 



r 


1 + 


cm 

dd) 


nheie 


tan 

dr 


Deduce the oidinaij formula in teims of r and 0 

9 Show that the chord of cuivatiiie through the pole for the curve 

p=j{r) 

is given h> choi d = 2»^ = 2=^^. 

dp /'{») 

10 Show that the choid of cniiatnie thiough the pole of the caidioide 

i=a(I+cos^ IS 

3 


11 Show that the chord of curvature tluough_the pole of the equi- 

angulai spiral j =ac"® is 2r 

12 Show that the chord of cuiiature through the pole of the cune 

j-’'‘=a’"cosOT0 IS — 

7ft +1 


Examine the cases when 711= —2, — 1, 1, 2 

13 Show that the radius of curvatni e of the cur\ e 

7 =a sin 710 

VICL 

at the origin is — 


14 For the cun e 
pioie that 


j"‘=a’"cos7W0, 

_ g” 

^ (7n + l)r"*“* 


Examine the particular cases of a lectanguhr hyperbola, leniniscate, 
parabola, cardioide, stiaight line, cncle 


339 Centre of Curvature. 

The Caitesian co-ordinates of the centie of cuivatuie may- 
be found thus — 

Let Q he the centie of curvatuie coiiesponding to the point 
J* of the curve Let 02l he the axis of 'v , 0 the origin , v, y 
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tlie co-oiclinates of P, x^y those of Q, yj/- the angle the tan- 
gent makes with the axis of x Diaw PiY, QM peipencliculais 



o T M N \ 

Fig 58 

upon the a-axis and PR a pei*pcndiciilai upon QM Then 

x = OM==ON-RP 

= ON'— QP sm xfr 
—x—p sin yf/-, 

and y^MQ—A'P+RQ 

=?/+p cosi^ 


Now 




therefoie 


lienee 


sm l//-: 


cos yfr = 


1 




dh] 

i.tx- 


(C = x — 




i'=.v+-j5- 

dr- 


. iS) 
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CHAPTEK X 


Involutes and Evolutes 


340 Def The locus of the eenties of curvatuie of all points 
of a given plane curve is called the cvolute of that cuive If 
the evolute itself he regaided as the onginal cuive, a curve of 
which it IS the evolute is called an vuvolxitc 
The eq^uation of the evolute of a given curve tuay he found 
by eliminating x and y between equations (a), (jQ) of the last 
aiticle and the equation of the cuive 


E"? To find the locus of the ceniies ofeunature of the parabola 


Here 


Hence 


hence 


V 

dy 

rfi 2«* dv 2a 


^ = ^ — 


7 “ 




jillL 

d-y 
dv 


d-y 4o 

dv 


^ > 64a3 4 


Hence the equation of tlie evolute is 

4(y— 2a)^=27ai" 


341 Evolute touched by the Normals 

Let Pj, Pn, P3 he contiguous points on a given cuive, and 
let the normals at P^, Po and at Pg, P, inteisect at Qj, Q, 
lespectively Then m the limit when P„, Pg move along the 



curve to ultimate coincidence with Pj the limiting positions of 
tiio the centies of cuivature coiiesponding to the points 
Pp Po of the curve Now Qj and both lie on the noimal at 
2*0, and theiefoie it is cleai that the noimal is a tangent to the 
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locus of such points as Qj, each of tho noimals of the 

oiigmal curve is a tangent to the evolute; and it will he seen 
in the chapter on Envelopes that in geneial the best method of 
investigating the equation of the evolute of any proposed cui ve 
IS to consider it as the envelope of the normals of that cui ve 

342 There is hut one Evolute, hut an infinite number of In- 
volutes 

Let ABGD . be the original curve on which the successive 
points Ay By Gy Dy . aic indefinitely close to each othei Let 
a, hyCy.. be the successive points of in tei section of noimals 
at Ay B, Gy and theiefoie the centies of curvatuie of those 
points Then looking at ABG as the original curve, abed . 
is its evolute And regarding ahcd. as the oiiginal curve, 
ABGD IS an %nvolivte 



If we suppose any equal lengths AA', BB'y GG', to be 
taken along each normal, as shown in the figure, then a new 
cuive IS foimed, viz, A'B'G' , which may be called a parallel 
to the original curve, having the same noimals as the original 
curve and theiefoie having the same evolute It is therefore 
clear that iJ^ any curve be given it can have but one evolute, 
but an infinite number of curves may have the same evolute, 
and therefore any curve may have an %nfinite number of 
%nvolutes The involutes of a given cuive thus form a system 
of 'parallel curves 
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S+S Involutes traced out by the several points of a string 
unwound from a curve 

Since a lb the ccntio of the circle of cuivatuic foi the point 
A (Fig 60), I aA=aB 

=7>7i+ elemental y aic alf (Ait S4') 
lienee a A — /i7/= aic ab 

Sunilaily h]i—cC=a.\c ho, 

cC—dD=a.\c cO, 
etc, 

fF-ffG=tiicfo 

Hence by addition 

aA—{/G=:<i\c ob+.ue bc+ .+aic fg 
— axe ag 

Hence the ch^fcicncc bekocen ike radii of curvature at tivo 
jyoints o 1 a curie ib equal to the length oj the coi rc&inmdmg 
arc of the evolute Also, if the evolute abc be legaided as a 
rigid cuive and a stung be unwound fiom it, being kept tight, 
then the 2>oin1is of the wmvndrng siring describe a system of 
lyaiollcl curves, each of which is an involute of the cuivc 
abed , one of them eoinciding u ith the oi iginal cm \ c ABG 
It IS fiom this pioperty that the names involute and evolute 
aie demed 


344) Radius of Curvature of the Evolute 
It IS easy to find an expiessioii foi the ladiiis of cuivatuic at 
that point of the evolute vhich conesponds to any given point 
of the oiiginal cuivc 

Let 0 (Fig 00) be the centic of cuivatme for the point a of 
the evolute The angle oi// between tlie noimals ab a, b 
=the angle between the tangents at a, b 
= the angle between the tangents at A, B to the oiiginal 
cuive 


= 6yfr 

And if s' be the aic of the evolute measuied fiom some fixed 
point up to a, and p the ladius of cuivatuic of the evolute at 
a, and p that of the original cuivc at A, we have, i ejecting 
infinitesimals of oidei highei than the fiist, 

Ss'=axcab=Sp, 

and thei efore p' =Lt ~-,= = -fjl, 

' 8yf/ dx/r dxf dx}^’ 
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s being the aic of the oiiginal cuivc incasuied fiom some fixed 
point up to A, and yfy the angle which the tangent at A makes 
Avith some fixed stiaight line 

StS Fiom Ai tides 337, 340, it will follow that to an 
inflexional or iindulatoiy point on a cuive will coiiespond an 
a'jyinptote on the evoluto Foi an inflexional point the evolute 
will bo asymptotic at opposite ends of the normal and on 
opposite sides Foi an iindulatoiy point it will be asymptotic 
on opposite sides at the same extremity 

]iJx \MPLLS 


1 Foi tlju parabola y‘= l<f», 

piovo i = 2ct + 3>', 



a~ 





jS’/’bein" the focal distance of the poiiiluf the paiabola hose eo-ordinates 
aic ta, >/) 

2 (Show that the tncles of ciinatme of the pambola y=4cfi foi the 
ends of the latns lectuni lane for then equations 


1'^+^-- lOff » ±4o?/ — 3o"=0, 


and that tho} cut the curie again m the jioints (')«, +C«) 

3 Show that the evolute of the jMrabola //■=4oi is the Bcinicubic<al 
j lambohi 27oy = 4( t — 2a)^, 


and that the length of the eiolute fiom the cusp to the point wheie it 
intets the pai abola = 3 — 1 ) 


4 Show that in a parabola the ladius of cunatuie is twice the pait of 
the noinial inttrcepted between the ciiive and the diicctii\ 

V 5 Flo^e that in an ellipse, centre C, the radius of cui’vature at anj 


point P IS gii on by 


_ CD^ _a-b- Ar>')\ 
^ ob j? ab ’ 


wheic o, Zi aie the semi-axes, r, i' aic the focal distances of the per- 
pendiciilai from the centic on the tangent atP, and CD the semi-diameter 
conjugate to CP 


6 Show that m anj conic 


(normal)® 


(scmi-Iatus-rectum)® 
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7 Foi the elhjjsc 
prove 


•» * 
b" 

« * A * 


* •» A 

- h- — a' 


z/=- 


6‘ 




Hence bliow that the equation o£ the e\ olute is 
and pio\e that the vhole length of the e\ olute 



/ 8 Shoi^ that the co-oidinatcs of the ccntic of cui\atuic of anj caive 
may be w ritten 

, (hr , <l r 

• ^ ■ 

. rf{r dv^ 


Intrinsic Equation 

34)0 Tlio 1 elation between the length of the aic (s) of a 
given cuive, mcasuied fioin a given fixed point on the cmve, 
and the angle between the tangents at its extieniities (\(r) has 
been aptly styled by Di Whewell the Inii'instc Equation of 
the cuive Foi many ciuves this i elation takes a veiy elegant 
form The name seems specially suitable to a relation between 
such quantities as these, depending as it does upon no external 
system of co-oidinates The method of obtaining the intrinsic 
equation fiom the Caitesian oi polai i elation is dependent in 
geneial upon processes of integiation If the equation of the 
curve be given as 2 /=/(a), the axis of % being supposed a 
tangent at the oiigin, and the length of the aic being measuied 
from the oiigm, we have 

tani/r=/(a.), . • < (1) 

a,nd *=Vl+[/'W? (2) 

If s be determined by integration fiom (2) and % eliminated 
between the lesult and equation (1), the lequiied lelation 
between s and \}r will be obtained 
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kt 1. eq^cf^'^r r~ fi rsr^e. 

If T> t-e zhe sz-gle h-tr-t—v, tLe fclrrrf isngear at A and the Eaccent at 
tbe p^bit /b and <i tLe radius cf rLc cir’Ie. ve fc?v<? 


pijl=prx=<r^ 


au'i tner^rore 


ATS 

Er. £. ir ‘K^('afzfsftrz<"'‘'’T'y~j r':rr rji'cVci i» 

f s=^iCCsii~ 

•• i5 

if : eq;-<i'i>:z ii ^=ffxan'>. 

Fcr ianv=^=5nn: -• 

c 

ard y = Y I— sinL^s^c^sh."^ 


aci Eseref'-re 


j'=csmn— 

c 


tie constau"; cf iategisticn being cc'wca so tfcar :*• End r Tanisb rccetber, 
Trbeu'^e ^=cts:i''l'. 


ET.uan.zs. 

2- SL 077 Ecac. rbe cj'cloi'i ”=g '6—^ 

cos^i 

tE.= ft r : E<5 intrinsic eonar ' n ■>' =4^' sin •'>, 

f. SntT- tfcat tLe >=zl- cr L’-&5-c’-c!<i-ri cxvcH br 


v={«-&l5in I 


1j 2S an intrinsic egtra'i'tn c f tbe ff.rm 
^==A sinibiE 

54^7. iatrfasfg Esuatfoz of the Evoltite. 

I.et s=/ify^ be the eqcati&n oc the gives. csTve. TtSt s" be 
the iesgth of the etc of tee evolcte xnessuv&l from some feted 
A- to asv ctser poist Q, Let 0 and P be the points cs 
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the oiiginal cuivc coi responding to the points ji, Q on the 
evolute, po, p the ladu of cuivatuie at 0 and P, i// the angle 
the tangent QP makes with OA pioduced, and yfr the angle the 
tangent PT makes with the tangent at 0 



Then and 

or s'=/''(i/r')~Po. 

the intiinsic equation of the oiolutc 


348 Intrinsic Equation of an Involute 
With the same hguie, if the cuive AQ be given by the 
equation s'= f{y(/), 


we have 


P=s'+/’o> 



and 


whence 




349 Bvolutes of Cycloids or Bpi- and Hypo-Cycloids. 

If wo apply the lesult of Ait 347 to the intiiiisic equation 
fi=A. sinByp-, we get for the equation of the evolute 
s' = AB cos B\f/ — /3q, 
or, dropping the dashes, 

\ s—AB cos Byfr, 


if 8 be supposed measuied fiom the point wlieie 


Vx= 


TT 


This proves that the evoluie of an epi- or hypo-cydoid as 
a sinnlar cpi- or hypo-cycloid Also, the case in wdiich P=1 
shows that the evolute of a cydoid is an equal cycloid 


|_ror fui tiler information on. Intrinsic Equations the student is referred 
to Boole Differential Equations, p 263, and to Catnb Phil Tians.^ol, 
VTII , p 089, and vol IX , p 150 
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Ex^varpLFS 


1 If A be the aiea of the poition of a cun'c incliitled between the ciirve, 
t'\\ o radii of CHI \ atm c, and the cvolutc, pio\ e 

2 Show that the evolute of an cqiiiangulai sjnral is an equal eqiiiangulai 
'jpiml 

3 Show that the intiuisic equation of the evolute of a paiabola is 

5=2«(sec‘'\/^- 1) 

1 Gncn the pedal equation of a cuiic, iiz., p =/(>)} show that" the 
pedal equation of its e\ olute inaj be found b\ eliniinatuig p and ? between 
thib equation and the equations 

r'^=p-+i^-2pp, . . (a) 

(^) 

Aganij that if the equation p'=f(/) of a cuivc be gi'Cii, the geneial 
diffeicntial equation of its iniolutes ma} be obtained bj' eliminating p\ r' 
betn con this equation and the equations (a), (/S) 

5 Show thiit the cun c n hose equation is 

«t A » 

P'—r—w 

is an involute of a ciicle, and that its intiinsic equation is 

_ 

^ "2 

6 Show that the c\ olute of the epi- oi hj po-ej cloid denoted by 

IS anothei ejn- 01 h\ po-cycloid denoted by 

'[r—Ar-\rB[\ - 

7 Show that the pedal equation of the ei olute of the ciine 

»"‘=:rt’"sin»it? 

lb obtained by cliniuiating i between 


and 


<iH + 


a" 


Contact 

350 First, consider the iioint P at whicli two cuives cut 



It is deal that in geneial each has its own tangent at that 


r 
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point, and that if fcho curves be of the and degrees 
respectively, they* will cut in inn — 1 othei points leal oi 
imaginary. 

Next, suppose one of these other points (say Q) to move 
along one of the cuivcs up to comcidcnce uith P The cnives 
now cut in two ultunatcl}’’ coincident points at P, and thcic- 
foie liax^’e a common tangent Thcie is then said to be contact 
of the first Older It will be observed that at such a point the 
cm ves do not on the nhole ci oss each other 

Again, suppose anothoi of the mn points of in toi section 
(viz, P) to follow Q along one of the curves to coincidence 
with P Tlieie aic now thiec contiguous points on each cm\e 



common, and theiefoic the cm ves have two contiguous tangents 
common, namely, the ultimate position of the choid PQ and 
the ultimate position of the choid QH Contact of this kind is 
said to be of the second order, and the cm ves on the uholc 
cross each other 

Finally, if otliei points of inteisection follow Q and R up to 
P, so that ultiraatel 3 '- h points of mtei section coincide at P, 
there will be 7i,— l contiguous common tangents at JP, and the 
contact IS said to be of the (/. — I)’’* oidei And if h be odd 
and the contact of an even order the cm ves will cioss, but if 
h be even and the contact theiefoie of an odd order the}' iviU 
not cross 

351 Closest Degree of Contact of the Conic Sections with a 
Curve 

The simplest curve which can be drawn so as to pass 
through two given points is a stiaight line, 
do thieo do cncle, 

do four do paiabola, 

do five do. conic. 
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Heiico, if the points be contiguous nnd ultimatcl}’’ coincident 
jiouits on a given curve, we can haie respective!}^ the 

fitioUjht Lmc of Closcbt Contact (oi tangent), having contact 
of the Ji I'bt 0) eJev and cutting the curve in hco ultimately 
coincident points, and theiefoie not in general crossing 
itscuive, the 

Cuch of Closest Contact, ha\ing contact of the second order 
and cutting the cm \ e in thee ultimately coincident points, 
and theiefoie in general crossing its curve (this is the 
ciicle alieady iiiNcstigated as the cncle of cuivatuie) , the 

Parahola of Closest Contact, having contact of the third order 
and cutting the cm vc in four ultimately coincident points, 
and theiefoie m geueial not crossing , and the 

Conic of Closest Contact, ha\ing contact of fourth order 
and cutting the cuive m five ultimately coincident points, 
.uid tliciofoie in geneial crossing 

It IS often nccessaiy to qualify such piopositions as these by 
the voids in grncial Consider for instance the “ciicle of 
closest contact” at a given point on a conic section A cncle 
and a conic section intcisect in four points ical oi iinaginaiy, 
and since thiee of these aie leal and coincident, the circle of 
closest contact cuts the ciinc again in some one ical fourth 
jioint But it may luqjpen, as in the case in which the thiee 
ultimately coincident points aicataii end of one of the axes of 
the conic that the fourth point is coincident with the other 
three, in which case the cncle of closest contact has a contact 
of liighei 01 del than usual, vi/, of the third older, cutting the 
cuive in four ultimately coincident points, and theiefoie on 
the whole not crossing the curve The student should diaw 
foi himself figuics of the cncle of closest contact at vaiious 
points of a conic .section, icmembeiing that the common choid 
of the ciiclo and conic, and the tangent at the point of contact 
make equal angles with eithei axis The conic which has the 
closest possible contact is said to osculate its cuive at the 
point of contact, and is called the osculating conic Thus the 
cncle of cuivatuie is called the osculating circle, the paiabola 
of closest contact is called the osculating piarahola, and so on. 
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352 Analytical Conditions for Contact of a given order 
Wc may tieat tins subject analytically as follows 
Let 

2/=-vK'e)/ 

be the equations of two eui ves which cut at the point P{x, y) 
Consider the ^alues of the lespcctivc oidinates at the points 
Pj, Pc whose eommon abscissa is »+/( 

Let MN=li 
Then NP^ — <j>(% + h), 

KPc=y}^(:>+h), 

and P„Pi=iY7^- A'P»=fM c+^0— 

= - ’/'('*■)] 0 — t-)] 



If the expiession foi PJPx be equated to vero, the loots of 
the lesulting equation foi li will determine the points at which 
the cuives cut 

If f/)('i.)='v^(r), the equation has one lootzeio and the curves 
cut at P 

If also ^X'i)=y!f'(p:) foi the same value of a, the equation 
has two loots zeio and the cuives cut in Uvo contmuous 

O 

points at P and theiefoie have a conmion tangent 
Tlie contact is now of the first oi der 
If also foi the same value of the equation 

foi h has thiec loots zcio and the cuncs cut in ihiee 
ultimatelj’^ coincident points at P Theie aic now two 
contiguous tangents common, and the contact is said to 
be of the second older, and so on 
Similaily foi cuives given by then polai equations, if 
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9=/(0), r=^(0) be the two equations, there will be n+1 
equations to be satisfied foi the same value of 6 in order that 
foi that value theie may be contact of the Older, viz, 

m=m^ m=<f>'(ei . fm=r(.o) 

353 Osculatmg Circle 

The circle of curvature may now be investigated as tlie 
circle which has contact of the second older with a given 
cuive at a given point 

Suppose V=f(^) (1) 

to be the equation of the curve 

Let («- a^)“ + ( 2 /— y )"=/>“ (2) 

be the equation of the circle of curvature 

By diffeientiating (2) we have 

x ^ "b ( 2 / ” ~ •* ” *** * * 

and differentiating again 

^+(S) 

Now the X, y, ^-'5 of equations (2), (3), (4;) refer to the 
circle But, since theie is to be contact of the second older 
with the cuive y—f(pS) at the point (a, y), ^ and luive the 
same %ahie as vJIien deduced from the equaUon to the came, 
? e , we may wiite f(x) foi ^ and f"(y) for 

Cl «v C* vy 

From equation (4) 


1 + 


y-y= 


dx^ 


whence 




dfy 

ch? 


and by squaring and adding 


p=±i 




dxJ j 


dhj 




f(a)[l + {f(a)P] 

m 


±[1±{/M13: 

f¥) 
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such a sign being given to the ladical as will make p positive, 

if be positive we must choose the + sign foi the num- 

eratoi, and if be negative we must choose the — sign 

The values of x and y are the same as those found geometri- 
cally in Alt 339, VIZ, 



dx^ 


354 Conic having Third Order Contact at a given point 
The locus of the centies of all conics having third older 
contact with a given curve at a given point (^ e , cutting the 
curve in foui ultimately coincident points) is a straight line 
which passes thiough the point of contact 
Let P be a point on the ciiive and (7, the centie of one of 
the conics having third oidei contact with the given cuiwe at 



P Let CD be the semiconjugate to GP and GY a peipendi- 
cular on the tangent at P 

Let GP=i, GD=r', GY-=p, and let PG make an angle ip 
with the noimal at P 

Then we have 9 ® = a® + 
and pr'=ab, 

and thei efoi e rdr +i'dr'=0, 

GJ)3 „ '3 

and foi a conic p = -^=— , (See Ex 5,^ p 271) 
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therefore 


tlr 


th ~ ifb (h ~ ah Js 
3/ <h ^sin rff 

cs — ^ssr.J .9 

p •l'- cos (jt 


for =cosCPr'= — Mn the aics of the cuixe and of the 

conic being mea'stired fiom the point-s 0 and 0 «p to P, and 




thcrefoic 


/- = 3 tan A, 


1 


Jr 


and tan fi = - wliere •- is found for one of the conie-s 

Bui since the conic and the cur\c lia\c contact of the thud 

d * 

order thev have the same tanjrcnt the same the same -rx-„ 

® oQ OQ- 

O** t* 

and the same at tlm point of contact. They theiefoie also 
have ih. S'lmc p and fhc snac foi p depends on and 

fPi 


on 


d(f 


Hence the value of 9 found above is the same for all the 
conics, and depends only upon the shape of the cui-ve at the 
ffOint of contact The locus of all such centre-j is theiefore a 
stiaight line through the ])oint of contact inclined 111 front of 

the normal at an an^le ian-^f^ where is fovtid fiOhi 

\3 </?/ ds 

the cori^ 


'i'io This Tt«nlt in'»j l>e f^taU.ch^l •’in.h i.i'alb n«> folio”’< — 

tiK crii 'c to the coiunioi. tangiiit 'u.d noruiai os ?vs, its 
equitio'l takC' tl'C. fumi 2>f='rr^—Z/ 'it-hj- 
li j t«e esp'inJ*«i in jwwers of by JrvJnuriii & Theorem v,e have 


y^pj -*-y_ 



•* J 


a« in Art- 32'» ; n, q and 1 b>,i:}" the \?h>e=; of and ?— atthe 

(Ir dr dr 


orig«n ^incc there Ls contact of the third order the ^ ahies of tii€-«e are 
t'le sa’ne for the come and for the cane and an, therefoi<^ hnor-n qinnti- 
ilcivover bsnct the tangent li-ia been eho'en for tlie-r-asis. ln\t 


/>=0. 
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Substituting 111 the equation of the conic we have 


giving 


)+ 6 (?|-;+ )‘ 

a=q. 


and thus determining a and h in teims of the known quantities q and$o 
Also the centie of the conic lies on the Ime 


ax-\-hy= 0 , 

oi Zq-x+iy— 0 , 

which IS a stiaight line thioiigh the point of contact inclined in fiont of 
the 1101 nial at an angle tan“* 

Also since = (1 +^ 1 ^) -J 



which, when 
becomes 


g = {3(l +il2)V-(l 

ii =0 and ^= 1 . 

dp_ 1 
d8~ o® 


Hence the above angle may be wiitten 


tan" 


as 111 the picceding article 


\3 dsJ 


356 Osculating Gome 

We can now pick out the paiticular conic which has fourth 
order contact with the given curve at the given point 

Let 0 be the centie of cui vatuie of the point consideied and 
G the lequiied centie of the conic of closest contact Let Pj 



be a point on the cuive adjacent to the given point P Join 
CP GP^ and draw P^N at light angles to GP 
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Let OPG^<p, 0/^i(7=9-fo> 

Then 

P^Pj=POA;-}-^. 

and also 

=PfUlJ+4>-i-3<p, 

whence 

PdE=PjdE-^o>p 

Also, neglecting 

infinitesimals of higher oidei than the first. 


11 


PdE=-, 

p 

and 

T> _-Pw’^’_oSCOS^ 

PjC' P * 

Hence 

oS os cos <h , 

P R ' 

or, proceeding to the limit. 


cos fji 1 diji 


■where 




d<p 


And since the contact ls of the fourth order, is the same 

ds 

for ihe cvne as fot' the conic, and may therefore he supposed 
derived, from ihe eqitccfion of ihe cvrve 

These equations determine the position of C. 


357 Tangent and Uormal as Axes Co-ordinates of a Point 
near the Origin in terms of the Arc 

T\*hen the tangent and normal at any point of a cui ve are 
taken as the axes of it and y it is sometimes requisite to expiess 
the co-ordinates of a point on the cui ve near the origin in terms 
of the length of the arc measured from the origin up to that 
point. 

fr 

Asume J-. , 

2^ ^ d" d” T" T” ' > 

. “2 “o. 

the lettei’s a, h h^.. denoting constants ivhose values are 
to be determined, and s being the length of the arc. Then, 
when s=0, a: and y both vanish, and therefore 
a=6=0 



284 


CHAPTEE X 


Again, by Maclauiin’s Theoiem 

~ (cZs)o ~ [the suffix zei o denoting 

/dv\ y V /V I the values at the oiigm] 

_(d'^^c\ _ /cos yfr sin yf/- dp\ __1_ 

\ p^ ds/o p” 

7 /d’^A / sinii' cosi/^ dp\ 1 dp 

''»=b5jj.=l— p*— ciJ."-?*’) 

etc, 

s® 

whence x—s— 7—, + , 

Op- 

_ 8® 8® dp_ 

^“2^"Gp“c/s“ • 

EXAMPLES 


• 1 Determine the curvature of the curve 

ay’^ = a,*^ 

at the ongiu [Coll Ewm ] 

* 2 Find the radii of curvatuie of the two branches of the curve 

{x - y)\x - 2y)(a - Zy) - 2a(a" — y"^) - 2cl2(^ + y){x— 2y) = 0 

at the origin [Oxropn, 1888 ] 

idw / ?. ^ 

‘3 Foithecune 2/’" ^■■= V 


IJiov e that the ladius of cun'atiiie is m times the normal 
v/' 4 Establish the foimula 


d0|r (de\^ d-V“l 

'’=V;/L’W 

5 Find the equation of the ciicle of curvatuie at any point of the 
cm ve yja = veTS~^xla 

C If p be the ladius of ciuvature of a paiabola at a point whose 
distance, mcasvucd along the cmvc, from a fixed point is s, jirove 

that 3p^-fW_9 = 0 

els- \d8/ [Omokd, 1889 ] 
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- 7- A curve i*? such thafc the normal at an}* point passes through 
llie centre of cnivature of the corre=:ponding point on the pedal ivith 
i-e^pect to a given point Show that the curve is an equiangular 
spiral [Oxronn 1S90 ] 

S If p and />' be the radii of cunatnre at corresponding points of 
a cur.c and its e\ohue, and p, q, i are the first second and third 
differential coefficients of ?/ with respect to t prove that 

0 The projections on the j axi<s of the radii of ciurature at corre- 
spimding points of y=logseca, and its evolute arc equal 

[Goru Ev.v\r ] 

in Show that the radius of cunature of the point of the evolute 
of the curv c t' — a^cos nO 


n — \ 

coiTcqiondin" tn r, 0 js , , r seen 6 tan n6 

^ ® (n-rl)- [Ovroup, 1SS9 ] 

* 11. A tangent to the evolute of a parabola at the point where it 
nioe{< the parabola is also a normal to the evolute at the point where 
it again meets the e\ olute [Coli. Ewm ] 

12 If pj he the radius of curvature at any point of a parabola, p, 
the radius of curvature of the corrcsiionding point of its fir«t nega- 
tive pedal ■nith respect to the focus, shov that 

27p* = Z2lp/ 

where I is the lafus rectum [O-'nnnn, JSSO ] 

*13 P Q, P, S, T are five point® on a curve of continuous ciina- 
tuie vhose ah«ci»'ac are in anthractical progression, the common 
diffi'iencc being o.r, ®liow that as &•> diminishes without limit, PT, 
QS, and the tangent at i? ultimately intersect m the same point, and 
that in the parabola y-=vix the locus of this point i® a parabola 
\iiih the «ame veitex and axis [Coix. ExAsr ] 

The radius of cunature at the point t on the cun*e 

> =./V) 1 

i? git en by the equation 

=:2i-0-r rrO - rfO -f 


where 


. tfv d-r . 

i = -r r = — - etc 

dt dl- 


[Oxrorn, ISSS 1 

1 j Show that the parabola who'c axis is parallel to the axis of y, 
and which has the closest nossihic contact with the cun'e 


c-’-iy=a.-" 


at the point (a, a), lias for its equation 

ii(7i — l)ir — 2ayJ-2n(7t - 2){tA — (n — l)(n — 2}a-, 
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v/l6 If X, y be the co-ordinates of a point P of a cun e OP passing 
through the origin 0, then the radius of curvature at 0 

aj2 + 7/2 ^ 


-ILt, 


a sm a - 2 / cos o 
•where 2 / = aJ tan a is the equation of the tangent at the origin 
Hence show that the radius of curvature of the curve 


+ 2/® = 2o(a5 + y) 

at the origin is 2a^2 

17 Show that the arcs of the two curves 

xy = a? = Sa^y 

turn through the same angle between any the same pair of ordin- 
ates Also show that the latio of the radii of cun^ature at points 
on the two curves which have the same abscissa varies as the square 
root of the ratio of the oidinates [Ovroan, 1887 ] 

18 The radius of curvature of the first negative pedal of p ~J{i ) 
at a point corresponding to (p, ») on the original curve is 

2 j '3 r* ^ 

2)^ 2^® 

19 Show that the curvature at any point of the pedal of an epi- 
or hypo-cycloid is 


wheie a IS the radius of the fixed circle and 7 and p refer to the 
pedal curve [Sidxcv Coli, , Cajib ] 

20 If 7 , 21, p be respectively the ladius vector, perpendicular fiom 
the origin on the tangent and the ladins of curvature at any point of 
a curve, prove that the radius of curvature at the coiiesponding 
point of the reciprocal polar with regard to the origin is 

Wp’ 

■where k- is the constant of recipiocation 
Hence show that the reciprocal of a circle is a conic with the oiigin 
as focus 

21 If 7, 21, p be the same as in the last question, show that the 
radius of curvature at the coiiesponding point of the inverse ■with 

regard to the origin is — , 

2pp — 7 3 

being the constant of inversion 

22 Find the radii of curvature of the confocal orthogonal Limagons 

r sm^tt = a(cos 6 - cos a), 
r sinh-/? = a(cosh j3 - cos 0) 

at a point of intersection, m terms of a and B [aiAin Tmros, 1884 1 
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' 23 SliOTv that tlic intrinsic equation of the cuive 

c' = sec- IS - = ga 
a (t 

• 24 If X~\ he the ratios of anj' arc of the curve 

s = c tan ^ 


measmed fioni the point ^ = 0, to the coirespontling arcs of the 
Cl olutc, and of that ini oluto u Inch meets the curve at the point ^-0, 
find the i elation hctivcen A and /t [Ovford, ISSS ] 

25 An incxtensihlc wiic in the form of a plane curve is bent so 
that each point of the u no moves a distance u in the diiection of the 
normal to the cun c at that point , proi e that 

/ p ~ [CAMnriDGL, 1SS3 ] 

26 Show that the locus of the centie of the icctingnlai h 3 pcrhola, ^ 
l.aving contact of the thiid older uith the conic 

has for its equation '»-• + -%"• 


27 Show tint the locus of the centres of the icctangulai hyper- ^ 
holac, liaving contact of the thud ordei uith tlic paiabola 

y--4<n, 


i«« the ciitnl parabola y- + 4«(a:+ 2n) = 0 

28 If the equation to a cun e passing through the ongm be 


iq -J Va «3 + = 0, 

nlicie v„ is a homogeneous function of i, y of w dimensions, show 
that the general equation to all conics hai iiig the same cun'atuic at 
the origin as the gii en cun e is 

+ «2 + = 0 
Thence find the circle of cuna’tiiie 

29 Shou that the ciicle of cunatiire at the oiigin for the curve ^ 

IS (a + b){v- + y") = 2x + 2y 

30 Obtain the equation of the conic uhich osculalcs the curve 

• ay = %- + a^xy + a,jf + + b^x-y + b^xi/ + b^"^ 

at the 01 igin 

PQ is the common choid of a parabola 

y- = 4aa; 

and its osculating circle at P. Piovc that the locus of the point of 
inteieection of PQ with the perpendiculai drawn on it from the 
vertex is the cissoid y-(3a - x) = ar*. [Oxfobo, 1890 ] 
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31 Sho-H* that Allien the osculating circle has third order contact 
■with its curve the emvatme is measured by 

dr^ 

. 32 A line IS diaun through the oiigiu meeting the cardioide \) 

» = «(1 ~ cos 6) 

m the points P, <2, and the normals at P and Q meet in G Show 
that the radii of cun\aturo at P and Q are propoilional to PO and QC 

33 If PQ be an arc not containing a point of maximum or mini- 

mum curvature, the circles of curvature at P, Q will he one entirely 
within the other [AIath Tripos ] 

34 Determine the equation of the circle which touches the curve 

"J 

at the point 0^) and goes through another point (»„, Bo) on the 
curve, and hence derive the expression foi the radius of emvaturr 
in polars [Math Tripos, 1884 j 

35 Show that the osculating conic of the catenary 


y^=c cosh 


X 


at a point whose ordinate is ^^/I0 is a parabola [Oxford 1S89 ] 

36 An equiangulai spiral has contact of the second order with a 
given curve at a given point, prove that its polo lies on a certain 
circle, and that, if the contact be the closest possible, the distance of 
the pole from the point of contact is 

P 

V \ d »/ [Math Tripos 1 

37 If accented letters refer to a point on a cun c and unaccented 
letters to the corresponding point on the ini olute, prove 


v=v'q:p. 


dx 

dd’ 


y=2/‘l^P 


ds' 


Show how, by means of these equations and 

the equation of an involute of a gii en cun'c may he found , a' being 
supposed known m terms of the co ordinates of tbe extremities of 
the arc 

38 If a right line move in any manner m a plane, the centres 
of curvature of the paths described by the diffeient points m it in 
any position he on a conic 
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• 39 If, on tlic tangent at each point of a cm\c, a constant length 
be measured fiom the point of contact, piovc that the normal to the 
locus of the points so found passes thiough the coiiesponding centio 
of cul^ atme of the gn cn curve [Birth \m) ] 

10 If through each point of a curve a line of gi\cn length be 
dmin, making a constant angle with the noiraal to the cuive, the 
nonnal to the locus of the extiemit}' of this line passes thiough the 
conesiionding centre of curiature of the proposed cuiTe [Bertrand ] 
41. If on the tangent at each point of a cui\c a constant length c 
be measuied fiom the point of 'contact, show that the radius of cun'a- 
tuie of the curve locus of its extieimt) is given by 




p- -1 c- 

hcrc p and icfei to the coi responding point of the oiigmal eiuvo 
42 If through each point of a cuiie a line of given length c be 
draun, making a constant angle a iMth the noimal at that point, the 
ladius of cunatuic of the locus of its cxticmity is gnen by 

, (p- + C- — 2/MJ cos a)- 

p - — — 

p* + c- - 2po cos a-c sin a-C 

dip 

•where p and ^ icfei to the coiiesponding point of the oiiginal cuivo. 
43. Piovc that iii the cunc uhosc lutiinsic equation is 

s= a log cosec ij/ 

the product of the ladius of curvature and the noiraal is constant, 

the nonnal being terminated bj' the asymptote of the curve 

[Math Tripos, 1897 .] 
cc 

Wliat relation does this curve bear to the catenary y=c cosh -? 

14 Show' that the equation of the involute of the catenaiy 

y — c cosh - 


lUiich begins at the point •whcie !b=0, y-c, 


is the Tractrix a = c cosh~if - Jc“ - y^ 

y 

45 If a straight line be draw'ii through the polo perpendicular to 
tfie radius vector of a point on the cquiangiilai spiral 

r = 

to meet the corresponding tangent, show that the distance betw'con 
the point of intersection and the point of contact of the tangent is 
equal to the arc of the curve measuied fiom the pole to the point of 

EDO T 
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contact Hence piove that the locus of this point of intersection is 
one of the involutes of the spiral, and show that it is an equal eqni- 
angulai spiral 

46 A fixed oval cuiwe on a smooth horizontal plane is surrounded 
hy a smooth endless string, and a particle is projected inside the 
string so as to move round, keeping the string sti etched If ^ and t 
are the lengths of the stiaight portions of the string at any time , 

<|j' the inclinations of these lengths to a fixed line , and p, p the 
ladii of curvature at the points of contact, prove that 

,dt .dt , . _ .» 

^ [Math Tripos, 18S5 3 

47 A curve is given hy the equation 

1> ^2> ^ 3> > ^ n) “ ® 

connecting the distances of a point on the curve fiom n fixed points 
in its plane, and f, denotes the angle which i, makes uith the 
tangent to the curve , prove that the cuivaturc at any point is given 

hy -2 sm = X-siu®^^ + 2 cos^^^ + 22 cos ^ cos 
•' p 1 0 ?- oro) 

[Math Tripos, 1S8D ] 

48 Prove tliat in the Cartesian oval 

Z/i + Zg’ 2 “ constant 

where and ig the distances of a point P from tno fixed points 
A and B, the curvature at P is 

^(Zi + Zgcos x)-? 2 + hQi + ^icos X)~^ i 

’ l’‘ 2 (^l® + 2Z1Z2COS X + Z/)^ 

where X IS the angle APi? [Matu Tripos, ISSO 3 

49 Prove that the radius of curvature at any point of the curve 

mr + Zr' = Zc 

IS 4Z^c {Z-c — m(Jr + ww 

P — ni? ~m~)c — Zm{^l+T'vi) 

where r and ?•' aie the distances of a point from two fixed points, and 
c IS the distance between these two points [Coll Exam 3 

60 Two equal circular discs of radius a with them planes parallel 
are fastened at their centres to a bar, the discs being inclined to the 
bar at an angle a The two wheels thus foimed being rolled along a 
plane, prove that the intrinsic equation to the track of either wheel 

on the plane is sin p = cos a sin i 

a 
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Plo^ 0 that in tins curve the product of the ladius of curvature and 
the noinial is constant, tlie noimal being terminated by the straight 
line uhich dnidcs the cur\c sj'nimetiically [Math Tripos, 1878 ] 
ol. If the tangent and normal to a curve at any jioint be taken as 
the aves of v and y icspectivcl}’', and if s be the distance, measuied 
along the aic, of a point iciy near to the oiigin, shoiv that the 
Caitesian co oidinatcs of that point aie approximately 

dp 

X — S — — , 

C/)“ o/K ds 


_£l _ _£!_/ 1 _ 

2p~bp^ds 2Vl \ds) ‘di,^j 
the values of p, and being those at the oiigiii 

(is « 6 '- 




52 If a line be diauii paiallel to the common tangent of a curve 
and its cncle of curvatuic, and so ncai to it as to lutcrcciit on thd 
cunc a small aic of length s measuied fiom the point of contact, of 
the iiist ordei of small quantities, shou that the distance between 
the tuo points on the same side of the common iiomial in nhich the 

line cuts the cun'c and the circle of curiature is — -C, i c, is of 

vp ds 

the second older of small quantities, the ^ allies of p and ^ being 


tho'sc at the point of contact ; and again, if a line be drau n paiallel 
to the conimon noinial, the distance bctneoii the points of inlersec> 

tion with the curve and the ciiclc is ~ ^ and is of the thud ordei 

bp- dt> 

of small quantities 

^ 53 Prove that the ciiclc •> 


fJ2{x- + y- + 2) = 3(aJ + y) 
has contact of the third ordci with the conic 


S^=-G^y+5y2 = 8. 

54 Show that for the poition of the curve 

(C'ij^=r7 

very near the origin the shape of the cvolute is appioximately given 
by 1225x3^2=^1005 

• 55 The conic whose focus is at the polo and which has second 

Older contact mtli u=f{0) at the point = a has for its equation 
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56 If a chord of an ellipse he diawn to cut the evolute of the 
ellipse at right angles, thiee times the diffeience hetwecn its seg- 
ments intercepted between the evolute and the ellipse is etjual to the 
dicimetei of curvatuie of the evolute at the point of intersection 

[Matu Tairos, 1878 ] 

57 If in the plane cm VO = 

■ft e have at any point ^ = 0, ^ — ~ ® 

prove that the cunature of one of the blanches of the cui\e ■nliicli 
passes thiough that point is 

3 ^{dxdyj [Caius Coll , Came ] 

58 If 0 be the angle between the noimal at any point P of a plane 

curve = 

and the line diawn from P to the centre of the choid x’^iallel and 
indefinite!}’ near to the tangent at P, prove that 


cos 0 = 


h/fi - 2Iipq aq^ 

+ h^)p^ - 2{a + b)hpq + (a^ + 


where 




a = 


“9aj2» 



and & = 




[Towksind ] 

59 A curve is such that any two coi responding points of its 
ei olute and an involute are at a constant distance Prove that the 
line joining the two points is also constant in diiectioii 

60 Prove that at coriesponding points of a plane curve traced on 
a cylinder and its development when the suiface of the cjdmdci is 
developed into a jilane, the ordinates dravn to coriesponding axes 
which are perpendicular to the generating lines of the cylinder aie 
in a constant ratio, prove also that the pioduct of the radius of 
curvature and the normal inteicepted by the axis is the same at 
corresponding points of the curve and its development. 

[MArn Tairos, 1878 ] 
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ENVELOPES 

358 Families of Curves 

If in the equation ^(x, y,c)=0 we give any arbitiary numeri- 
cal values to the constant c, we obtain a numbei of equations 
repiesenting a ceitain family of cuives, and any membei of 
the famity may be specified by the particulai value assigned to 
the constant c The quantity c, which is constant foi the same 
cuive but difieient foi difieient curves, is called ihe j)aA'ametcr 
of the family 

359 Envelope. Definition 

Let all the membei’s of the family of curves y, c) = 0 be 
diawn which correspond to a system of infinitesimally close 
values of the paiametei, supposed airanged in oidei of magni- 
tude We shall designate as consecutive curves any two curves 
winch coiiespond to two consecutive values of c fiom the list 
Then the locus of the ultimate points of intei section of consecu- 
tive membei s of this family of cuives is called the envelope 
of the family. 

360 The Envelope touches each of the Intersecting Iffemhers 
of the Family. 

Let A, B, G repiesent thiee consecutive inteisecting mem- 



beis of the family Let P be the point of inteisection of A 
and B, and Q that of B and C 

201 
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Now, b}’’ definition, P and Q are points on the envelope 
Thus the cuive B and the envelope have two contiguous points 
common, and theiefoie have ultimatelj’’ a common tangent, and 
therefoie touch each other Similarly, the envelope may ho 
shown to touch any other curve of the system 

361 To find the Equation of an Envelope 
To find the equation of the envelope of the family of cuives 
of which y,c)=Q IS the typical equation 
Let 2 /, c) = 0,l 

y, c+5c)=0,J 

he two consecutive niembeis of the family Expanding the 
latter we have 

•0 

y, c)+Sc-(l>(x, y, c)+ . =0 

Hence in the limit, when Sc is infinitesimally small, we obtain 

^0(®.2/,c) = O 

as the equation of a curve passing thiough the ultimate point 
of intersection of the curves (a) 

If we eliminate c between the equations 

i>{%y.c)=o 

and y, c)=0 

we obtain the locus of that point of inter section for all values 
of the parameter c That is, we obtain the equations of the enve- 
lope of the family of curves of which 0(a;, y, c) = 0 is the tj'pe 
I'he polar curves ^(r, 0, c) may be treated in the same manner 

Ex. Find the envelope of the si/stem of stiaight lines of ivhich y=e,r+- 
is the type, c being the paiametei and (a) constant foi all lines of the system 
Here 

and 

therefore 


c 

Vi c)= -^+^.=0, 


C=±^-, 

^ = ±2s/ST. 


■whence 
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a parabolsi, ■winch is tlierefoie the envelope In other ■woicls, eveiy 
straight line, obtained by giving any aibitiarj' special value to c iii the 

equation y=c.t +“ touches the parabola ^ 2 = 40 ^ 
c 

362 The Envelope of AXH2m+a=0 is B^=AG 

If A, B, G be any functions of os and y, and the equation of 
any cm ve be -dX® + 2BX +(7=0, 

X being au aibitiai^’' paiameter, tlie envelope of all such curves 
is B^=AO 

For -we have to eliminate X between 

A\^+2BX+0=0 
and 2+X + 25=0, 

and the lesult IS clearly B^=AG 

The result of the example of Ai t 361 niaj' be obtained in this "way , for 

the equation y=m^v+~ 

niaj’ be "wi itten m-x — my + a = 0 , 

and theiefoie the envelope is y2=4ar 

363 Another Mode of Establishing the Rule 

The equation A.X^+2J3X+(7=0 may be legarded as a quad- 
latic equation to find the values of X foi the two paiticular 
membeis of the family which pass through a given point (x, y). 
Now, if (x, y) be supposed to be a point on the envelope, these 
members will be coincident Hence for such values of x, y the 
quadiatic for X must have two equal loots, and the locus of 
such points IS therefoi e B^—AC 

The envelope of the system ^(a;, y, c) = 0 might be considered 
in a similai manner And it is proved in Theoiy of Equations 
that if /(c) = 0 is a lational algebiaic equation for c, the con- 
dition that it should have a pair of equal loots is obtained bj’- 
eliminating c between the equations 

/(c)=0, 

fic)=0, 

a lesult agreeing with that of Ait 361. 

Ex^uiples 

1 Show that the envelope of the line 5+^=1, -ndiere ab =c-, a constant, 
IS A%y—C“ 



CHAPTER XI. 


296 


2 Find the equation of the cm \ e ■« hose tangent is of the form 

y=MV+m*, 

m heiiig independent of ^ and y 

3 Find the en\ elope of the curt es 

g-cos 0 Irsm 6 c- 
1 ~ y ~a 

for diffeient values of 6 

4 Find the em elope of the family of trajecloiies 


y=v tan 0 - 
'' ~ 'n-cos-O' 


0 being the arbitral}* parameter 

5 Find the envelopes of stiaight lines draun at light angles to tan- 
gents to a git en parabola and passing through the points in tt Inch those 
tangents out (1) the axis of the parabola, 

(2) a fixed line paiallel to the duectiix 

6 Find the em elope of straight lutes drattii at light angles to noimals 
to a git cn parabola and passing thioiigh the jiointsin ttluch those noiinals 
cut the axis of the paiabola 

7 A senes of ciicles hate then ccnties on a giten straight line, and 
then radii aie piopoilional to the distances of then coi responding centres 
from a given point in that line Find the envelope 

8 P IS a point ttlnch motes along a giten straight line PJf, PaV are 
peipendiculai's on the co-oidinate axes supposed icctangular Find the 
envelope of the line JhV 

9 A straight line has its extiemities on tt\o fixed straight lines and 
foims with them a tiiaiigle of constant aiea Find its ent elope 

10 Show that the envelope of the lines tthose equations are 

1 scc-0+y coscc-0=c 
IS a parabola touching the axes of co-ordinates 

11 Shot! that the s}stem of conics obtained b} xariing A in the 

equation T-p 2Xl^+f'= 1 - A- 

g- go o- 

haiefoi their envelope the paiallelogiam whose sides aie 

v=a:a, y=±.b 

12 Show that the em elope of the line 

where the paiameteis I, m aie connected b} the quadratic lelation 
tt?"-}- 2/i fni -J- tni - + 2^Z -J- 2/i/i -p c = 0, 

IS the conic Aa” + 2Ecy+By-+2Gt +2Fy+C=0, 

A, B, C, F, G, H being minoi-s of the detcimiiiant 


«, Jh g 
h, h, f 
g, t c 
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364. IPIie c-Discrimmant. 

The function of x and y, •vrliose vanishing expresses that 
^'*1 Z/j c)=0 Las equal roots for c, is, ^vhen expressed in its 
simplest rational integral foinn, called the c-discrmnnant of 
and may be denoted by Aeffi 

Hence the envelope for diffeient values of c will be given in 
tbe equation Ac<p—0 

365. Singularities 

The equation Af^ = 0 may contain loci other than tbe true 
envelope 

Imagine a curve with a double point JV to be made to move 
in a given manner altering its shape as it tiai els but letaming 
the same general characteristics Take a point P near the 
locus of the double point First one and then the other of the 
branches which form the node pass through P, and when P is 
ultimately on the locus of the node the two positions of the 
cuiwe in which a branch passes through P ultimately coincide 

TTe can now generalize this idea "When fixed values are 
assigned to x and y the equation ^(r, y,c) = 0 may be legarded 
as giving the several values of c, corresponding to the several 
members of the family which pass thiough a specified point 
If this equation be of the degiee in c, there will be n real 
or imaginary solutions and therefore n membeis of the family 
each passing through this point. 

TFhen successive values of c give a locus of multiple points 
of the 7*^^ order for the family y, c)=0 and the chosen 
point (x, y) happens to lie upon this locus, r of these members 
will coincide, and therefore the equation ^(ar, y, c)—0 will 
give for such a point r equal values of c 

Hence it may be expected that the equation Ae*^=0 will 
contain, besides the true envelope solution, the loci of any 
nodes, cusps or conjugate points which the membere of the 
famil}' may possess. 

36G The more advanced student is refeired for further 
infoimation to Papers by Cayley, Messenner of Mathematics, 
vols n and XII , Henrici, vol IL, Proc Lond. Math Soc.; 
and H J. iL HiU, vol XIX, Proc Load Math. tSoc ; where it 
has been shown that the c-discriminant m general contains the 
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envelope locus as a factoi once, the node locus twice, and the 
cusp locus tliiice 

Ex 1 c(2^+c)-=‘!^ 

Here diffcientiating with legard to c 

( 2 f+c)-+ 2 c( 2 / t c)= 0 . 


gmng y+<?=0, 0) 

01 ^+Zc—0 (n ) 

Substituting from (i ) m the cvme Tie get 

^=0 . . (xv) 

Substituting from (u ) ■« e get (x' ) 

Of these (i\ ) is a cusp locns 

and (v ) IS a 1 1 ne cm elope Sr = — i'-y 

This lb o\hibited in the accomiiaiij mg figure 



Fig 69 

Ex. 2 It maj happen accidentallv that the node or cusp locus is the 
true envelope locus 

Thus in the famih of semicubical parabolas 

oy*j=(r— c)® 




Fig 70 

the c-disoiiminaiit is y=0 or llw^ar-axis, and as this hue touches eadi mem- 
ber of the f.uuih it maj be regaidcd as a tme cut elope Tlie cusps .uo 
now avra.igcd as shoTvii in Fig 70- 
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Ex. 3 c(i/+c)-= xHa + 1) 

IIciu tlicre IS a node oi con 3 wg;itc point at (0, — c) according as c is positive 
or iiogatn c 

l^ifteientiatiiig -we liaie 

0/+c)(y+3c)=O 

Ehimnaling cue liaie the icsults 

r=(i +1)=0, 

oi +1) 

Of these 1 =0 is the node locus foi the poition of the y-avis below the 
ongin, and the conjugate jioint locus foi the poition above the oiigin 
The hue r+l=r0 is a line cm elope solution, as also the cubic 

4?/*+27i“(» +1)=0 

E\ 4 E\anime the cases of 

(i) 0/+c)-=r=(^ + l), 

(n) 3 /=c(i+cy-, 

(in) ' /=c(t-c)‘’ 

307 Ifc inaj* happen that the consecutive menibeis of the 
family y, c)=0 do nut all inteisect in leal points In this 

case the cuive Ac^=0 

docs not touch all the menibeis of the family at leal points 

r 

''y' E\' Let cjicles bo described IhaMiig foi then diametois the double 
oidinales of the pai-nbola y-=Aux Find then ein elope 
If 2c be the double ordinate, the tv pical equation of such a cucic is 

> n , o 

or c’-8cf<r(t + 2«)+lGa5('>;2+y2j_0^ (jj 

and the envelope IS (t+2a)-='jr+y® 

01 y‘=4o(a+cr), * (2) 

7 c , an equal parabola nliose focus is at tlie vcitox of the oiiginal cuive 
To 6nd wheio the ciicle (1) touches the envelope solve foi a between 

(1) and (2) We obtain <?=Aa{x +2a) 

=r+4«=, 

wliick gives an imaginaiy oidinate foi the point of contact if c<2a ,76,^ 
if the centicof the ciiclc lies between the focus and the vertex of the 
oiiginal ])ai.ib()la The student will be able to illusti’atc this icsult by a 
figuic • 
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368 Case of Two Parameters 

Next, suppose the typical equation of the family of cuives to 
involve two paiameteis a, j8 connected by a given equation 
Then two courses are open to us We may ehm/inate one of 
the parameters by means of the connecting equation and thus 
reduce the pioblem to that solved in Ait 361, or, as is 
frequently better from considerations of symmetry, consider 
one of the pa/rameters capahle of vndependent vanahon and 
the other dependent upon %t We then proceed as follows 

Let ^(x,y,a,^)=0 . (1) 

be the typical equation of the curves whose envelope is to be 
investigated, and /(a, )8) = 0 . . • (2) 


the relation connecting a and 

Then, supposing a the independent paiametei, we have 


wbeie 


^ 3 ^ 

3a 3/8 

3a ^3/8 


d/8_ 


da 


= 0 . 


.(3) 

( 4 ) 

We thus have foul equations and thiee quantities to eliminate, 

JO 

VIZ , a, j8, ^ The result of elimination is the equation of the 


da 


envelope 

The parameters a, /8, connected by the relation /(a, /S)— 0, 
may be regarded as the co-ordinates of a paiametiic point 
which lies on the curve /(a, y)=0 


369 Indeterminate Multipliers 

The equations (3) and (4) may be written 

|Jda-f^cZ/8=0 (Alt 158), 

The 1 esult of eliminating da, between these equations is 

30 30 
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Call each of these ratios X Wo then have 

da ^da’ ’ 


( 5 ) 


( 6 ) 


3)8 3/3 

This quantity X is called an “ Indeteiminate Multipliei ” 

It lemains to eliminate a, ) 8 , and X between equations (1), 
(2), (5), and ( 6 ) 

This method is peculiailj’- adapted to the case in which 
<p(x, y, a, /3)=0i(a;, y, a, /3)-ai = 0 , 


and /(a, ) 8 ) =/i(a, ^) - ttg = 0 , 

wheie 01 and/i are homogeneous in a and ) 8 , and of the 
and degrees lespectively, and a, being absolute constants 
Multiply equation (5) by a and ( 6 ) by ) 8 , and add Then by 
Euler’s Theorem 2 }a^=^qa^, 

so that in such cases X is easily found 


Ex Find the envelope of ^+‘'1=1, wAeie a and h are connected hy the 
relation d? + lr=(r, 

c ’being an absolute constant, t e, the eaielope of a line of constant length 
vJnch slides with its evtt cmities upon two fixed rods at right angles to each 
other 


Here 

-^rfa+^^=0, 
a- b~ 


ada+bdb=0, 

and therefore 

—.=\a. 


a- ’ 


J=X6 

Multiplying by a and 

b respectively, and adding, 


£+f=A(a=+6‘ 

a b 

or 

II 

>' 

Hence 

{P=(Px "1 


b-=^j y 

and since 


■we have 

(<?a?)3+(c2^)i=c2, 

01 

II 

+ 
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EX43irLES 

1 Fmd the enrelopcs of the line 


under the following conditions — 

(1) a+l=l, 

(2) a"+6"=I-", 

(3) 

I being a constant in each case 

2 Find the envelopes of the ^sterns of coaxial ellipses whose semiaxes 
a and h are connected by the equations 

(1) a+b=;, 

(2) s/a+^/6=^//, 

(3) a”'+6"=F", 

(4) ah^l^, 

L being a constant in each case 

3 Find the em elopes of the pai-abolas which touch the co-oi'dinate axes 
and are such that the distances (a, ^fiom the origin to the points of con- 
tact are connected by the rektions 

(1) a4-^=I, 

(2) a”+jS”=X", 

(3) 

I being a constant in each case 


370 Case of Three Parameters connected by Two Equations 
Next, suppose the equation of a cuive to contain thiee paia~ 
meters connected by tuo equations 
Let the equation of the cuive be 

y, djB, y)=0, (1) 

and let /i(a, /3, y) = 0,') (2) 

^(a, A y)==0,j . (3) 

be the two connectmg equations Then we have 


^do+^rf^+^y=0,.. 

... 

‘^- 7 - I ^^2,70 I ^ 


* • • • • • 

( 5 ) 
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The result of eliminating da, d^, dy between these thiee equa- 


tions IS 


'dfft “dip "dtp 
"da’ 3j8’ dy 


!li M 

da’ d^’ dy 


= 0 


» • • • 


(7) 


^ 

3a’ 3/8’ dy 

If a, /8, y be eliminated between the four equations (1), (2), 
(3) and (7), the icsult will be the equation of the envelope 
It IS to bo noted that the same deteiminant would aiisc fiom 
the elimination of the •‘indeteiminate multipliers” \ and Xg 
fiom the equations 


3a^^i3a+ -3a“”’- 
3j8+^i3/8^^23/8~^’- 




= 0 , 


..( 8 ) 

(9) 

.( 10 ) 


and it is often advantageous to use these latter equations in 
place of (4), (5), (6), involving da, d^, dy 
The icsult of eliminating a, /8, y, Xj, Xo between the six 
equations (1), (2), (3), (8), (9), (10) will then be the equation to 
the envelope. 


371. The general investigation of the envelope of a cuive 
whose equation contains r paiameteis connected by 9 ’— 1 
equations proceeds in exactly the same way, and is the lesult 
of the elimination of the r paiameters and r—1 indeteiminate 
multiplieis between 2r equations. 


372 Converse Problem Given the Family and the Envelope 
to find the relation between the Parameters 
Suppose we aie given the equation of a curve 

tp{{e, y, a, ^)=0 •••(!) 

contammg two paiameteis Suppose also the envelope given, 

VIZ, F(x,y) = 0 (2) 

Kcquired the i elation between a and /8 
Eliminate y between (1) and (2) We obtain an equation of 
thefoim /(«, a, i8) = 0, ...... (3) 
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giving the abscis&a of the point of contact of the cuive with its 
envelope Since the cuive touches its envelope, equation (3) 
must also he tiue foi a contiguous value of x, viz , a + 5a; (unless 
the tangent at the point of contact be paiallel to the axis of y, 
in which case we could have eliminated x between (1) and (2) 
and proceeded in the same way with y) Hence 

f{x,a,b) = 0,\ (4) 

f{x+Sx,a,h)=0! (5) 

The lattei may be expanded in poweis of Sx, when it becomes 

f(x, a,h)+^Sx+ =t), (G) 


and theiefoie in the limit 


a/_ 


"dx 


=0 


If, then, X be eliminated between 

f(x, a, ^) = 0, 

a. ^)=0, 




we obtain the relation sought 

It will be obseived that this is piecisely the same piocess as 
finding the envelope of 

considering a, ^ as the curi ent co-oi dinates and x,y as para- 
meters connected by the relation 

F{x, 2 /) = 0 


Ex Green that js the envelope of the necessary 

relation between a and b a b 


"We have 


y- 
a 0 


therefore 


n^—Xa, 

y^=Xb 


Hence 

and by addition 
This gii es 

and bj squaiing and adding 


l=Xc§ 

jj 1 S. X 

or=cH’, b=c^y-^y 


a" + 62 = 0 ®, 

the relation rcquii ed (See Ex , Ai t 369 ) 
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373 Evolutes considered as Envelopes 
The c volute of a cmve has been defined ns the locus of the 
centic of cunatiue, and it has been shown (Aifc 34:1) that the 
centio of curvatuie is the ultimate point of intersection of two 
consecutiie noimaK Hence the evolute is the enirlopc of the 
noi'iuals to a cuive It i^ fiom this point of view that the 
equation of the evolute of a given cuivo is m general most 
easily obteiiied 


E\ To fhut iUc f i olvtc of the elnp^o 




1 


llic C(i«at!ou of the innm il at the iKimt wljo-'C cccentiic angle is <p is 


o I hi/ 

co=! </» «in <}> 


b'- 


( 1 ) 


"SVe ln\c to find the en\ elope of this line for different \alucs of the 
p inincter </> 

Difff rentnting with reganl to 


or 

JItnet 


oo--tp 


<-inVj_j^co«'V*_0 

iy axr 


sin _cosf/>_ I 


• ft** 


( 2 ) 


(3) 


5'ul'stituting these mIucs of «in^ and cO'.</» in efiuation (1) we obtain, 
after leiiuotion — 


374 Pedal Curves as Envelopes 

It has alieady been pointed out (Ait 223) that if cncles be 
de«ciibed on ladii vectores of a given cuive as diameteis they 
all touch the fnd positive pedal of the cuivc vith icgnrd to 
the origin It is obvious, therefore, that the pioblcm of finding 
the fiist positive pedal of a given cuive is identical with that 
of finding the envelope of circles desci ihedr on the radii xectores 
os diameters 

Again, the frsi netjathe pedal is the envelope of a straight 
line draun tlaoxigh anxj point of the curie and, at right angles 

to the radms icdor to the point 
1 rc ti 
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E\ 1 Find ihe/iril jiositiie jicdal of the circle i =2a cos 6 icith rcijard to 
the origin 

Let d, a be the polai co-ordinates of aiij point on xhe cncle, then 

£/=2acostt 

Again, the equation of a circle on the radius vector d foi diameter is 

r=ffcos(0— a) . (1) 

or r=2/i cosacos(0— a) ... (2) 

Heie a is the parameter 
Lifieientiating Mith regaid ton, 

— sin a cos(0 — tos a sin(0 - a)=0, 
svheuce sui(0 — 2a) = 0, 

or a =5 • • C^) 

.Substituting this lalue of a in equation (2) 

f =2aco!.--, 

2 

oi r=fl(l-bcos^), 

the equation of a cardioide 

E\ 2 Find the egvation oT the frit ncgatiic 2 >cdal of the tardtoidc 

r=a(l+cos0) 

with regard to the origin 
Here vre has e to find the envelope of the line 
V co3a-l-i;sina5=(f, 

Tihere d, o aie the polar co-oidiiiates of any point on the cardiokle , ic, 
where o?=a(l-f cosa) 

The equation of the line is. therefoie 

Tcosa-t-ysin a=n(l-f cosa), 
or (r — «)cosa-t-ysino=a, 

a line which, from its form, is easily seen to be a tangent to 

iv-ay+if=a\ 

or r=2a cos 9, 

sshich IS tlieiefore its envelope 

375 Envelope of a Line regarded as a Negative Pedal 
If a straight line be in motion in any inannei, suppose 0 to 
be any aibitrary oiigm and OT a perpendiculai on the moving 
line It IS evident that the envelope of the moving line is the 
first negative pedal of the locus of T, 

As several curves have ■weU-kno'U'n fiist negative pedals, the 
envelope may in this mannei often be infeired 
The followmg results frequently lecur and may be found 
useful 
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Ojiigixal CoRvr The Gitos: Poi>t First STegative Pedal. 


Straight line, 
Circle, 


Benioiilli’s Lemniscatc, 
Equiaiignlai spiral, 

r=asmji0. 


{ any iioiiit not upon 
the line, 

any point within. 


pole, 

pole, 

pole, 

pole, 


Parabola 

^Ellipse inth pole for 
\ focus 

fHjiieibola pole foi fo- 
\ cus 

Point 

Ciicle thiough pole 

Circle « 

-!1_ _!L- n 

J = O*~”C0S; 0, 

1 -ir 

Eectangulai h\peibola 
Eqniangulai spiral 

{ Epi-cycloicl or hypo- 
cj cloid 


Circle, any point without, 

Circle, any point upon it, 

Cardioide [r=o(l ±cos <?)], pole, 

Lima^on [r=oH-6cos^, pole, 

i”=a”coan$, 


Ex 1 If a lamina have thiee straight lines traced upon it and is moved 
so that tw’o of the straight lines pass tliroiigh fixed points, find the envelope 
of the tlnrd earned hue 



Let S and S' be the fixed points, jLB, AG the lines fixed in the lamina 
and pMsing tlirough S and S', SVn. peipendiculai fiom S on the carried 

TSX==e, SS'=X, and AB=c 

ASS'=e-(fiO-B), 

} =SB sin B=(fi- yt,S)siu B 

0 - 90)]sin jB 


line ISU 
Let 

Then 

and 
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r=a+^cos(0-y) 

■viheie a, fS, y aio constants and the locus of T" is a limagon uitli S for 
Ijole Hence the envelope of any earned line BO is a ciiclc 
Con Thus if two of the sides of a poh gon pass thiough fixed points, all 
other sides, diagonals, or carried lines envelope ciicles oi pass through 
fixed points 

Ex 2 If a lamina with a curve traced upon it be in motion in any 
maniipi, to find the envelope of the instantaneous directions of motion of 
all points upon the earned curve 

Het A, 5 be tw o of the points of the curve Diaw lines AO, BO at i ight 
angl^es to the instantaneous diiections of motion of A and B lespectively 
Then 0 is the “instantaneous centre”, and if P be any othei point of the 
curve, PO is a noimal to the path of P Hence the envelope of all the 
directions of motion at any instant is the fiist negative jicdal of the given 
ciiive with regard to the instantaneous centie 

EXA]\IPLES 

1 Find the envelope of the line y = mv - 2am ~ am? for different 
values of m , ze, find the equation of the evolute of the parabola 
2 /® = iav.' 

2 Sl\^w that the envelope of the family of curves 

■wheie A. is the arbitrary parameter and A, B, (7, i? aie functions of 
a and y, is {BG - ADf = i{BD - C^)(AC - B?) 

3 Find the envelope of the line which joins the feet of the Wo 
peipendiculars from any point of a circle upon a given pair of pei- 
pendicular diameters 

4 Show that the envelope of straight lines which join the ex- 
tremities of a pail of conjugate diameters of an ellipse is a similar 
ellipse 

5 Show that if PM, PN bo perpendiculars fiom any point P of 
the curve y=mx^ upon the axes the envelope ot MN is 

27y + 4 jht7*=0 

6 Find the envelope of circles desciibed on the ladii vectoics of 
an ellipse draivn from the centie as diameters 

7 Show that the envelope of the family of curves 

Acos"O + i?sin"0 = C' 

whore 0 IS the arbitrary parameter and A, B, Gave functions of a 

2 2 2 

and y, IS A^‘ + iF^ =0--”. 


C 
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8 Show that the cn\ elope of a ciicle 'whose centre lies on the 
parabola y- = iax and which passes thiough its vertex is 

2ay~ + a('K^ + y-) — 0. 

9 ShoM* that the ein elope of a ciicle whose centie lies on the 
parabola 2 /' = 4«v and mIiosc radius = the abscissa of the centre is 
made up of the tangent at the vertex and a circle with centie at the 
focus 

10 Two particles move along paiallcl stiaight lines, the one with 
uniform iclocity and the other with the same initial velocity but 
vnth unifonn acceleration Show that the line joining them always 
touches a fixed hj pcrbola 

11 A scrie" of circles is described having their centres on an 
cfpiilateial hypeibola and passing through its centre Show that 
the locus of then ultimate points of intersection is a lemniscate. 

12 Find the envelope of the lines 

a(sin y(cos 0)~-=a [Oxford, 1SS9 ] 

13 Proie that the equation of the normal to the curve 

a.H + yS (jS 

may be iintteii in the form 

ycostfy- % sin<f> — a cos 2<(> 

Hence show that the e\ olutc of the cm ve is 
(a, -»• y)^ + - yfi = 

14 Show that the envelope of the lines 

971 

0 ^ COS via + y sin ina = a(cos na) ", 

•where a is the arbitrarj’ paiametci, is 

— 2 — - 2 - 11 

= a™-" cos 0 

m — n 

15 Ciicles aic desenbed ha^^ng foi diameteis the radii ectores 

from the origin to the curve -«• y"* = Sax" Prove that then en- 
velope IS the inveisc of a semicubical parabola [Ox'foed, 1SS9 ] 

IG The tangent at any point P on a parabola meets the tangent 
at the vcitex in Q, and the noimal at P meets the axis m R, find 
the envelope of QR [Oxford. ISSS ] 

17 Shoiv that the r.idius of curvatuie of the envelope of the line 
% cos a y sin a = f{ti) 
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and that the centre of curvatvire is at the point 
^ = -/'(a)sm a - f"{a)c0S al 
y = /'(a)cos a -/"(a)sin a J 

18 If 0 he the pole and P any point of the cuive 

r = acosm0, 

and if with 0 for pole and P for vertex a similar curve he descrihcd, 

the envelope of all such curves is 

1 1 md 

r-* = a^cos 

A 

19 If 0 he the pole and P any point of the curve 

r™ = a^cos mO, 

and if ivith 0 foi pole and P for vertex a curve similar to 

}" = a”cos nO 

he descnhed, the envelope of all such curves is 

- 221 - - 222 .- mn . 

20 If 0 he the pole and Y the foot of the perpendicular from 
0 on any tangent to the curve 

r”‘ = a"‘cosm0, 

and if ivitli 0 for pole and T for vertex a curve similar to 

r’' = a"cos nO 

ho descnhed, the envelope of all such curves is 

? >’ = a^cospd, where p 

m + TC + mn 

21 If a point on the ciicumference of a given circle ho taken as 
pole, and circles he descnhed on radii vectores of the given circle as 
diameters, the em elope of these circles is a cardioidc 

22 Show that the envelope of all cardioides on radii vectores of 
the Circle r = n cos 0 foi axes, and having their cusps at the pole, is 

}i = a^ cos 

23 Show that the envelope of all caidioidcs descnhed on radii 
vectores of the caidioidc r = a(l + cos 0) for axes, and having their 
cusps at the pole, is 

= (2a}* cos - 

24 On ladn vectores of » = a-" cos 2n0 as axes, cun’’es similar to 
it aie descnhed, the curves hciiig all concentnc Show that the 
cm elope of all these is r" = a"cos n9 
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25 A and B are two polar curves [i = qf(6) and r = hF{6)'\ If 
curves similar to A be similarly desciibed upon radii of B as initial 
lines, tbeir envelope will be similar to that of curves similar to B 
similarly described on radii vectores of A as initial lines 

26 A variable parabola is drawn hanng its veitex on a given 
parabola, the two curves having the same focus, prove that the 
envelope of its directrix is the curve 

r cos^- = I, 
o 

referred to the common focus as pole , and trace this cuive 

[Oxford, 1890 .] 

27 Piove that the pedal equation of the envelope of the line 

X cos 20 + 7/ sin 20 = 2a cos 0, 
is 

28 Prove that the pedal equation of the envelope of the line 

X cos mO + y sin md = a cos nd, 

IS nt^r^ = (m® — n^)p^ + 7i®a® 

29 Two central radii vectores of a circle of radius a rotate from 
coincidence in a given initial position with uniform angular velocities 
ft) and ft)' Show that the pedal equation of the envelope of a line 
joining their extremities is 

(ft) + ft)')®7 ® = 4ft)ft)'_p® + (ft) — ft)')®a® 

30 The envelope of polars with lespect to the circle 

.'c®+y® = 2aa; 

of points which lie on the ciicle 

£c® + y® = 25a: 

IS {(a - h)x + a6}® = 6®{(a; - a)® + y®}. 

31 A square slides with two of its adjacent sides passing through 
fixed points Show that its lemaining sides touch a pair of fixed 
circles, one diagonal passes through a fixed point, and that the 
envelope of the other is a circle 

32 All equilateral tnangle moves so that two of its sides pass 
through two fixed points Prove that the envelope of the third side 
IS a circle 

33. Piove that the envelope of the ciicles obtained by varying the 
arbitraiy parametei a in the equation 

c®(7/ - a)® +{caj - a®)® = (a® + c®)® 
consists of a straight line and a circle 
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34 Two points are taken on an ellipse on the same side of the 
majoi axis and such that the sum of then abscissae is equal to the 
semi-major axis Show that the line joining them envelopes a para- 
bola nhich goes through the extremities of the minoi axis and whose 
latus lectum is equal to that of the ellipse 

35 Given the centre and directrices of an ellipse, show that the 
envelope of the normals at the ends of the latera recta is 

272^±256ca^ = 0 

36 Piove that the envelope of a circle vliich passes through a 
fixed point iPand subtends a constant angle at another fixed point J?" 
IS a lima^on 

37 Find the envelojie of a parabola of which the diiectrix and 
one point are given 

38 Show that the envelope of the common choids of the ellipse 

a?/a2+ 21-/62 = 1 

and its Clicks of curvature is the curve 

\a 0/ \a 6/ [Math Tripos, 1SS4 ] 

39 Find the condition between a and 6 that the envelope of the 

hue 1 

a 0 

may be the curve 

40 5* IS a fixed point, and with any point P of a curve for centre 
and with ladius PS + 1 a circle is descnbed Show that the envelopes 
for difibient lalucs of k consist of two sets of jiarallel curves, one set 
being circles , and find w’hat the oiiginal cun e must be that both 
sots may be circles 

41 Kaj's emanate from a luminous point 0 and aie reflected at a 
piano cuive OF is the peipendicular from 0 on the tangent at any 
point P, and OY is produced to a point Q, such that TQ^OY 
Show that the caustic curve is the ei olute of the locus of Q Show 
tliat the caustic cuive may also be legarded as the ei olute of the 
envelope of a circle whose centre is P and radius OP 

[If a ray of light in the plane of a gi\ cn bnght cun c be ineident upon the 
cun c, the leflccted raj and the incident ray make equal angles with the normal 
to the enn e at the point of incideace, md the redected ray lies in the plane of 
the cun c If a giv eii sj-stem of raj s be incident upon tlie cun c, the eni elope 
of the reflected i aj s is called the caustic hj reflection ] 
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42 Parallel lays are incident on a bright semicircular wire (radius 
a) and in its plane Show that the caustic cuive is the epicycloid 

formed by a point attached to a circle of radius ^ rolhng upon the 

circumference of a circle of radius ^ 

2 

43 Ea 3 fs emanate fi'om a pomt oa the ciicumference of a reflecting 
circulai aic Show that the caustic after reflection is a cardioide 

44 Show that if lays emanate from the pole of an equiangular 
spiral and aie reflected by the ciuve the caustic is a similai equi- 
angular sj)iial 

45 Pays of light parallel to the y-axis fall upon the reflecting 
curve 2/ =/('*-) Show that the equation of the reflected ray is 

/ ^ (r-y)2p+(l-;,%^-.^) = o 

where ^i=/'(a) Also that the length of the leflected ray betiveen 
tl^ point of leflection and the caustic is one quarter of the chord of 
t x^aturo parallel uo the y-axis 

46 If rays of light emanating fiom the pole fall upon a reflecting 
cuive, show that the length (1) of the reflected lay is given by 



47 A stiaight line meets one of a system of confocal conics in 
P, Q, and JtS is the line joining the feet of the other two noimals 
drawn from the point of in tei section of the normals at P and Q 
Piove that the envelope of US is a parabola touching the axes 

[Math Tripos, 1884 ] 

48 ShoAV that the tangents to a system of conics inscribed in a 

given quadrilateial, at the points wheie a fixed straight line meets 
them, envelope a cui\e of the third class touching the given line and 
the sides of the given quadrilateial [Math Tripos, 1885 ] 

49 Show that the vanishing of the c-discriminant of the ehmmant 
of 2> from the equations xjj- — 2yp + a = 0 ] 

and cp® - rp- + ^ ~ ® ) 

gives exactly the same locus as the vanishing of the p discriminant of 
the first equation Show that this is not a true envelope but a cusp 
locus [Math Tripos, 1878 ] 

50 Find the condition that every curve of the familj’’ /(x, y,c) = 0 
may have a double point, t e that there may be a node locus 

[Prop M J M Hiu,]' 
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CURVE TRACING 

3*76 Nature of the Prohlem Cartesian Equations 

If in the Caitesian equation of any algebiaic cuive, various 
values of x be assigned, we obtain a numbei of equations whose 
loots give the coriesponding values of the oi'^inates The leal 
loots of these equations can always be either 'found exactly oi 
approximated closely to by methods explained in the Theory 
of Equations We can by this means, laborious though ib will 
in most cases be, find as many points as we like which satisfy 
the given equation of the curve , and by pining these points 
' by a cuived line drawn fieely through them we can foim a 
faiily good idea as to its shape The experience, however, 
which we have gained in previous chapters will in general 
obviate any necessity of resort to the usually tedious process 
of approximating to the loots of equations of high degree , and 
we propose to give a list of suggestions foi guidance in curve 
tracing which in most cases wiU enable us to form, without 
much difficulty, a sufficiently exact notion of the chaiactei of 
the curve represented by any specified equation 

377 Order of Procedure 

1 A glance will suffice to detect symmetry in a curve 
(a) If no odd powers of y occur, the curve is symmetiical with 
respect to the axis of x Similarly for symmetry about 
the axis of y 

(&) If all the powers of both x and y which occur be even, the 
curve IS symmetrical about both axes, as, for instance, 

in the case of the ellipse 1 

a® 6^ 

814 
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(c) Again, if on changing the signs of x and y the equation 
of the cuivc leinam unchanged, theie is syinmeti}’^ in 
opposite quadiants, as in the case of the hj^perhola 
xy=k“. The oiigin is then said to he a centre of the 
cuive. 

{d) If the equation lemain unchanged when x and y sxe inter- 
changed theie IS sj^mmetiy about the line y—x 
If the cuiwe be not sj^mmetiieal with regard to either axi*?, 
consider whether an}-* obvious tiansformation of co-ordinates 
could make it so 


2 Notice whethei the cuive passes through the oiigin , also 
the points where it crosses the co-ordinate axes, oi, in fact, 
an}’- points whose co-oidinates piesent themselves as obviously 
satisfying the equation to the curve — 

3 What linear asymptotes are theie ^ First find those 
'^parallel to the co-oidmate axes, next, the oblique ones (Ait 

237). These results point out in what directions the curve 
extends to infinity 

Find also on which side of each asymptote the cui've lies 
(Art 260) 

If there be a paiabolic bianch it is useful to obtain a paia- 
bolic asymptote and to ascertain on which side of this parabola 
the curve lies (Art 203) 

4 If the cuive pass through the origin, equate to zoio the 
tcims of lowest degree These teims will give the tangent or 
tangents at the origin ^Art 291), and thus tell the diiection in 
which the cuive passes thiough the oiigin. A moie complete 
method of finding the shape of the curve near to and at a gi cat 
distance from the origin is to follow in Ait 3S2 

5. If there be a node, cusp, oi conjugate point at the ongin, 
or a multiple point of higher oidei than the second, take note 
of the fact If theie be a cusp, test its species (Art 20.5) 


6 Find what other multiple 2 ioints the cuive has (Ait 291), 
and asceitain the position and chaiacter of each 

cl ?/ 

7 Find and foi vhat points it loniVics or bccomco 


infinite These lesults will indicate the points at which the 
tangent is paifillel or perpendicular to the axis of x. The 
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diiectlou of the tangent at othei points may also bo ascei tamed 
if desiiable 

8 Find, if convenient, the j>ovnis of 'injlcvion ^ 

9 A stiaight line will cut a curve of the degiee in n 
points leal oi imagmai}'', and imaginaiy inteisections occu? in 
pans These facts aie often useful in detecting a false notion 
of the shape of a cuive 

10 If we can solve the equation foi one of the variables, say 
y, in teims of the othei, x, it will be»fiequently found that 
ladicals occui in the solution, and that the lange of admissible 
values of x v'hich give leal values foi y is ihcrehy hniiicd 
The existence of loops upon a cuive is fieqiiently detected thus 

11 It sometimes happens that the equation is much simpli- 
fied upon reduction to the polar form Tins is especially the 
cose when the oiigin is a multiple point on the cui vc 



(e) y=x^ (g, /Lx- (h) 

/n/iertoua o /arai’lit I’mrqfSt L71 ts Sctmcttbical Parabola 

Cusfato 



IfJtcjcton at 0 Cusfi at O 

Pig 72 


3/8 It IS not necessary of course in eveiy case to take all 
the steps indicated above, or to keep to the oider laid down, 
but the student is advised in any cuive he may attempt to 
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trace to note down the result of each investigation lie may 
make For instance, he should icmaik, the absence just as 
much as the existence of sj^mmetry, asi'mptotes, oi singular 
points, and the total infoimation gained will gcneially ho 
sufficient to give a toleiahly good diagram of the curve. 

37*) It will he useful to be able to draw at once a giaph of 
anj’’ of the cases which come undei the head 

{cP=y^ 

Accoidingly the student should caicfiilly considei the figuies 
of diagiam 72 and veiify the diawing in each case 

380 We add a few examples to illustrate the points cinmi- 
eiatcd 



Fig 


I To fiaco the ante 1X> -2X’ -"?) 

(«) This cui\e IS not syiunietiical about cither axis , but if the origin 
be transfeiTcd to the poiut (2, 0) the equation becomes 

showing SMuinetry in opposite qindi-ants when refen e<l to the nen axes, 
anil that the tangent at the new oiigm is indiiietl at an aiiicle to th> 
axis- of i. 
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( jS) Eecumtig to tbe ongmti equattoii. 


If 

^=0 


x=I 2. or 3; 

If 

o 

II 

h 


.y=-G* 

If 

.' =«. 


II 

K 



r= —sc. 

"When 

T 1-t 

>3 

y IS pja’tiie. 


.r<3 bn 

>2 

IS negative. 


.-<2 hat >1 

» IS pisitive 


a<l 


IS nigativa 


(- \ Tlie carve does not go throngL tbc ongin and. although extending 
to infinitv, it h'\s no rect’hceal o'^mptote. 

(5) Since ;f = t“ — 6r^— ll.* — 6 

we have ^-=3.*^— 12r— 11 


■which vriiu=he« when jr=s2^i- 

N o 

A* t • 

(e' Also _=Gix-2', -winch showe that there is a point oi inflexion at 
fir- 

the point where ^"=2. 

The shape of the curve is therefore that shown lu Pig 73. 



IL To trace c'jne y=±t : — — — 

a- 

CaseI Suppose a >6 'Tig 74) 

(a) The curve is simnietncal with regar>l to the axis of n 
(jBy TThile c-<o. 1 IS iipagin-'ra-. 

and y is real for all values of x from 6 to sc and the curve meets the axis 
of V when x=a and •when x=0 

(*/) ^=0 when x=c, and =x when =5 so that the ctore touches 

the axis r at the po'nt (a. 0). and cuts it at right angles at (r 0). 

(5) There is no asvmp'cre . hut. when v=x ^ and ^ are hoth «c in 
tie Innit. the curve nltlmatelv tahing the shape of 
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Case 2 Next consulei a<h (Fig 75) 

{a!) There is in this case also symmetry' about the axis of ^ 

(/3 ) The equation to the curve is satisfied by the point (<r, 0), but by no 
oUiei point 111 its Mciiiiti, foi if r be <h, y is imaginaii except wdieii 
x—a. The point (a, 0) is theiefoic a conjugate point 

(y') Moicover ^^=tao when v—h, and the cune cuts the axis of x at 

right angles at this point 



(S') Also, \\hcn ^=co, ^'i=co, so the ciir\e in departuig fiom (6,0) 

(the jioint B in Fig 75) must bend towards the positive direction of the 

axis of .r, and, finallv, dt again becomes infinite, showing that theie must 
o» 

be a point of inflexion at some point C between B and eo Its exact .. 
position IS of course given by the equation 

g- 

Tlie shapes of the curves in the twro cases are given in Figs 74 and 75 
respectively 

Examples 

1 Trace the cm \ e y =t^^ — 1), 

showing that its tangent is paiallel to the axis of x at the oiigin and at 
the point 1 = 3 

2 Trace the cur\ e a-(y— 6)-rr-''=0 

3 Trace the cun'e (a -a)- 4- (y— 6)^=0 

4 Trace the cun e ay ^ — (a — aXi? - 6X^ - o), 

where «, 6, c are in descending older of inagiiitude, and examine the cases 

(1) a=6 

(2) h~c 

(3) a=h~c. 
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Ill To trace the citric y— v" > 

T-— a* 

a hang positive 

(o) Thci 0 IS no sj nimctr^ about eitbei a'^is and the cun c does not pass 
through the ongin 

(jS) The cui\e cuts the a\is of if at the point (0, —a) and the axis of v 
at tlie point gii en bj the i cal loot of 

r'=>+<ri-+ff“=0 

(It IS clear that t^\o roots of this cqu.ition me iniaginaii, foi the sum of 
the sqiiaies of the leciprocals of iti loots is negatne ) Also, the leal root 
IS obviously negative and niimciicalh gi cater than a 
(y) ‘When ^ IS >a, g is positive 

When i lies betMcon a and —a, y is negatne 

■Wlion i IS < -o, 13 jiositne until i jiasses the negatne loot above 

rcfcired to, and then is negatne aftein aids 



Pig 76 


(S) The asj mptotes parallel to the axes are ^ = ia 
asymptote m e have 

1 +-+— 

f. . a rt3\/_ n2 




To find the oblique 

)> 
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Hence y = i + a is the oblique asymptote, and, if v be positive, the ordinate 
of the curve is ob^uously gieatei than that of the asymptote, and the cm ve 
lies above the oblique asymptote If t be negative, the curve lies below it. 


f ^ 3a-^ — 4a®) 

lx~ (:c®-a®)2 ’ 

nhich gives ^=0, vhen ‘i:=0 oi when aP -3aH-4a^=0, w'hich clearly 
at 

has a positne lOot lying between ^=2o and t=3a, and which can be 
shown to have only this one leal root Also, wlien ^ = ±a , 


(f) A point of inflexion lies between a=-5o and a;— —6a (Ex 13, 
p 248) 

The shape is thcrefoie that given in Pig 76 


IV To trace f/ie curie y"+2v^y+T'=0 

(a) The cmve is not symmetrical about either axis and tlieie are no 
asymptotes 

(J3) The cuive passes through the origin, but cuts neithei axis agam 
(y) Tlieie is a cusp at the origin, the equation of the tangent being 


?/=0 



Proceeding according to Ait 295 the quadratic foi P is 

P2+2Prr»+A’'=0, 

an equation whose roots are real if a; be veiy small, positive or negative , 
foi the ciiterion foi real roots is that a;® - t" should be >0 This condition 
IS fulfilled until a; is >1, when P oi y becomes imaginaiy 
Moieover, the pioduct of the loots =v'^ and is positive or negative 
according as ^ is positive or negative Theie is theiefoie a double cusp 
at tlie origin, and on the positive side of the axis of y it is of the second 
species, while on the negative side it is of the first sjiecies The point is 
therefoie a point of oscul-inflexion (Fig 50) 

EDO X 
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(S) 2/ = - A^± ‘fi'Jl ~a , 

so that ^1= 00 if ^=sl Also, one value of is zeio when r=:— 

The shape of the cuive la non leadilj seen to he that shown in Pig 77 

3S1 The following curve illustiates a paifciculai artifice 
which may be occasionally cmployecl, namely to cxpiess the 
oidinato of the cuive as the sum or diffeience of the oxdinatcs 
. of two known or easily tiaceablc curves 



Fig re 


V To trace (ar +y- - Zeu)- = 4aJ.-(2« - 1 ) 

Here y-—2ax— 7r±2v^V2aa — v^+ax 



therefore 2/ = — v2ar— v + n^ov, 

or y= ±yi±yif 

where yi and ?/« aie corresponding oidiuates of the cii*cle ,'»-+ 2 /-= 2 ai and 
of the parabola y®=aa; Hence the oidinate of the cune is the sum or 
ditfeienco of the corresponding oidinates of these cm res The cirelc and 
the pambola are shonn by dotted lines in the accompanying figure, and 
the lesultant curve by the continuous line 

Examples 

1 Trace the curv'c (a:+?/+l)2=(l— v)®, 

shomng that there is a cusp of the first species at (1, -2) , also that all 
chords parallel to the axis of y aie bisected by the line 

^+y+i=o 

2 Trace the curve r==c sec d±a cos d, 

the radius "vector being the sum or difierence of the radii vectoies of a 
straight bne and a ciicle 
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382 Newton’s Diagram of Squaies 

When a cuive whose equation is algehiaic and rational passes 
thiough the oiigin, it is fiequently desiiahle to ascertain the 
shape of the cuive m the immediate neighhouihood of the 
oiigm moie accuiately than can he piedicted fiom a meie 
knowledge of the direction of the tangents, and also to foim 
some idea of the limiting foim of the cuive at a gieat distance 
from the oiigin 

The following is a giaphical method of deteiminmg what 
teims of an equation aie to be retained or rejected in such 
cases — 

Let Axi'y'i, be any two terms of the equation of the 
cuive , and let us suppose them to be such that they aie of the 
same older of magnitude Take a pair of co-oidinate axes and 
maik down the positions of the points 5 ) {r, s), which we 
shall call P and R respectively Then, since xPy'i and a;’*!/* are 
of the same older of magnitude, and are also of the 

same oidei, and theiefore the oidei of x is that of 

Now — i=tan 0, wheie Q is the angle which the line PR 
r-rp ” 

makes vnth OX So that the order of x is that of and 

theiefoie the order of the teim Ax^y^ is that of 1 /®"^ ^ Now 



q—p tan 0 = the intercept OA made by the lino PR upon OY, 
so that the oidei of the teirns AiJPy^ and Bx'ip is that of 
and IS measuied by the inteicept OA 
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Consider next any othci tcim Ca’”?/** in the equation Let 
its graphical point (m, n) be denoted h}'’ ilf in the figuie Then 
the 01 del of this tcim is that of 

yn-mianO 

the line MB being drawn parallel to BP, cutting off the intei- 
cept OB on the axis of y OB theiefoie giaphically niaiks the 
oidei of this teim, which may theiefoie be rejected in tiacing 
near the oiigin in coinpaiison with the teims denoted by the 
points P and B if OB be grcatei than OA , and in tiacing the 
curve at a great distance fiom the oiigm it may be icjccted if 
OB be less than OA Thus if all the tciins of the equation be 
lepresented giaphically bj*^ the seiics of points P, Q, B, S rn 
the mannei above dcsciibed, and if when any two, say P and 
B, aie chosen all the other pomts ho on the side of the line 
PB lemote fiom the oiigin, they may all be lejected in tiacing 
the portion of the cuive in the immediate pioximity of the 
origin , but if they all lie on the oiigin side of the line PB 
they may all be rejected in tracing the cuive at an infinite 
distance from the oiigin 

Ex If the equation bo , 

r*/ + 2 ry + 3 Hy + v^i/- + y* = 0, 

the points A, JJ, C, D, E lopiesent the 1st, 2nd, etc, terms respectivelj. 


y 















L0 









A 







D 






B 



C 




0 

x 


Fig 80 


and a glance at the diagram will show that the 

second and thud"! 
and the second and fifth J 

are pans -which may be taken together in tracing near the ongiii, whilst 
the fiist and tluid-l 

and the first and fifth / 

aie pairs winch maj be taken togethei in approximating to the form of 
the curve at an infinite distance from the origin 
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383 The above method is a modification of the one adopted 
in such cases by Newton, and is known as Newton’s Paiallelo- 
gram A further slight vaiiation on the same method is due 
to De Gua, and is known as De Gua’s AnalyUcal Triangle. 
[De Gua’s Usage de V Analyse de Descartes, Pans, 1740 ] 

VI To ti ace = 0 

(a) Newton’s diagiam shows at once that neai the oiigin the fust and 
third of these teims, oi the second and thud, may he taken together, 



Fig 81 

whilst at a gieat distance fiom the ongm the fiist and second may he 
taken togethei This indicates that at the origin the curve assumes the 
paiaholic forms ±.av,Jb, ^ 

and that at infinity it appioximates to the straight Ime x+y=0, which is 
obviously the only asymptote 
(j3) Moreover, the equation may he wiitten 




— i:=a vei}' laige quantity 


when in the limit 
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Hence again i/= -'i is an a*!^ inptote, but we gam the adilitional informa- 
tion that if ^ be negative and Aeii laige the oidinate of the cune is 
"reatei than the ordinate of the asi inptote 

o 

(y) Since "when the signs of ^ and ?/ aie both changed the equation 
lemains of the same form there is s^mmetn in opjiosite quadrants 


(S) Since 


dy 

dx~ y-fl-r- 


u e have 



at the points uheie the cuive is intersected b\ the cubical 
2a-y=r^ (which is easily tiaccd), and b\ the avis of y , and 



pambola 


vliere the cuive is cut bj* eithei of the paiabohis »y"= ±ar The foini of 
the equation is theiefoie that slioun in Pig 81 


Examples 

1 Trace 

showing that at the origin theie aie two cusps of the fiist species, an 
asymptote %+y—a, tw o infinite branches below the aMmptote,nnd a loop 
lu the first quadrant 

2 Show that the cui \ e y-a-i-y-+r®=0 

consists of four equal loops, one in each of the foiii quadrants and Ij ing 
eiitiiely within the circle r=a 

e 

384 Polar Equations Order of Procedure 
In tiacing a cuive fiom its polai equation it is advisable to 
follow some such loutine as the followniis: — 

1 If possible /o?’J7i a table of coiresponding values of r and 
6 which satisfy the equation of the cuive Considei both pos- 
itive and negative values of 6 

2 Examine whether theie be symmotiy If a change of 
sign of 0 leaves the equation nnaltcied the cuive is sj’^mmetii- 
cal about the initial line If only even poweis of 9 * occur the 
curve IS symmetrical about the oiigin and the polo is a "centie ” 

3 Obtain the value of tan^,, Ait 202 This will indicate 
the direction of the tangent at any point The length of the 
polar subtangent is often useful, Ait 203 

4 Examine whether any values of 0 exist which give an 
infinite value of r If so, find whether the cuive has asymp- 
totes in such diiections (Ai t 265) and find then equations. 
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5 Examine -vrLetlier theie be an asymptotic circle (Aifc 270) 

6. Find the positions of the^ioiTifo of inflexion (Ait 283) 

7 It •will frequently be obvious fiom the equation of the 
curve that the values of or 0 aie confined helween certain 
limits If such exist they should be ascertained 

Eg , if r=a m\n0, it is cleai that r must he m magnitude between the 
limits 0 and n, and the curve he wholly within the cucle r—a 

8 It maj’^ be useful to know too whether the curve is convex 
01 concave to the pole at ceitam points This can be tasted by 
Alt 282 

385 Carves of the Class r=aBin?i0 
v/These curves were called Khodoneae by the Abbd Giandi 
fiom a fancied lesemblance to lose-petak^ 


TIT To trace r=asin50 

(a) "We have the following table of conesponding values of r and $ — 


Values of 0 

0 

Intel med 
Values 

TT 

To 

m 

Intel ined 
Values 

I 

Intel nied 
Values 

irr 

10 

Intel med 
Values 

Corresponding 
Values of > 

0 

Pos 

and 

Incr 

a 

Pos 

and 

Deer 

0 

Neg 

-a 

te! 

0 

Pos 

Values of 6 

m 

■ 

Gtt 

10 

■ 


■ 

SttI ^ 
fo' I 



Conesponding 
Values of r 

a 

Pos 

0 

Neg 

-a 

Neg 

0 1 etc 




(/3) J IS iievei greater than a, and there is no asymptote 
(y) tan</>=^tan30, and therefore vanishes -wlienevei i lanishes and 
= 00 whenever r= ±« The cuii e therefore consists of a series of siimlai 
loops as shown in Fig S3, all being arranged sjrametiically about the 
origin and l)ing entiiely within a cncle whose ceiitie is at the pole and 
radius a 

> 386 Any othei curve of the class 

r=a sm-nd 

may be traced in a similar manner 

* Flores Gcometrici and Phil Trans for 1723, referred to by D F Gregoiy, 

Examples, p 181 
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We annex a figuie of the cmve 

r=ct sm 60 (fig. 83) 

It will he noticed for tins class of cuives that if n he odd, there 
are n loops, whilst if n he even there are loops This will 



he easily seen fioin the on'der ofdcsei%ptwn of the loops, which 
we have denoted by the numerals 1, 2, 3 , m the figures 

387 Cuives of the class 

r sin ' 110 = a 
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belong to a gionp of cuives known as Cotes’s Spirals and aie 
inveise to the above species Tbeu forms aie therefore obvious, 
going to 00 along an asj'mptote whenever the ladius of the 
companion cuive r—a sm nQ vanishes, and touching r—a sin nd 



at the extiemity of each loop Since the polar subtangents 
coiresponding to the values of 9 foi which ?’ becomes infinite 
(viz n6=K'7r) are given by 

a 

chL~ n cos Kir 

the asymptotes aie not radial but can at once be diawn We 
give in illustiation a tiacing of the curves 

r=asin 40, 
a =7’ sin 40, 

with the asymptotes of the latter in one figuie (Fig 84) 
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3SS Class ) ” = «" cos »6 
The class of curves of v.hicli 

^’* = rt”cos«0 

js the t'\'pe, embraces, as has been ]>reviously noticed, several 

impoitant and ^vcll known enivts Tor instance, we get 

Bernoulli’s lemniscate (a = 2), the circle ('ll = 1), the caidioide 

(?7 = J), the paiabola (ii = -i), the straight hue (n=-l), the 

leclangulai liyperbola (n— —2) 

Till Toirac' r^^a~co ^20 {B'rnoAUf lAVoWnt') 

(a) XccMtire \alnc-? of cos 2/? gne inncnnarv vi]ur-»of r Ilcncc tlip 

onl. 1 C 'll portions of llie cune lit in the two rpiid’ants boundcJ bj 

0= — _ and 0=+ , .tml Iw 0=~ and 0—~ 
t I 4 1 

{[}) r=0 iThtn 0=± j or ^ 

and — ±<j whai 0=0 or - 



Fig S5 

(y) Since the onb jww er of r oc<.«rniig i« cc en, the cun e i5 cj mmctrical 
about the oiigin Again, •nnee the equation i^- umlterid h% wnling —0 
for 0, the cune i" obcioudc inrattncal about the initial line 


jileo, 


» nicreifse- 


from 0= - — to 0 and decieapcs 'igiin from 0=0 to 2" 
4 


and is nowhere infinite or in f ict gi cater than a 
Tlie cun e therefore consists of two similar loops as show n iii Fig S3 
Othei cure es of this species mas be treated in a similai manner It 


will be eosih seen tint if n be fnetioinl the enne will Ime p 

portions arrangid sc minetncalh about the origin 

" 2 O 

Foi example, in the cun e ? *=a''cos ?0 

5 

we Ime the following scheme of sallies for r and 0 


‘ 0 

1 

0 

C 

lOr 

17- 

20- 

27- ' 10- i , 



0 

- , - 1 etc. 

0,01 

1 

i »• 

1 

i 

a 1 0 

1 

— a 

0 

a 

* * 1 

0 —a t etc. 

b 
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wlioufr.* ^^c obtain a file'll e ^'ltb thice equal loops, tlie whole lying witluu 
a ciicle whose radius is a and teutre at the origin (Fig SO) 



Examples 


1 Trace the curves » =« cos 2<? r tos 20=a, 

r=a cos 30 r=acos40 

2 Trace r^=n‘'cos3{?, »^cos30=a3, 

=a^co!> it?, r^cos 
r^=ti‘‘cos^0, r^cosf0=a^ 


3 Trace the cun e y-(r- + a-)=r\a~ — ‘i-) [I OS, 1835] 

Show that the absci'-’i corre->pondnig to ain given central radiua vector is 
equal to the coi responding i.idius vcctoi in Bei noulli’s Lemmscate, and 
hence that the cun e consists of tw o loops passing through the origin and 
reoembling those of the Lemmscate 


IX To /race 


} = 


aO 
1 + 0 


(a) gi'ing Ji set of values to t? we have the following table — 


Values of 0 in 
Ciicular Measuie 


4 

3 

o 

B 

1 

2 

1 

4 

0 

1 

1 

2 

Values of r 

a 

4'< 

5 

n 

2rt 

i' 

a 

2 

a 

3 

a 

5 


a 

3 

~a 

Values of 0 in 
Circular Ifeasuie 

1 

-1 

_5 

4 

3 

2 

— 2 

-3 

-4 

- 



Values of r 

1 


5a 


3rt j 2a 

3a 

2 

4a 

J 

lOr* 

-ri 

t 
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CIIAPTllR xir 


(/3) Since \s c ln!l^ v i ilc llio cr^uation 


when 0 becomes %cr} laigOiCithei po«itnel} oi nog.itneU, the form of 
the cmve appio’cimates to that of .in iim niptulic circle r=«, which it 
appioachcs both fiom within an<l without 
(y) Alt 205 shows that rsni(0+l)-} a=0 
IS .an as} mptotc to the cm i e This line touches the asj inptotic ciicic and 
IS shown by the dotted stmight line in the figuie 



(8) The points of iiitlcxion (Ai I 28.1) .ai c gn cn bj the equation 

fl='+(7-+2=0, 

an equation which h.as one leal root which lies between 0~ -1 and 
0= -2 The cuiic is theieforc that shown in Fig 87 


E\.van’ii-s 


1 Tiacc 



show mg th.at it lies cntirch w ithiii the cii de » - cf, w liidi is an asi niptotic 
ciiclo , also, that tlieio is a cusii of the fust species .it the oiigiii 


2 Tiace 


r~ 


a (P 


Show that thcic aic two hneai asymptotes and an asymptotic ciiclc , also 
a cusp of the liist species at the oiigin and a point of iiifle\ion when ^=3 


EXAilPLES 


y\ Shoav that the curve + 

'/ , 0 - - tr 


consists of two blanches each passing thiough the oiigni and c\tend- 
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ing to infimtj^, and that the whole cun^e is contained between two 
asymptotes parallel to the axis of y 

^,- 2 Show that the curve 

has two infinite branches passing through the origin and Ijnng 
between the asymptotes r=±a, and that there are in addition 
two other infimte branches resembhng those of the hyperbola 

rc2 — 2^=4 o- 

__ ^-3 Show that the cun*e as® + y® = a® 

consists of one infinite branch runmng to the asymptote x+y = 0 at 
each end and cutting the axes at light angles at the points (o, 0 ), 
( 0 , fl) at which there are points of inflexion 

-4 Show that the curve a:®+y®=3axy 

consists of one infinite branch running to the asymptote as + y + a =0 
at each end and lying on the upper side of that line Also, that the 
axes of co-ordinates are tangents at the origin, and that there is 
a loop in the first quadrant This curve is called the Folium of 
Descartes 


5 Trace the curves 


(a) 't®-{-y®=a?i; 

(fi) a;®-fy® = 2a'c® 

^-''6 Show that the ciin’e 

A 0.9 

ay-='c-y-i-ar‘ 

has a cusp of the first species at the ongin and an asymptote x+y=a 
cutting the curve at Trace the curve 


7 Trace the curves 


(a) ay--2o‘cy-l-'c? = 0, 
ip) y®-^aa!y-f 6 t;®=0, 
a and h both being positive quantities 

Trace 'ty®=4a®(2a — " 5 ) (The Witch) 

^ ^ 9 Trace the cun e y-( 2 a — (Cissoid of Diodes ) 


10 Trace 


f y Y _ g- 
»- 


0, — a 
■2a 


and show: that the oblique asymptote cuts the curve at an angle 
tan'^S 
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11 Trace 2a,('B2 + 2/®) = a(2'>:“+2/®) 

and find by polars the co-ordinates of the jioints of inflexion 
'^12 Tiace y(d?-\-ii?) — a“a,y 

shomng tliat there are points of contraiy flexure where a;=0 oi 
±«y3, that the tangent is jiaiallel to the axis of a where a= ±a 
and that the axis of a is an asjmptote 

13 Trace %-y^=a\'c^-y% 

showing that the cuive lies entirely between its asymiitotes y=±a, 
and that its tangents at the origin aie ±a; 

t -'■*^14: Trace the curv^e (a? - a-)(y^ - b-) = a-b^ 

15 Trace a!^ = a-(a^ -y-) 

16 Trace (yS _ - 2a?) 

17 Trace axy=a^-a" (The Trident ) » 

18 Trace the curve afi - 2ma?y^ + = a* « 


when m is respectively greater than, equal to, and less than unit}’’, 


and also when m is 

zero 

[London, 1880] 

19 

Trace 

y—xr 

a-tt 


.,/20 

Trace 

q q-c^ -t a® 

a- —jJr 


21 

Trace 

x{x+yf = a{x-yf 

[ICS, 1879 ] 

-'22 

Trace 

a?=y(v- a)^ 

[OXFOBD, 1876 ] 

23 

Trace 

( ^ V__V-o 
\y-aj y + a 

[H C S , 1881 1 

24 

Tind the multiple points on the curve 



2(a'* + y*) + 5a?y^ + = 6a^(v° + y^) » 

and the directions of the tangents at those points [H C S , 1881 ] 
Also trace the curve 

25 Trace the curve a-3 + Zcxy — a®, 

and prove that as c diminishes to « the ultimate form of the loop is 
that of an ellipse whose eccentncity = ^ [Math Tbipos ] 

26 Trace (a - y)\x -i y){2x -h y) = ahf- ^ [Cawb , 1879 ] 

27 Trace the curve » =o(l -i-cos 0) (Oardioide) 
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" 28 Trace i =a+b cos 6 (The Lima^on of Pascal ) 

^ 29 Trace r = a(2 cos 6±l) (The Trisectiix ) 

*■ ® 

30. Trace the following spirals — 

(a) 7 =ad (Spiial of Aichimedes ) 

(/3) rd=a (The Hj^ierholic or Reciprocal Spiial ) 
rW= or (TheLituus) 

(8) o'=ae”'^ (The Logarithmic or Equiangulai Spiral ) 

Show that in each case there is an infinite number of convolutions 
round the pole, and that 7 sin 6 = a is an asymptote to (fi) and the 
imtial line an asymptote to (y) 

31 Trace the cun'es 

7=0 cos 50, 7 cos 50=0, 7=acos-|0 

32. Trace the curves 

7S = oScos§0, 73=o§sec^0, 7^ = O^COS-|0 

"What IS the relation between them? [Cams , 1S76 ] 


33 Trace the curve 0=_iL_ 

7 —a 

showing that a line parallel to the initial line at a distance a above 
it IS an asymptote Show also that there is an asjnnptotic circle t* = o 


34: Trace 


r= 


^0 + sin 0 
^0 — sin 0 


Show that this curve has an asymptotic circle, also that as each 
branch of the curve comes from infinity it approaches the asymptotic 
circle from the outside on one side of the initial line and from the 
inside upon the other 

35 Trace 7 = 2o- — f (The Cissoid) 

from the polar equation 

36 Trace 7 = g^~° 

0 + a 

37 Trace r02 = tan0, from 0=0 to 0 = 27 r [Oxford, 1876 ] 

38 Trace 7-®sin 3(0 - a) = sin 0 - sin a [Ci 3 ib, 1S79] 

39 Trace the “ curve of sines ” 

T. "t 

y = 6 Sin - 
a 

40. Trace y = tan fix 


41 Trace 

foi positive values of 0 


7 


a 


[Trtx Coll Game , 1S7S ] 
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42 

Trace 

^ 1— sin 20 

[OXTOKD 

43 

Trace 

(t; + a)\y - a) + (y + a)-{% - a) = 0 

[OxTOED 

44 

Trace 




4 

{%-a){x-b) 


45 

Trace 

a = a(l - cos 6)'\ 




y = ae J 




(The companion to the Cycloid ) 


46 

Trace 

y = c cosh - (The Catenary ) 
c 


47 

Trace 

y = ‘>/^ + C0sh^ 


CO 

Trace 

'v^y^ = (a+yr-(fr--y"-), < 


or 


r = a cosec 0 ± 6 




(The Conchoid of Nicomedes ) 


49 

Trace 

{y- + (a + + (a~ » 


examining the cases (1) a<h 




(2) a = 6 (Lemmscate of Bernoulli ) 



(3) a >6 (Cassini’s Ovals ) 


50 

Trace 

y* + + 2y^ — 7^ = 0 

[Cbamee3 

51 

Trace 




r = a(cos 

a cos 0 - J cos 3tt cos 30 + i cos 5o cos 50 — 

) 



[Math Tbipos, 1878 ] 

52 

Trace 

y = e“*" (The Prohabihty Cuive ) 

53 

Trace the curves 




(o) y*-axy- + v^ = 0. 




()8) a^y- -2abx^y-x^ = 0 




(y) ^ - b-vy- = 0 

[Ckamee ] 

64 

Trace 

- ay^y+by^ = 0 

[De Gua ] 

55 

Trace 

(a) yfi + y^ = 2aH'y 




(/?) x^ + y^=%y(a-v+b-y) 

[Feost ] 



CHAPTER XIII 


OX so:me well-kxowx ctjryes 

3S9. The present chapter is devoted to a shoit description of 
some special curves ivhose properties have been, investigated 
and which have acquired historical impoi tance, being associated 
for the most part with the names of some of the greatest Geo- 
meters of past ages. It has been consideied ad\ isable to intro- 
duce at this point an enumeration of their principal properties 
for the sake of reference, though uuneccssarj' to give in all 
cases full proofs of the results stated as the student will be 
readily able to supply them. In «:ome cases seveial of these 
properties will be found to have been aheady proved or sug- 
gested for pioof foi the student in eailier pages 

The CrcLom 

390. This curve appears to have been discovered in the 
fifteenth century, and is associated ^iith the names of 
Galileo, Descartes, Wren, Pascal, Hu^'ghens, and many 
others It derives its pnncipal inteiest fioni its importance 
in Mechanics 

391. Def. When a circle ‘ioUs tn a plane along a given 
straight line, the locus traced out hy any point on the circvurv- 
fcreace of the rolling ciicle ‘is called a cycloid 

392 Description of the Curve 

The nature of the motion shows that theie is an infimte 
number of cusps arranged at equal distances along the given 
straight line It is usual to confine the name cycloid to the 

portion of the curve lying between two consecutive cusps. 

E.D c r 337 
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Let A, B be two consecutive cusps, AGB the are of the 
cycloid lying between them The line AB along which the 
ciicle lolls IS called the base Let GPT be the lolling circle, G 
the point of contact, GT the diametei through G, and P the 
point attached to the ciicumference, which by its motion tiaces 
the cjmloid The ciicle GPT is called the generaivng circle. 
Let G be the point of the cuive at greatest distance fiom AB , 
this point IS called the vertex Let GX be the tangent at (7, 



Fig S8 


and GY the noimal, obviously bisecting the base AB in the 
point D We shall take these lines as co-oidinate axes It is 
clear that the cuive is symmetncal about GY 

393 Tangent and formal 

Since a circle may be consideied as the limit of an inscribed 
legular polygon with an indefinitely laige numbei of sides, the 
cncle GPT may be supposed to be for the instant turning 
about an angular point of this polj^gon situated at G Hence 
the motion of the point P is instantaneously perpendiculai to 
the line PG, which is theiefore the direction of the normal at P 
Moreovei, since this motion is in the direction of PP, PT is the 
tangent at P to the locus of P 


394 Equations of the Cycloid 

Let BQG be the circle described upon BG for diametei and 

let^O be Its centre Draw PZI, PX peipendiculai to GX and 

Oriespeetively, the latter cutting the circle BOO in 0 Join 
m,OQ,GQ ^ 0 n 


Now, since the circle roils without shchng along the line AB, 
eveiy point of the circle comes successively into contact with 
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tlic stmighfc line, so that the length of AD is half of the ciicum- 
feicnce of the ciicle, and the poition 

G,A=aic 6 rP=aic PQ 
lienee the icmainder Pff =aic GQ 
Now', PQGT, PQDG aie paiallelogiams , wdience, if a he the 
ladius of the generating eiicle and 6 the angle GOQ, 

PQ = DG = arc GQ = aB 
Hence, if x, y be co-ordinates of P, 

x=GJ\I=NQ+QP=a(d-\-smd)\ 
y = PiY =G0- iYO = a(l - cos 0 ) J ‘ 

From these equations the Cartesian equation may bo at once 
obtained by eliminating 0 , the lesult being 

x=avei's~'^^'^-+s/ 2 ay—y^, .... .. (b) 

Cl/ 

but fiom the form of the result the equation is not so useful as 
the tw'o equations marked (A) 


!}■ 


39.5. Length of the arc GP 
Since a; = a(0 -f sin 0)1 

2 /=a(l— cos0)J 

■vve obtain c7v = a(l -{- cos 0)c?0'i 

cly=a’im6dd y 

squai nig and adding, cls^ — dx^ -f dy- = 2 a®(l -{- cos 0)c70- 

= 4a“cos-^c70“, 

' 0 

ds =2a cos -^0, 

0 


01 


and upon integiation s= 4 a sin -5, .. 


(C) 


the constant of integiation vanishing if s be measuied fiom Gy 
so that s and 0 vanish together 


Q 

Again, since choid GQ=2a sin 5 , 

At 


we have 
Further, since 


aic GP = 2 choid GQ 

.0 


(u) 


y=2a sin''^, 

S: 






.(E) 
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39 G Geometncal Frools 

These results may be established by geometrj' as follows — 
Let TPG be any position of the generating cncle, ff being 
the point of contact, GT the diametei thiough G, and P the 
uiacing point Let the circle loll thiough an infinitesimal 
distance till the point of contact comes to G'. Let the circle in 
rolling turn thiough an infinitesimal angle equal to POQ, OQ 
being a ladins of the circle, and let P come to P' Then QP' 
IS paiallel and equal to GG', and theiefore to the arc QP. PP' 


B D G g' A 



IS ultimately the tangent at P and theiefoie ultimatel}’^ in a 
straight line with TP, Draw Qn at light angles to PP', then 
Tn and TQ aie ultimately equal, and Pu is theiefoie the 
increase in the chord TP in lolhng from G to G' Moreover 
PP' is ultimately the increase of aic, and since in the limit 
QP'=arc QP— cKoid QP, and Qn is drawn perpendicularly to 
PP', n is the mNdle point of PP', and theiefore the late of 
giowth of the aic VP is double that of the choid TP, and they 
begin their gi owtlAtogether at G Hence arc GP = 2 chord TP 

397 Intnnsic Equation 

If in Fig 88 PTX—yp-, we have 1/^=5 > whence the intnnsic 
equation of the cycloid is s=4a sin yjr 

398 Eadins of Curvature 

The formula of Ait 322 gives 

ladius of cui\atuie=2 noimal 
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399 Evolute 

By Art 347 the intrinsic equation of the evolute of the 
cui ve s = fiyjr) is s =.f'(^) 

Applying this, we have for the evolute of the above cycloid 

s=4acosi^, 

which clearly repiesents an equal cycloid (see Ait 349). 

400. Geometrical Proofs 

These results may also be established geometrically as 
follows — 

Let AD be half the base and GD the axis of a given cycloid 
APG Pioduce GD to F, making DF equal to GD, and thiough 
F diaw FE iiarallel to DA Through any point G on the base 
draw TGG' parallel to GD and cutting the tangent at G in 



T and the line FE in G' On GT and G'G as diameteis 
desciibe ciicles, the former cutting the cycloid in the tracing 
point P Join FT, PG and pioduce PG to meet the ciicle 
GP'G' in P' and join P'G'. Then obviously the arc G'P'= 
arc PT=DG—FG', and therefore the point P' lies on a cycloid, 
equal to the original cycloid, with cusp at Pand vertex at A 
Moreover P'G is a tangent to this cycloid and P'G' a normal 
The cycloid FA is therefore the envelope of the normals of the 
cycloid AG and theiefoie its evolute, and P' is the centie of 
curvature corresponding to the point P on the original cycloid 
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If, therefoie, a stung of length equal to the arc FP A. have 
one extiemity attached to a fixed point at F the othei end, 
when the stung is unwound from the cuive FP' A, will tiace 
out the cycloidal aic APG Thus a heavy particle may bo 
made to oscillate along a cycloidal arc, by allowing the sus- 
pending stung to wrap alternately upon two iigid cj’cloidal 
cheeks such as FA, FB 

Moieovei, since PP' is obviously by its constiuction bisected 
at G, the ladius of cuivature at any point of a C 3 'cloid is double 
the length of the normal 

401 Area hounded by the Cycloid and its Base 

Let PGP', QG'Q' be two contiguous noiinals Then G, G' 
aie their middle points, and thercfoie ultimately the element- 
aiy aica GPQG' is tieble the clementaiy aiea P'GG'Q' Hence, 
summing all such elements, the aiea APOD is tieble the aiea 



ADFP' , ie, the area of the cymloid is three-foui ths of the 
ciicumsciibing lectangle, foi the aiea of ADFP' is equal to the 
aiea OXAP 

Now the length of jl2)=half the ciicuniference of the ciicle 

“ TrCt __ 

Hence the icctanglc AXCD^ira 2a=2'7rar, 
and thoi efore the 

scnucycloidal ai ea APGD = ] 2’jrar = xa®, 
and the aiea bounded by the whole cycloid and its base = 37 ra 2 , 
and IS ihoiefoie ihi cc times the area of the generating circle 
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The Trochoids 

402 If the point P (in Ait 392) be attached to the lolling 
ciicle at a jioint not upon the circumfeience, hut at a distance 
h fiom the centre, the cuive tiaced is called a cuHate oi a pro- 
late cycloid according as & is greatei or less than the ladius a 

These cuives as a class aie called Tiochoids 

It •will he ohvious from the mode of desciiption that if h>a 
the senes of cusps which chaiacteiize the oidmaiy cycloid aie 
replaced by a senes of nodes and loops 

403 The equations of a trochoid leferied to the same axes as 
the cycloid in Ai t 394 Avill obviously he 

x = a6+h sin 0\ 
y = a—hcos6 J 

Epi- AND Hypo-cycloids and Epi- and Hypo-Trochoids 

404 When a ciicle rolls without sliding upon the ciicum- 
feience of a fixed ciicle, the path of a point attached to the 
cncumfeionce of the rolling ciicle is called an epi- or a hypo- 
cycloid accoidmg as the moving circle rolls upon the exterior 
01 the interior of the othei 

The path of any other earned point is called an epi- or a 
liypo-trochoid 



405 The figure (92) lepiesents the thiee-cusped opi- and 
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]iypo-cycloids formed wlien the latio of the ladius of the 
lolluig ciicle to that of the fixed one is 1 3 

406 Let the radii he lespectively h and a. In the figuie 
the lolling ciicle with its cained point P is lepiesented as 
tiacing the epi-cycloid. Let 0 be the fixed centre, Q the point 
of contact, A the point with which P is originally in contact, 
G the centre of the moving cncle J oin 00, cutting the lolling 
ciicle in P. Join QP, CP, and BP, the lattei cutting the 
initial ladius OA, which we choose for a;-axis, in T. 

Then, as in Ait 393, PQ is the normal and PIT the tangent 
to the path of P. 

Let Q,dA=6 and QdP=<p 

Then, since arc QP= axe QA, 

we have = aO 

Hence G^P = t=^ 

2 2b 

and = 

407 Again, GP makes with the ai-axis the angle 

e+i,=^e 

Hence the equations of the curve aie 
cc = (a + 6)cos — 6 cos 

, , . (A) 

y — (a+ b)sin 0 — 6 sin 

408 If the earned point P be not upon the circumference 
but at a distance 7716 from G it is plain that the coriespondiug 
equations for the epitiochoid will be 

cc=(a+6)cos 0— mb cos^^4^6 

1 , ■ w 

2/=(a+b)sin Q~mb sm^ ^^ 0 

409 The path of the earned point when the moving circle 
lolls upon the inteiior of the cireumfeience is obtained from 
equations (a) 01 (b) lespectively by changing the sign of b 
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410 If p be the peipenchcular fiom 0 upon the tangent PT 
to the epicycloid (Fig 92) vre have 

j>=OJ)sm|=(a+2i.)sm^ 

This funiishes us with the tarigential-polai equation 

411 Fioin the tiiangle OOP (oi otheiwise) 

7 “ = ((t q- h)- + 6- — 2(« + h)h cos 0 

= + -2sm=|) 

=a2+4(a+6)6(^^J , 
the pedal equation 

412 Difleientiating equations (a) 

— (a-f 5)sm 6+(«+h)sin 0, 

(a-j-Z>)cos0— (a+^')cos^^^0 
Hence, squaiing, adding, and extiacting the loot. 


Hence 


±i(a+h)sm-^. 

,=lM^±i)eos“0. 

a zb 


8 being nieasuied from the vertex, vheic Q—iThfa 

a 


Thus 


s= — ^ ^cos- 




a a+2b' 
is the intiinsic equation to the cuive 

This may also be obtained quickl}’- by applying the foimula 

integrating 

These lesults will (as in Ait 409) all lemain true foi the 
hypocycloid when the sign of h is ehanged , or they may be 
obtained independently 

413 Thus any epi- oi h^'po-cycloid may be lepresented by 
any of the equations, i^=A sin Byfr, or A cos Byp-, 

8— A sin Byp, 01 A cosByp, 

r'^=A+Bp\ 

the constants A and B being leadilj’" detenninable in any par- 
ticular case by aid of the pi seeding Ai tides 
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414 Auy of these formulate give the radius of euivature 
For example, taking A sin Byjr, we have 

oc p, 

>1 e , the radius of curvatuie vanes as the central peipendiciilai 

415 The evolute of any epi- or hypo-cycloid is a similar 
epi- 01 hypo-cycloid (See Art 349 ) 

416 The equations of the tangent and noiinal at any point 
on the cm VO wheie Q=a may be written 

a+2h a+2h / , ai\ ® 1 

xHin-^^a-y cos-^g-a = (a+2&)sin^a 

a-{-2h , a-f-26 a 

'C cos -^a -f y sin-^g- a = a cos ^ 

417 The polai equations of the tangent and noimal with 0 


foi pole and OA toi initial line are therefoie 

. /I 

rsinl^UH-c— d 


faa , r 

rcos\^^^-{-a-e 

.'i a 

•;=«cos^^a 


If the initial hue weie chosen to bisect the arc joining 
two consecutive cusps A, B, we should have to change a to 

a'-f — and 6 to If this change be made, the equation 

of the normal becomes 

J = aBin^a, 

which shows by compaiison with the tangent that the noimal 
touches anothci epicycloid formed by the lolling of a ciicle of 
ladius B upon anothei of ladius A wheie 


A-^-SB—cC) 


A a, 
2B~2b’ 


ie. 


a 

a-i-26 


a, 


B = 


a 

u+2h 


h 


This also follows fiom Ait 341 and veufies the lesult of Art 
S49 
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ilS Double method of generating Hypocycloids 
Changing the sign of h in Equations (A) the equations of the 
h 3 ’pocycloid aie 

a;=((t — 6)cos S+b cos 


y=(a — h)sm 6 — h sin 

Writing foi b and ^-—0' foi $, vrc liave 
® 2 c 


. . .. (c) 


x= 


a—c ft+c-, , rt+c — 


cos 


r^+-) cos - e 

^ ^ If 


a—c a+c., a+c — 

y==--mn—e - -2 flj 


and it is evident that a change in the sign of c does not alter 
these equations It follows theiefoie that the same h 3 *pocycloid 
can be gcneiated h 3 ' the lolling of eithei of the ciicles whose 

radii are upon a circle of ladius a 

And if Mc wiite a+c foi b and make the same change for 0 
as above, the equations of tho,h 3 'pocycloid become 


a = (a + c)cos 0' — c cos 
y = (a + c)sin 0' — c sin ^^-0'. 


These aie the equations of an cpiC 3 'cloid It appears then 
that the h 3 ’pocycloid foiined when the ladius of the rolling 
ciiclo is greater than that of the fixed cii’cle may be legaided 
.IS an epiC3cloid geneiatcd b3'^ the lolling of a ciicle whose 
ladius is the difference of the oiiginal ladii This can also be 
shown geometiically 

419 If the latio of a 6 be commensurable, theie will be a 
finite mimhei of cusps, the cuive returning into itself 
The equations 

« = (a — &)cos 0 + & cos 
y—(a— b)hm 0 — 6 sin -0j 


* rc'icocTv, Fxampks Oiling Enici, Acta Pcliop , 1784 
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of the hypccycloid become, when h = \a 

a: = a cos S') 

2/=o r 

indicating that the cuive degenerates into a diametei of the 
fixed ciiele This admits of easy geometiical proof 
If 6 = \a, we have 

X = 2(3 cos S + cos 3S) = a cos®S 

•> 

y = ^(3 sm 6 — Sin 3S) = a sin®S 

giving 

the foui-cusped hypocj’cloid 

Wlien a=b the equations of the epicycloid leduee to 
X — C6(2 cos 6 — cos 2S), 
y — a(2 sin S — sm 2S), 
and after elimination of S we obtain 

(x2+,/-.a2)2=4a2{(a>-a)2+i/} 

If now the ongin be tiansfeiied to the point (a, 0) and the 
lesulting equation transformed to polars, it will be apparent 
that the epicycloid becomes a cardioide (Art 424) 

The trochoidal cuives corresponding to this case become 
lima^ons 

It follows from Ait 415 that the evolute of a cardioide is 
also a cardioide 

420 The poition of the tangent to x^+y^=a^ inteicepted 
between the co-ordinate axes is of constant length 

The poition of the tangent of the three-cusped hypocycloid 
inteicepted bj'- the curve itself is of constant length 

421 It may be observed that the envelope of any line whose 
equation can be thrown into the form 

xcosa+y sm a=csin 7ia{=p), 

being obtained by the elimination of a between this equation 
*md — a; sin a-hy cos a = uc cos u a, 

has for its pedal equation 

-j-s = c^sin'ii a + ‘JiVcos^la 

or ,^ = (l_,l2)j32+„2g2^ 

and IS therefoic an epi- 01 hypo-cycloid 



ox SOME WELL-KXOWK CURVES 


Si9 

422 The equation of the pedal of this curve is oh^dously 

r=csm«6, 

and therefore the polar reciprocal, which is the inverse of the 
pedal, IS the Cotes’s spiral 

7’ sin «0= constant (Art. 454) 

423 The student is leferied to Dr. Heath’s Optics, Arts 100 
to 103, where epicycloids aie shown to occur in certain cases 
as caustics by reflection from a bright circular aic 

The Ldia^ox of Pascal, the Cardioide, A^*D 

THE TbISECTRIX 

424 Take a ciicle OQB of which OD ( = b) is the diameter 
and E the centre Let a straight lod PP' of any length (2a) 
move in such a manner that its mid-point Q describes the 
given circle whilst the rod is constrained to pass through a 
fixed point 0 on the circumference Its ends tiace out the 
Limaqon 



FiS 93 

Obviously this lod can be constrained to move as described 
above by a simple mechanical connivance 
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Taking OB for initial line let r, B be the polar co-ordinates 
of P, then evidently 

7’= QP-{-OQ=a4-6 cos 0 . . . (1) 

Sunilaily OP' =r' —a— b cos 0 

This howevei is obtained at once fiom equation (1) by 
increasing 0 by tt Hence P and P' describe the same curve 
Evidently also any "focal chord” PP' is of constant length 
When a =6, the lima 9 on is called a caidioide fiom its heait- 
like shape The cuive then has a cusp at 0 Other limagons 
are of two classes according as a is > oi < 6 The outer cuive 
in the figure typifies the class foi which a is > & The dark 
curve on OB for diameter is the caidioide The innei cuive is 
a limaqon for which a is < 6 There is on this class a node at 
0 The dotted curve is the circulai locus of Q Tlie point P 
IS shown in the figure as tracing the cardioide The equations 
of the particular cuives drawn in the figure are 

7’=2cos0, r=l-f2cos0, r=2-f-2cos0, r=3-h2cos0 
426 Considering the motion of the rod the following facts 
will be clear . — 

(а) Since Q is moving along the tangent to the circle the 

instantaneous centre foi the motion of the lod must 
lie somewhere in the normal QISB 

(б) The motion of the point of the lod which is just passing 

through 0 can only be in the direction of the rod itself 
Therefore the instantaneous centre must lie somewhere 
in a line OP drawn at light angles to the lod 
(c) The instantaneous centre must therefore be at B, the point 
on Q's ciiculai locus which is diametrically opposite to Q 
The motion of P and of P' is therefore at right angles 
to RP and RP' respectively These lines are theiefoie 
the normals at P and P' 

(e) Thus in any lima^on the noi mals at the extremities of any 
focal chord intersect on a fixed ciicle 
(/) In the case of the cardioide QP = QR=QP' and the normals 
at P and P' intersect at i ight angles 
(gr) The tangents at the ends of the focal choid PP' (of the 
caidioide) also intersect at light angles, the figure 
TPRP' forming a rectangle 
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{h) Also in this case, since HQ if produced passes thiough T 
and j&I’=3jEK= constant, the locus of intersection of 
ortho-tomic tangents (or “ orth-optic ’ points) is a circle 
whose centie is E and radius three tunes that of the 
Q-ciicle 

426. The cardioide and the lima^on may also be geneiated 
as an epicycloid oi an epitrochoid b}’’ the i oiling of one circle 
upon another of equal radius (Ait 419) 

427 These curves aie also the first positive pedals of a ciicle 
with regard to an aibitrary point 

Take a circle, centre G and radius a Let OF be a perpen- 
dicular fiom the pole upon the tangent at any point Q Let 
GO—h, OP=r, POG=Q Draw GR at light angles to OP. 



Then r=OR + RP=a + b cos6 

MHien 0 lies upon the circumference of the circle we have a=b 

and the pedal becomes a caidioide 

428 The equation 7’=a-b&cos0 shows that a lima^on is 
the inveise of a central conic with legard to the focus, and that 
a 'caidioide is the inverse of a parabola 

429 For some puiposes it is a little moie convenient to call 

the angleP0A'=6 (Fig 93), and the equation of the cardioide 
then becomes r = a(l — cos 0) 

W e have at once 


or 


, c70 1— COS0 ^ 

tan <l>=r^= 7^=tan 


dr sin 0 


^ = 1 


0 


%c, 

430 


OpT=^PdA' 

This propel tj* shows that the curves 
r=a(l— COS0), 
r=&(l-f cos0). 
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whose axes are turned in opposite dnections cut at right angles 
for all values of a and 6 

Thus the “Oithogonal Tiajectoiies” (ie, cuives which cut 
at light angles) of the system of caidioides obtained by giving 
a difieient values in the first equation is the system of caidi- 
oides obtained by giving 6 diffeient values in the second This 
result may be obtained by inversion of the coriesponding 
propeity foi parabolas 

431 The particular lima^on shown with a node in Fig 93, 
and whose equation is r = 1 + 2 cos 6, 

IS called the Tnsectrix 

With centre at 0 (Fig 93) and radius OE describe a circle 
Lay off from OE any angle EOS less than four light angles, and 
let the bounding ladius cut the circle (centre 0) at S, and 
the chord ES cut the limaqoii at J Then it is easy to show 
that OJ trisects EOS * 

The Curve of Sines, Harmonic Curve, Companion to the 

Cycloid 

432 Figure 95 is a graph of the equation 

2 / = sin£C 



Fig 95 

Theie are points of inflexion whenevei the curve cuts the 
a;-axis, also the curve lies entirely between the lines y=i.\ 

433 The curve since (sometimes referred to as the 
Harmonic Curve) only difleis from the above in that its 
ordinates are each mx times the coiiesponding ordinates of the 
Curve of Sines 

434 The companion to the cycloid 

x=aQ, 

2/=a(l— COS0), 

* Azemar and Gamier, Trisection de V Angle, Pans, 1809 Cited by Peacock, 

Examples, p 173 
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differs flora the cj’cloid in that, instead of pioducing the 
abscissa XQ to P (Fig 88) to raake the 'produced pait 

QP= arc GQ, 

^0 make iTP =aic GQ 

The equation may he wntton 


y 



and therefoie the locus is the harmonic curve 


Trace the curves 


EXAiTPLES 


y=COaJ, 

y=seca, 

7/=sm^— sin r) 
•/ * 


i/=tanx, 
y=sin:c+cos 
y==sm(5r cost). 


y=cot T, 

y=sm3T, 

y=cos(srsmT), 


y=cosecT, 

y=e'sraT', 

y=cos(srcosT) 


The Cissoid of Diocles 


435 Let APB he a semiciicle -n'hose diameter is AB, BT 
the tangent at B, APT a straight line through A cuttmg the 



Fi- 96 

semicircle and the tangent in P and T, Take Q upon AT 

such that AQ—PT. The locus of Q is the cissoid. 

RDC z 
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436 The Caitesian equation with A foi oiigin and AB foi 

{c-axis IS y^(2a— ») = ca^ 

The polai equation is 

r=2a sm^0/cos 6 

437 The cuive is the ^rst positive pedal with regard to the 
veifcex, of the paiabola y^+ibx=0, where & = 2a 

It IS also the inverse with legard to the veitex of the para- 
bola the constant of inveision being the semi-latiis 

lectum 

438 The cuive was invented by Diodes in the sixth centuiy 
for the constiuetion of two mean proportionals between, two 
given lines Take BO, one extreme, as the ladius and con- 
stiuct the cissoid Elect a peipendiculai OR to GB through 
the centre G equal to the other extreme J oiii BR cutting the 
cissoid at Q , and let AQ produced if necessary cut GR at S 
Then GS is the fiist of the mean pioportionals 



439 The curve can bo mechanically constructed by an in- 
strument invented by Newton 
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Take a i od LMIf bent at right angles at M, and such that 
(Fig 96) Let the leg LM always pass through a 
fixed point 0 on QA produced so that AO=GA, and let X 
liiivel along the poipendiculai to AB through G. Then Q the 
mid-point of MX tiaces out the cissoid 

The Witch of Agnesi 

440 Lot AQB bo a scmiciiclc whose diametci is AB Pio- 
duce MQ the oi Jinato of Q so that 

MQ:MB=AM Al^, 

the locus of P IS the Witch (Fig 97 ) 

If J. be the oiigm and AB the ai-axis the equation is 

a’?/'=4a“(2rt— a) 

This cuivo was discussed by Maiia Gaetana Agnesi, Professoi 
of Mathematics at Bologna, 1748 

The Folium of Descartes. 

441 The Caitesian equation is 

a?+y^=Saxy 

Theie is symmetry about the line y—x The axes of co- 
oidinatcs aio tangents at the oiigin and theie is a loop in 



Fig 98 

the fiist quadrant The curve consists of an infinite bianch 
lunning to the asymptote x-^y-\-a = 0 at each end and lying 
on the uppei side of that line . 
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cmvG liGiug S’ cubic witb one node bas its deficiency 
zeio and is theiefoie iinicuisal 


Let 

Then 


y—mx 

3am 3am^ 

^~r+w?’ ^~"l+m® 


Hence by assigning vaiious aibitrary values to m any number 
of points can be discovered lying upon the cuive, and the 
cinve might be completely tiaced in this mannei 


The LoGABixmiio Cueve and the Curve of Frequency 


442 The equation of the logaiithmic cuive is 
aj=logy or 2/ = c® 



When X is negative and very laige the oidinate diminishes 
without limit and the a:-axis towaids — oo becomes asymptotic 
Tiavelhng fiom left to light, equidistant oidinates form a 
geometiical piogiession and on the iight-hand side of the y- 
axis rapidly increase as x inci eases 

The subtangent — i=l, and is theiefoie of constant length 

\ j 

443 The cuive y=^h\^ is known as the Cuive of Fiequcncy 
of Fiioi 01 the Piobabilrey Cuive All oi dinates are positive , 
it cuts the 2 /-axis poipendicularly at unit distance fiom the 
oiigin The curve is symmetiical about the y-axis lunning 
asymptotically to the aj-axib on its upper side at both exticmi- 

tics Theie aie points of inflexion wheie ^= ±--^y - 


*Airj, 27tco)y of Errors of Observation 
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The Chainette or Catenary, and its Involute 
THE TrACTORY or TrACTRIX 

444 The chainette is the cuivo in which a nnifoim heavy 
stung will hang under the action of giavity 

Its Cartesian equation is proved in books on Analytical 

£t/ 

Statics to he i/ = c cosh - * 

c 

Its form IS that represented bj^^ the curve PCP' in Fig 100 
It is syinmetiical about a vertical axis 0?/ through its lowest 
point G The ordinate of (7 is c 


& 


Fig 100 

445 Let PN be an ordinate, PT the tangent, a perpen- 
dicular from A'" upon the tangent PT, the normal cutting the 
a;-axis in G The ic-axis is called the directrix 

(1) Tiled tan i/r=^^=sinh^ oi i/r=gd* 

(2) Also sinh2^ = cosh ® = | 

Hence ATQ = c 

(3) Again ^ = -^l+sinh^^ = cosh 

whence s = csinh- if s be measured from the vertex G 

• c 

to P so that s and a; vanish together 

■f 

*Dr Routli, Analytical Staticf, ^ol I Arl 443 
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lU 

(4) Also PQ = QNi&nir=c sinh - = s 

(5) Hence the path of Q is an involute of the chainette This 

curve IS called the Traetoiy, and possesses as shown m 
(2) the geometrical piopeity that the tangent to the 
path is of constant length 

(6) If a peison travelling along Oa> drags a stone along the ground 

(supposed peifectly rough) fiom the initial position G by 
means of a stung of length c, the path of the stone is 
the tiagtory 

(7) Fiom the right-angled tuangle PQIf we have at once 


ijG (C • 

(8) Since s=csinh-and sinh-=tani^, the intiinsic equation 
c c 


of the chainette is s = c tan 


(9) Hence the radius of cuivatuie = csec2^ 

But PQ = 2 / sec ^ = c seo^ 

Hence the radius of ciuvature is equal to the normal 


(10) If a;', 2 /' he the point Q of the tiactoiy and = and s' 
the ai c GQ, we have 


ds' 


sin 


G 


giving log 2/' = constant— - 

c 

But y'=c when 8'=0 

Hence the constant =loffc 

O 


Thus s'=clog-^. 


(11) The Cartesian equation of the tiactoiy is 


(12) If a point X bo taken on the tangent QX to the tractnx 
so that XX IS of constant length, the path of X- has 
been called by Riccati the S3mtiaetoiy * 


* Peacock, p 175 
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The Conchoid of Nicomedes 

446 AB is a straight line and 0 a fixed point , V any point 
on the given line, and on OY and OY produced, points P', P 
aie taken so that 

YP'= FP=a constant length 

The locus of P or P' is called the Conchoid 

Let the peipendiculai ON upon AB be a and let FP=6 
Then, taking 0 for pole and the initial line Ox parallel to AB, 
the polar equation is r = a cosec 0 ±6, 



the 4- refeiiing to the branch more remote from A and the — 
to the blanch nearer to A These aie respectively called the 
superior and the infeiioi branches Both blanches belong to 
the same cuive and aie included in the Cartesian equation 

xY^(a+y)W-y-)> 

the origin in this case being taken at N and NA for ai-axis 

447 There are three classes, according as a is <, =, oi >b 
If o be < h, there "will bo a node at 0 and a loop below the 
initial lino 

If a — h, theie "will be a cusp at 0 
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If a > 6, the curve "will be as shown by the dotted lines 3, 3 m 
the figuie As defined by the Caitesian equation, there 
would also be in this case a conjugate point at 0 
448 The cuive was used for the tiisection of an angle, and 
the insertion of two mean piopoitionals between two given 
straight lines It admits, as shown by Nicoinedes, of a simple 
mechanical constiuction * For it is easy to make a mechani- 
cal contiivance which will constiam the motion of a given rod 
so as to pass always through a fixed point, whilst a given point 
of the lod performs a lectilineal path By what precedes, any 
othei point of the rod desciibes a conchoid 


THE SPIRALS 

The Equiangular or Logaritumic Spiral 

449 This cuiwe possesses the chaiacteristic piopeity that 
the tangent makes a constant angle with the ladius vector 



— ^ j. uuc btiugttub jr, {jx rne peipen- 

diculai, OT the polar subtangent cutting the normal in G Let 
OPT=a 

We have the following pioperties 

(1) 3?=OF=r sin a, 

(2) p = = r cosec a=GP 
Hence Q is the centie of cuivatuie 

* Monhicla, fftstoii e des Math , tom I , p 230, referred to by Peacock , and No^vton, 

^pp to Anth Unit 
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( 3 ) 


-y = COS a 

as 

Hence if the aic be measuied fiom the pole, where r=0, 
wo have r=8 cos a. 

But o'=PT cos a 


Theiefoie PT=s 

(4) If FF' be the tangent to the fiist positive pedal cuive 

7'70=YP0 = a 

Hence the fiist positive pedal is an equal equiangular 
spiral Hence also all other pedals aie equal spiials 

(5) Since PG is a tangent at G to the evolute, and OGP—a, the 

fiist, and all othei evolutes aie equal spiials 
(G) Fioin siniilai consideiations the inveise, and the polar 
lecipiocal with legaid to the pole aie equal spiials 

(7) Since ^^=tana we have — =cota dO, and the polar 

equation is of the foini 


(8) If the spiial loll along a fixed line, the locus of the pole, 
and also of the centie of curvatuie of the point of con- 
tact is a stiaight line 

450 Of the S 3 ^stem of “ Paiabolic Spirals ” 7’= ad’* the most 
lemarkable aie those foi which 


71=1 (the Aichimedean Spiial) 

71= —1 (the Hypeibolic or Recipiocal Spiial) 
n——\ (the Lituus) 


The Spiral of Archimldes 

451 The equation of the curve is r=a6 
Tins cuive is due to Conon, who however died befoie he had 
completed his investigations of its piopeities. These inves- 
tigations weie continued and completed by Aichimedes who 
published them in a tiact on spiials still extant 
(1) If a ciicle of ladius a be diawn with centie at the pole 
any ladius vectoi of the cuive is equal to the arc of this 
ciicle incasined fiom the initial line to the point in 
which tlie ladius vector cuts the ciicle 
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(2) "We have for this curve • 

.j = ■ , ^ - . tan «A = - = 0 subtangent= — 

^ J(r+7^ ^ ® a 

(3) The locus of the extremity of the polar suhtangent is 

n=a(0i+|) 


Fig 103 

For this curve the conesponding locus is 

r2=a(02+%-)/2'i 

and so on The locus thus formed is 



These loci thus foim a series of “Parabolic Spiials” of 
ascendmg order * 

(4) The area bounded by an 3 ’’ poition and its extreme radii 
vectoies can easilj' be found bj’’ the Integral Calculus 

The Eeciprocal or Htperbolic Spiral 
452 The polai equation is r9=a 

This cuive is the inveise of the Aichimedean spiial The 
name Hj-peibolic is derived fiom the analogy between the 
foi-m of its equation and that in Caitesians foi a hypeibola 
lefeiied to its asj'mptotes 



* Peacocl., Ejeamplc), p ISO 
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(1) If a ciicle be drawn with any ladius and centre at the 
oiigin, the aic of this ciicle inteicepted between the 
points wheie it is cut by the ciiive and by the initial 
line is of constant length 


I 



The asymptote is at a distance a fiom the initial line 
and above it 

(4) The pedal equation is 

1-1 i 

The Lituus 

453 The equation to the cuive is 

r—a6~- 

The initial line is an asymptote 



Fig 103 


364 


CHAPTER Xni 


If any ladius vector OP be taken and a circular sector OP A 
described bounded by the radius vector and the rnrtial line, rts 

area IS 

and IS therefore constant 

CoTEs’s Spirals 

454 The group of cur ves included in the formula 

1 -^ 4 . 7 ? 

are called Cotes’s Spirals They occur as the path of a particle 
projected in any manner nnder the action of a central force 
varying as the inverse cube of the distance 
There are five varieties 

(1) If 5=0, ^ IS constant, whence <j> is constant and the curve 

IS an equiangular spiral 

(2) If u4 = 1, we have 

giving u==i>yB6, 6 being supposed measured from an 
mitral line drawn parallel to the asymptote This is 
the lecipiocal spiral 
More generally 

The iight-hand side may be put into one of the forms 

Or), 

accoidmg to the signs of ^ — 1 and 5, a and n being 
constants 

(8) If 

dih 

—j====^='ndQ 

U=asinh7r0 


we have 
and 
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(4) If 




WO have similarly u = a cosh nd 


(5) If 

€ 

1 

II 

ei 



^ u—a &ni <n 0 (Ai t 387 ) 

Cases (3) aud (4) picscnt no difficulty in tiacing 


Involute of a Circle 

455. If a thread be un-wound fiom a ciicle, any point of the 
unwinding tin cad tiacos out an involute of a ciicle Let PQ 
be any position of the thicad, P the tiacing point Then PQ 
is a tangent to the circle and a noimal to the involute Let 



0 be the centie of the ciicle and a its ladius Then clearly 
the pedal equation is i"=2}-+a^ 

Also p=PQ=aicAQ=a\fr, 

giving 2 ’ 

8 being ineasui ed from the point A at which the involute meets 
the ciicle, and OA being the initial line 

If OY be the perpendicular fiom 0 upon the tangent at P 

Or=ai/r=a(rOA"+j) 


wo have 
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Hence the first positive pedal is the Archimedean spiral 
The polar equation is at once obtainable Foi 

^ a Cl d 


or 


e= 


a 

Z?* 

//a- — 




-cos 


-i! 


a 


e. 

r - 


The Evolute of a Pababola. 

456 The evolute of y-=iax may be shown to be the semi- 
cubical parabola 27ay-= 4:(x — 2a)®. 



The cusp IS at the point (2a, 0), and the cuive cuts the 
parabola again at a point whose abscissa is 8a. The tangent 
to the evolute at this point cuts the paiabola again upon the 
ordinate thiough the cusp 

From points on the right-hand side of the evolute thiee real 
normals can be drawn to the parabola From points on the 
left side only one real normal can be drawn 

The Evolute of ax Ellipse. 

457. The equation of the evolute of vya~+y-lb^=l has been 
shown to be (ax)® + = (a~ — 62)3 
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Theic IS n cusp at each point where the cuive meets the''" 
co-oidinate axes 

Fiom points within the evolute four leal noimals can be 
diawn to the conic Fioin points outside two noimals can be 
diuwn 



Noimals fiom the poition of the ellipse maiked (1) touch 
the jioitioii of the evolute marked (J), and the coiiespondonce 
is similaily denoted by nuincials foi tlie other quadiants 

The radii of ciuvatuic at A and B aio lespcctively — and 

Thus ^(3 = - and 

a b 

Tlie length of the evolute is 4-^^^ 


Cassini’s Ovals 

458. Lot r and r' be the distances of a moveable point P 
fiom two fixed points S and S' The locus tiaced out by P 
Avhen rr ' = constant ( = 6^ say) 

IS called an Oval of Cassini 

Let SS'—2a and take S8' for cc-axis and its mid-poiut 0 for 
origin The Caitesian equation is then 

[ix-a)^+y^][(x+ay+if]=^h\ ( 1 ) 

(7’“ + — 4aV®cos20 = b*, 

2r^a®cos 20 = 


or in Polais 
1 educing to 
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If h—a—cfj2 tins fuithor leduces to 

^2=c2cos20 (2) 

This species of Cassini’s oval is called the Lemniscate of Ber- 
noulli This IS shown by the thick line in the figuie 

It IS the first positive pedal of a lectangular hyperbola with 
regard to the centre, and possesses the inopeity that 

SP'-8T=0PJ2 



• Fig 109 

In equation (1) when 6 is < a the curve consists of two 
ovals within the loops of the lemniscate 

When 6 IS > a the curve consists of one oval lying outside 
the lemniscate 

The curve (a;- + 2/^)2= + which is the pedal of a 

central conic with regard to the centre, has a similar shape, and 
becomes a Bernoulli’s lemniscate when the conic is a rectangular 
hyperbola 

* Cautesian Ovals 

459 If r and r' be as defined in Art 458, the loci indicated 
by the equation 
are called Cartesian Ovals 

This equation in general gives nse to a quartic Cartesian 
equation 

The following cases will be recognized — 

If l—'iti we have = constant , an ellipse 
II —m, "We have r — 7'=constant , a hj'^peibola 
II ^=0 we have r 7'=constant, a circle. 
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Also since — |-7n-^=0 ifc will be evident that in all cases the 
as els 

normal divides the angle between r and v' in such manner 
that the sines of the poitions aie in the ratio m'Z The 
student is lefeiied for fuither infoimation to a chapter on 
Caitesians in Professoi Williamson’s Di^erenUal Calculus^ 
wheie seveial interesting pioperties aie investigated. 


The Quadratrices of Dinostratus and Tschirnhausen ’ 

460 Let AFA-^ be a semiciicle of which AA^ is a diameter 
and 0 the centre Let QN be an ordinate of a point Q on the 
ciicle and P another point so related to Q that the oidinate 
QJV travels at uniform late from A to 0 in the same time that 
OP rotates uniformly from OA thiough a light angle Let 
OP and FQ intersect in F, then the locus of P is the Quadratrix 
of Hippias or Dinostiatus. 



Let A^OP = 0 and OA = a, then aic AP = aO 
AW _ angle A OP 
A 0 ~ 1 ight angle 

Hence AA^=^^ oi 0=^ - — (0 being the oiigin) 

TT Clf 

But ^=tan0 

£C 


E D G 


*Si'stli edition 

2a 
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Hence the Cartesian equation of the locus is 

. irx 
3,=a,ool^ 

The form of the equation shows that there is symmetiy 
about the y-axis, and the curve may be seen to be as shown in 
the accompanying figure 

461 This cuive if accuiately tiaced could be used for the 
trisection of an angle Lay off any angle AOP by a line OP 
cutting the quadratiix in R Draw the perpendicular RN to 
OA Trisect AN at L, M and eiect peipendiculars to AN 
cutting the curve in X, Y Then since 


the 


Similarly 


e 


2a6 


IT 


angle ^ OX 

20 


A0F= 


3’ 


and the angle is tnsected 

462 Again, since the intexcept OB made on the 2 /-axis is 


7" # f ttx j-j VI r 

cot cos -r— 

2a la 


TTX 

‘la 


2a 2a 


sin 


irX ■W TT 

2a 


we could (if the ciiive could be accuiately drawn) measure OB 
and hence deduce the value of tt Hence the aiea of a circle 
could be found It is fiom this piopeity that the cuive derives 
its name 

463 If a parallel to the a-axis be diawn through P cutting 
MQ in S, the locus of 8 is 

2 / = asm 0=asin^ - 
2 a 


01 


2 /=acos 


TTX 

2a 


This cuive IS called the Quadiatiix of Tschimhausen 


APPLICATION TO THE EVALUATION OF 
SINGULAR FORMS, MAXIMA AND 
ailNIiMA VALUES, ETC. 




CHAPTER XIV. 


UNDETERMINED FORMS 

46-1' In Chap I ifc "vras explained that a function may 
involve* an independent vaiiable in such a manner that its 
value for a ceitain assigned value of the variable cannot be 
found by a direct substitution of that value And in such 
cases the function is said to assume a “Singular/ “ Undeter- 
mined/' Illusory/ or “ Ind^eterminote" foim 

465 It IS pioposed m the present chapter to consider more 
fuUy the method of evaluation of the true Hnuting values of 
such quantities -when the independent variable is made to 
appioach indefimtely near its assigned value. 

466 List of Forms occurring 

Several cases are to be consideied, viz., "when upon substitu- 
tion of the assigned value of the independent vaiaable, the 
function leduces to one of the forms 

0 X 00 , — , cc — 00 , 0^ 00 0 or 1". 

U 00 

It is frequently easy to treat these cases by algebraical or 
tiioronometrical methods ■without having lecourse to the Diffei- 
ential Calculus, though the latter is lequiied for a general 
discussion of such foiras 

By far the most important case to consider is that in "which 

the function takes the form ^ ; foi, in the first place, it is the 

one "which most fiequently occurs , and, secondly, any of the 
other foims may be made to depend upon this one by some 
special artifice 
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467 Algebraical Treatment 

Suppose the function to take the foim when the inde- 
pendent vaiiable x ultimatelj^ coincides with its assigned value 
a Put a;=a+/i and expand both numerator and denomi/n- 
ator of the function It will now become appaient that the 
leason wh}’’ both numeratoi and denominatoi vanish is that 
some powei of h is a common factor of each This should now 
be dwided out Finally, put 7i=0 so that x becomes =a, and 
the true limiting value of the function will be apparent 
In the particulai case in which x is to become zero the 
expansion of numerator and denominatoi in powei s of x should 
be at once pioceeded with without any prehmmary substitution 
foi a; 

In the case in which x is to become infinite, put «=— , so 

. y 

that when x becomes =co,y becomes = 0 

The method thus explained will be bettei undei stood by 
examining the mode of solution of the following examples 


Ex 1 Fmd 

V 

Heie numeratoi and denominatoi both -v anisli if i be put equal to 0 We 
tlieiefoie expand a* and 6* bi the exponential theoiem Hence 

a*-h* 

Xf/x*0 

X 

=It ^ ^ ~ + ^log,&+|r(log,6)2+ j. 

=Z/,«o^log«a — 1 og,6 + i (logewj ® — iogc6|-)+ | 

=log^-log,& = ]oge® 

Ex 2 Fmd ^ V _2r>4- 1 

This IS of the foim ? if ue put 1=1 Theiefore ue put ^ = l+/t and 
expand Wo thus obtain 


. ( l - h / Q ’ - 20 +;/)>•■+ 1 
a^-3i-!+2 (l+Ap-aO+ZO^+o 


= y./. /I+T/i + 21/<=+ 1-20 + 5/1 + 10/1=+ HI 
(l + 3// + 3/<-'+ )-3(1 + 2/<+A-)+2 
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j-f — 3^+^"+ . 




A»~<J 


-3-s-/, 


-3-*- 

=5|=>- 

It ■will be seen from these examples that m the process of expansion it 
is oni\ necessary in general to rotatn. afexr of the loicest powers of It 


Ex. 3 rtJid 
Since 
M*e ha\ e 


Zt, 


ATy 


tan r 1 


«in X 


tos r 


i =1. 

r 


Hence the form assumed b> is 1* v hen we put r=0 

£x|xind sin a* and cosx in powers of » This giies 


a** 

''"3'+ 


2» 


1 

higher jio’Rers of 


wheie I IS a series in ascending powers of j wliose first teim (and there- 
foie w hose limit when :r=0) is uuiti Hence 

= Alt 20 

1 

E\ 4 Ftvd Ztx=ir'~' 

Tins expiession is of the form 1® 

Put 1 ■-X=]/, 

and therefore, if ;> = 1 i/=0 , 

‘ I 

therefore Limit required =Zt,_o(l —j/)s=c~* (Art 20) 

1 

Ex. 5 ZL-KJ^<Ti— 1) 

Tins IS of the form ce x 0 

Put x= -f 

y 

therefore, if j;=a>, 7=0, 

and Limit requned=Zt,,o^-^=loj 2 :«« (Art 21) 
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ExAMrtLS 


Find the ^ alucs of the follow ing limits — 

1 M U 

6*-l 


2 


3 Ltx* 


r”-l 


4 LtJ^±3^-\ 

% 

r r* T‘+r^- ■»“— 5r+4 

p j, ■r'’*-2i'3-4t2 + 0j - 1 
C Liz=.i — . — -z — 
%'-2rr+2i -1 


8 

r- 

r- 

10 


11 Zt ^cos z 


12 ZtxraO 


Slll“^l — % 


13 Ztx^f) 


t’cos % 

cosh a — cos r 


j, sm-’A 

J^Txatr j- 

tan 't 


13 Ztx*ssQ 


sin~^t— sinh t 


IG JJx 


r cosU -log(l + 


T, 2sin r+lanh~^^ — 3i 

1 / Jjtxr-0 > ' ■" 


18 Jjtxr*Q' 


10 /A=o 


c*sm % — r—v 
'ir+i log(l -r) 

*? 1 
-jJci_sm-7- 


laii %\* 


21 ZtxU 


20 

21 Ztx^,i^^f 

22 

23 Ztx-J^^f 

24 Ltx^^i^f 

1 

25 Jitr=o(coi ers x)^ 
20 i<x=.lf(cosec 


Application of the Differential Calculus 

468 John Bernoulli^ wiis the fiist to make use of the pio- 
cesses of the Difteiential Calculus in the dctoimination of the 
tiue values of functions assuming singular foiins We piopose 
now to discuss each singulaiity in oidci 

469 I Form 5 

Consider a cuive passing thiough the origin and defined hy 
the equations x = 

2/ =0(0 1 

* Ada Erudttorum , 1704 
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Let rr, y be the co-oulinates of a point P on the curve verj’’ 
iicai the ougin, and suppose a lo be the value of t coi respond- 



ing to the origin, <;o that ^(o) — 0 and 
Then ultimately rve har c 

lt’J-=LI tmi POX-^ Ll,_ o‘/'= 

a t/ 1 \}r (i) 

Tt 


Hence 


V'(0 


and if ^ rvlien t takes its assigned 

A nine «, Ave thciefore obtain 

Tf 

‘=SHO"V/(fO 

/YA 

But, if be also of undetei mined foiin, we inaviepeat 
the process, thus X/f=at-/?l=Xf,=„-^2-=etc, 

Yv) V'(0 

proceeding in tins mannei until we aiiive at a fi action such 
that when thc^aluc « is substituted foi t its nunieiatoi and 
denominator do not hoik vanish, and thus obtaining an intellig- 
ible lesult — ^/eio, finite, oi infinite 

470 Another Proof of the Method 

"We may ainvc at the ‘same lesult in another waj' thus . — 

Let trhc foim ^ when a; approaches and ultimately 

coincides with the value a Let a,=a+1i Then by Ta 3 'lor's 

Them cm + . ^/ (a+6h) 

yfrtidi ylr{fl)+h^Xa-^d^h)-^\a+e,h)' 
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foi ^i(a)=0 and \Jr(a)=0 by supposition Hence in the limit 
when x=a (and theiefoie h=0), we have 

rj 4!{a+61i) 

If it should happen that 0'(®) 

as befoie, lepeat the piocess of diffeientiating the numeratoi 
and denoininatoi befoie substitution foi x 

Heie fli(0)=sm 6 - 0, and ‘>\f{6) — 0P, 

vliich both 'ianisli ■when 0 ^anlahes 

</.'(0)=cosfl-l, and V^'(0)=302, 
and both of these e'<piessions vanish with 9 
Diffeicu tinting again 

«/>"(0)= -sill 0, and i//'(0)=()0, 

and still both expressions vanish ■nith 6 We must therefoie differentiate 


[po.ni g 
[Form g 
[Poim 3 
[poim 3 
[poim 3 


471 The pioposition of Ait 469 may also be tieated as 
follows 

Let 0(a) =0 and ■0'(a) = O, and let the jp®' diffeiential co- 
cfHcient of 0(a!) and the g®* of ■0‘(u) bo the fiist whieh do not 
vanish when x is put equal to a Then by Tayloi’s Theoiera, 
putting x=a+h, 

0 (t) = 0 (a) + 7t 0 '(a ) + + 7 ^^, 0 ^ ■ Ka ) + *’(“ + Oh ) 
hr vP / P 

= -.0»>(a + 0/O 


whence 
thciefoie 

E\ 2 Lt, 


0"'(5)= -cos 6, and V""'(0)=G, 
0"'(O)= - 1, and 0"'(O)=6 , 


Zt. 


Blft 0~9 1 


ffJ 

0®— c~®+2siii 0—40 


<?=o~ 


=Zi. 


c® + c”^+2 cos 0-4 


0=0 50' 

_ c® - c“^ - 2 sin 6 
0=0 200 '* 

c^+c"®— 2cos0 

0=0 QOffi 


=Li 

I 


— c~^+2siii 9 
0=0 1200 

c®+c~®+2cos0 1 

0=0 120 “30 
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Similaily 


Hence 


Now, if 


Tf 0 (®) — 9 '* + Gk) 

JiP-^ 

23>^f, Ltn^JiP-^ =0 

p<q, - 9 = CO 

93—0 Xi 0C^) _ 4>Ko)_ 


so that the limit is 0, °°» accoiding as ^ is >, =, 

or <q 

472 II Form 0 x oo 

Let q}(ci) = Q and \l/(a) = cc , so that <f>{x)\f/(x) takes the form 
0 X oo when x approaches and ultimately coincides with the 
value a at 


Then 


and since 


J-=1=0 

^fr(a) « ' 


the limit may be supposed to take the foim and may be 
tieated like Form I 


Ex 1 


Zt. 6 cot d=Zt„ ~^—=zZt. — i_=:l 
O^o tan 6 O^o sec“0 


01*1— Olll — 

Ex 2 Z<*=«o^7sui-=Z<,-«,— r— -cr — ~=a 

a I a 


473 III Form — 

Let ^>(a) = co, >^(a) = co, so that takes the foim ^ 

when X approaches indefinitely near the value a 
The ai tifiee adopted in this case is to write 

1 

q>(x) 
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:0, WO ma}’’ consider 


1 1 1 1 1 
Then since ■ ; / 

CO ^{a) 00 

this as taking the foim and theiefore we may apply the 


rule of Art 469 






<P(p.) [ip(x)Y 


-Tt 

,pX'^) 


Theiefoie V^r) 

Hence, unless Lix=a^~^ he ccjo or injimie, we have 

1 - r^'=>x^)r 


V( 0 


or 


Tf ^('^) Jf 4‘(.'^') 

X/tjj—fl "J ^ ^ — J-dlxsstl I // ^ \ 


If, however, Lt^^, 


V(t) 

«/>(0 

V(») 


V/(t) 
be zero, then 


r. 


and theiefore, by the foimer ease (the limit being neithei zero 
nor infinite), = Afx=a ^ 

Hence, subtiacting unity fiom each side. 


Tf Tf * ^('^) 

'=V(a;)" ^=V(^) 


Finally, in the case in Avhich 




and therefoie by the last case 


therefore 


-r/ 

"=W) 


This result is therefore pioved tiue in all cases 
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474 7/ ai\y ftinciion become I'nfimtc for avy fimte value 
of the independent variable, then all ‘its diferential coefUeients 
u'ill also become infimfe for the same value An algebraical 
function only becomes infinite b}*^ the vanishing of some factor 
in the denominator Nov, the piocess of difieientiating nevei 
lemo^es such a factoi, but laiscs it to a highei power in the 
donominatoi Hence all difleieiitial coefficients of the given 
function V ill contain that vanishing factoi in the denominatoi, 
and Mill thcicfoie become infinite Mdicn such a value is given 
to the independent vai lable as will make that factor vanish. 

It IS ob\ ions too that the ciiculai functions Mdiich admit of 
infinite values, vi/, tan.^c, cot.^, .sec .a’, coscc.s;, aie really fi ac- 
tional foims, and become infinite by the vanishing of a sine oi 
cosine lu the denominator, and theicfoie these follow the same 
rule as the aboi o 


The lule is also tiue foi the logaiithinic function log(i;— a) 

1 

when x=a, or foi the exponential function M’hen x=a,b 
being supposed greatei than unity.* 

475 Flora the above lemaiks it ivill appeal that if y>{a) 


and Y/(a) become infinite so also %n general m'iU ^/(o) and 
Hence at fiist sight it would appear that the formula 

Lixzzjr^^ J** HO better than the original form But 

it generally happens that the limit of the expicssion 
when x=a, can be moie easily evaluated 

E\ 1. Fxnd JAn t ; -—xchchtsoftheform — 

t.iu 0 00 

Follo^^ ing the i ulc of (lifloreutmting mimci’aloi foi ne\N mnuei’atoi, and 


denununatoi foi new dcnouiinatoi, we in.ij wiitc the abo\c limit 

1 


winch IS still of the foiiii — 

CO 



Rut it can bo wnitteii 

=IA„ ^ fw'hich IS of the foim ^ 

\ 0, 

2 

r, —2 cos 081110 - 

i =0 


* For further discnsHioii of thw point tlio student is referred to Professor Do 

Morgan’s 7)// anllnt Calculus 
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E’c 2 Evaluate Lix-J-, ivhich ts of (hefotm — 


Tdtjcsi.’Xi-fz — 
Hr 


nv 




e* oD 

It IS obvious that the same lesult is tine when ti is fi actional 
E-? 3 Evaluate Ltx^fiJf'(\oga.Ytm and n being positiie 
This IS of the foim 0 x os , but ma^ be written 

riogiV’ 


M'S}' 




in 

and by putting a"" =c~s' this expression is i educed to 


U 





=0 as in Ex 2 


476 IV Form co — co 

Next, suppose ^>(a) = co and \Jr(a)=co, so that ^('w)— V^(«) 
takes the form oo — co, when x appioaches and ultimately 
coincides with the value a 

Let w = 

Fiom tins method of wilting the expiession it is obvious that 

unless the limit of w becomes x (a quantity 

which does not vanish) , and theiefore the limit sought is oo 

But if 1, the problem is reduced to the evaluation 

of an expiession which takes the foim oo x 0, a foim which 
has been alieady discussed (II ) 


Ex Etx-^ i - cota j — V cot v) 

=i#x-(r2L!LllL£21i' ^^\hieli IS of the form 

a sin a \ 0/ 

_ 2 ;^ asm 1 /uliich is of tlie sameN 

sin a + a cos ^ \ foi m still / 

_ 7 -, siiia + acosa 

— -tiiisos- =0 

2 cosa— asina 

477 V Forms 0°, oo° l” 

Let y — LiJ^, u and v being functions of x , then 

log«3^=v logeU 

Now logel = 0, logcoo = 00 , loggO = — 00 , and theiefore when the 
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expression tt'’ takes one of the fonns 0®, oo®, 1*, logy takes 
the undeteimincd foim 0 x co The inle is theiefoie to talce 
the logarithm and ‘proceed as in Art 472 

E\ 1 Find vhch the vndetrnmncd form 0® 

2 


whence Lt^ jj.r' =</*=! 

E\ 2 Find Tht^ talc’s the foi in 1" 

-(sjll 0'’"' = ^^, ^ct.nx2<.sr.li.* 

and Lt -rtan i log sin i =7i^ -r!2?» 

cot 1 cosec'A 

= ~ I cos i) = 0, 

salience icqmicd limit=c®=l 

A sliglith dificrcnt ai i-angcment of fhc work is exemplified Iieie 

478 3'hc follow ing example is woi th3'^ of notice, viz , 

given that ^,(a)=0, i//(a)=oo, Xfr=n0(a')'A'('v)=w 
We can niitc the above m the foim 

which IS clearly’’ e”* by Ait. 20, Chap I 
It will be obscived that manj'^ examples take this foim, such, 

( i/ilTI «T/\ 

—~~J 0*1 P 375, and Exs 20 to 26 on 

p 376 

479 of doubtful value at a Multiple Point 

Since ^=^1 multiple point on the cuive 

u=0, it will bo appaient that at such a point the value of ^ 
as deiived fiom the formula 

dy _ Zx 
dx ~~ d(f> 

’dy 

will be of the undetermined foim ^ 
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The rule of Aifc 460 may be applied to find the tiue limiting 

values of ^ for such cases, but it is geneially better to pioceed 
dx 

otherwise 

If the multiple point be at the origin, the equations of the 
tangents at that point can be at once written down by inspec- 
tion and the leqniied values of ^ thus found 

If the multiple point be not at the oiigin, the equation of the 
cuive should be transfoimed to paiallel axes through the mul- 
tiple point and the problem is then solved as before 

Ex Consider the value of^at the origin for the curie 

CL*Xr 

a/* + + 6 = 0 
The tangents at the ougin are obviously 

^•=0, y=0, o^+6y=0, 

mahing with the axis of x angles whose tangeij^ts aie lespcctively 

rr. (\ ^ 

00, 0, -J, 

which aie therefore the required values of ^ 


EXMIPLES 

Investigate the following hmitmg forms — 


7 


Lt 

* ® log cos X 

. 1 + cos irc 

4 ZL^-, 5 

^ tan-TTV 

2a^ - 3x^ + 1 
3a;5“5^T2 

5 i«*»„log^2 - 5^cot(a, - 

Zi r l“tantc 

fi ?■/ log.ta«cos X 

^1- VI sin a; 

log aCOS^ 

&smj 2 

cot 6 tan“^(ni tan &) — 

Tf 

m cos^- 
2 

sin-- 

3 


I't^^oicos 

9 


.10 


according as ms >, =, or < m 
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12 m being positive. 14 ^cos 

13 15 Z«,^o{cot(45’-T)}“‘*. 

16. Lt,^^(^l±Ll±^i±-±^ 

2 4| 

,» j. 2x2- 2e* +3 cos rT+sm^ 
i / ; 


18 r,_ 7l+--^-7TT^ 

J\ -X-Jl -9^ 

19. Z«,^,a'sin - | ^ ^ J’® 

o' (^(ii ) K o be <1 


20 Lt 


cosec X - cot X 


'i=0- 


X 


21 X<. 


i^/o^ + ox + X^'- O^ ^ 


V^O- 


los cos - 


X 


a 


ffX 

a a 


22 Z«, 


'sm-^^^+\og^-l(l-^y 

a a 2 \ a; 

fix 3x2 x^\-i 


23 Lt. 


u(--cot-) 

\x aj 


o« 7-j Ja--\-ax-\-x--Ja--a%-{-x^ 

-^^*=0 7 

^/o+x- Vo — a. 

25 ^og(l + ^ + a.") + log( 1 - X + x-2) 

sec X — cos X 


eta T, a;sin(sinx)-sin2x r/ (1 +'«)'- e 

2b 2/ 

/I . \T . llcx2 

(!+'’-) -« + -9 5T- 

- 28 Lt 2 


'"e-O- 


29 Z<„,[.(l+2)--^«l„g(l + I)] 

E.DC 2 b 
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OA r, (^-y)a" + (7y-«K + (a-'r)i/" 

^ (^-vK^J-aXa-'v) 

[Put %-a + Ii, y=a + 7v, and cxiiand in poivers of h and A, and 
finallj'-, after iccluction, put /« = 0, A = 0 ] 

Of r* logv+logy 

32 Slion that geneutlhj, if a function of tv o indejiendent % aiiahles 
talce one of the singnlai forms 5, etc, for ceitaiii i allies of the >an- 
ables, its value is tnilj' indeterminate 

33 Given x-* + =: 3a.x^, 

find the values of ^ nhen x = i/=a 
dx 

34 Find the values of ^ at the origin lor the curve 

ax 

x?-{-^ = 3axy 

35 Foi the cui v c x-y- = (o- - y-){b + y)- 
find the values of ^ at the point (0, - h) 


dx 

36 Foi the eiiivo 


-ir‘ + ax^y = 


find the ^ allies of n hen x = 0 

tlx 


37 Prove 

Vsin x\ 


a* - 1 /b sin X - sin In \" /b\” 


38 Prove 


If. 


cos X - cos bx 
d”*'u 
<7a^+* 




-0j„. 


'll 


•-11-- JU-, 




ivhei 0 7{ = —l!!}y and x = sin y 
cos y 

39 Find Lt^ whcic 7/=-^ and 0 = cos“^(l -x) 


fl-'>dx- ' sm 0 

40 If 7/ = (i:in~^.x)2, piovc that 


II C S , 1SS4 3 


dx" 


41 Piovo that Lt^ 




infinite according as n is 


greater oi less than m, a and b being both greater than unity 
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42 Pi e Ll^2 - =“ = I’ 

\2Ya + it/ - 


44 

Find 

LK 

=o(cos 



43 

Find 

Lf- 

*sm bx - 5'sm ax 


lfa = 0 


tan bx - tan ax 

1(2) 

If a = 6 

46 

Find 

LU 




47 

JFind 

Lt^ 

\fx — \fa + Jx - a 





^/^'2-a2 



48 

Find 


^o(cos a)“‘*. 




49 Prove that if, vlien -b is infinite, <^(a/) = co , then will 

X 

and also that 

9 (®) 


[Todhunter’s Deff Calc ] 


50 Prove that Lu 


51 PioAC Lt^ 
m heing positive 




[Todhumer’s Diff Calc] 
l'" + 2"‘+3’"+ +rr 1 


n' 


m*i-l 


7 n + 1 


52 Prove {«” + a + /il” + a + 2/j]"’ + + a + {n- 

J«+i _ a"*+i 


Avhere 


771+ 1 

7i=^Zi?, and a, 6 aie any given quantities 
n 
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M AXI MA. AND MINIMA— ONE INDEPENDENT 

VAKIABLE 


480 Elementary Methods 

Examples frequently occui in algebia and geometiy in which 
it IS lequned to find whether any limitations exist to the 
admissible values of ceitain functions foi real values of the 
vaiiable or vaiiables upon which they depend These investi-^ 
gations can sometimes be conducted m an elementaiy mannei 
A few examples follow in illustration of this 


Ex 1 The function - 4^; + 9 may be v ritten in the foim 

(r-2)2+5, 

from vhich it is at once appaient that the least admissible \aluo of the 
expiession is 5, the value which it assumes when ^=2 Foi the squaie 
of a 1 eal quantity is essentially positive, and tlierefoi e any i alue of x othei 
than 2 will gii e a greatei value than 5 to the exjuession considered 

Ex 2 Investigate Avliethei any limitation exists to the values of the 


expiession 
foi leal 1 allies of \ 
Putting 


a" + 1 1 


^■2+^+l 




ive hai e v’-(l -y) - ^(l +y) + 1 -y = 0, 

s 

an equation whose roots are ical only when 

(l+y)->4(l-y)2 

7 e . when (3y - 1X3 -y) is positive , 

7 e , when y lies between the \alucs 3 and It appears therefore that the 
given expiession ahvays lies m valve hetiiecn 3 and -J Its maximum i alue 
is theiefoie 3 and its minimum ^ 
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'/Ex “5 If or, h, c, r, //, : be nil leal quantities such that a^+lr+c- and 

then cft+i^-rt; will ha^c its maximum value 


w hen 

Foi the identity 


y_V_s 
a b~c 


(or- -f 6- 0 -)' r- +//- + r-) =(<tx + by+ a:)- (bz - cy)- -f (c r — az )- +(«?/-& v)- 

shows that {rix-^-btf+cz)- vnll have its maMnium value when the remaining 
thiec sqiiaies on the iight-haiitl side ha\e then minmium ^ allies And 
being '-(ji.aiLS of i cal quantities they cannot be negatii c Then miuimum 
IS theicfoie when each sepaiatelv vanishes, which gives the lesult stated 

E\ 4 Todt'teimmogcomc*ncaUytJiegicatcsttnangleini>cnbcdiii agiien 
cUip<!e 

It is obi loiis from elementary considei-ations that if the ellipse be pro- 
jected oithogonallj into a tncle a tiiangle of niaxnnum aiea inscnbed m 
the giicii ellipse must piojecl into a tiiaiigle of nia\inuim aiea msenbed 
in a circle , and such a ti langle i*> eqiiilatei-al and the tangent to the circle 
at each angiilu point of the tiiangle it. pamlkl to the opiiositc side Tins 
inopoiti of parallelism is a piojectne piopeiti, and theiefoie holds foi a 
nuiMiiium tiiangle iiisciibcd m the gnen ellipse 


Moicoiei 


Area of a ina\ininni triannle inscribed in the ellipse 
jViea of ellipse 


Aiea of cqinlateril tiiangle inscnbed in a cncle 
~ Aiea of the circle 

47r 

Hence the area of the gieatcst triangle inscnbed m an ellipse whose semi- 


axes aie a, b is 



E\ 7i If A, Jj,C be a numbei of fixed points and P anj other point, 
and if G' be the centioid of masses A at A. p at B, etc , then it is a geo- 
metrical pioposition that 

'(SAJPA2)=(SAt?A2)-l-(3A) 

Hence, since SACAl^ is a fixed quantity foi all positions of P, ^XPA- has 
Its minimum value when P is at <7 


/ ’ Ex. G In any triangle the maximum i alue of cos A cos B cos (? is ^ 

Foi 2 cos A coa B cos <7=cos A(cos B — C— cos A), 

and iheiefoie as long asB and 0 are unequal we maj luciease the expres- 
sion bj making them moie neaily equal and keeping then sum constant 
Thus cos -1 cos B cos (J docs not attain its maximum a alue until 

A=B=C=L, 

3 

and then its a alue =(5)' 
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Examplfs 

1 Show algebraically that the evpiessioii c.uniot he beUeen 2 
and -2 foi leal values of a Illustrate this geoinetiic.ill 3 bj tiacing the 
hyperbola = 1 

. ^2 ""Pioie that, if i bo i eal, must he bctucen 5 <uul J 

3 Show that, if i be leal, cannot he between the \ allies 

t-a T-b 



, v /4 Show that the tiianglc of gieatest aiea with given base aiul leitical 
angle is isosceles 

5 1(A,B be two given points on the same side of a gncii stiaight line 
and P be a point in the line, then AP+BP will be least when ^17' and JJP 
aie equally inehnod to the stiaight hue 

6 Show that the tiianglc of least peiinict^i inseiibable in a given 
triangle is the pedal ti tangle 

7 Show* that the gieatcat tlioid j)as->mg thiough a point of nil ei section 
’ of tw’o giien cucles is that winch is drawn parallel to the lino joining the 

centres 


8 Deteiiiiiiie the iiiaMniuni tiiangle of giien species whose sides pass 
through gi\ en points 

Find the least isosceles triangle which can he dcsciibcd about an 
ellipse with its base jiarallcl to one of the axes, and show that it has its 
sides paiallel to those of the gicatest isosceles tiianglo which can be 
insciibed in the same ellipse with its loilev at one cxtiemitj of the other 
^ yftxis [I C S,18S4] 

10 The diagonals of a nia\iinuin parallelogiani inscribed 111 an ellipse 
are conjugate diameters of the ellipse 

•' 11 If the sum of two i aiying positn e quantities be constant, show that 

their pioduct is gieatest when the quantities aie equal Extend lias to 
thc^e of any number of positii e quantities 
* ''•^2 If 11 * 1 /= o'*, find the maxiimini value of [ICS, 1880 ] 

' 13 If A, B, G be the aiigulai points of a tiianglc and P am othei point, 

then JP+PP+C/^W'ill be a minimum when each of the angles at Pis 
120" [AP is a normal to the ellipse w ith foci B, G and passing tin ougli P ] 

, 14 Find a point P •within a triangle ^P<7 such that JP®+PP-+ Cep- 

has a minimum value 


15 Prove fiom statical considerations, 01 otherwise, that if Pbe a point 
Within a triangle, then 

^P-'tan A +PP2tan B+ GPHaa G 
has its miiumum value when Pis the oithocentie 
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TG If a triangle be inscribed in a circle of given i-adius R, sliow that 
the maxirauni ^•alue of the sum of the squares of the sides is QR~ 

\Xn If 0+ ^j=consfc , the mavimuni ■value of sin d sm ^ is attained alien 

0 =^ 

^ IS Shoa’ trigononietiicalh that the greatest and least values of the 
expression a sin i +6 cos » 

are and 

19 Shoa' bv trigonometiy that the gieatest and least values of the 
function a cos-0 + 2/i sin 9 cos 0 + 6 sin-0 


are i esjiectivcly — s/ 

20 Find the lectangle of maximum area whose sides pass through the 
angular points of a giv en rectangle 

21 PRP, QS(/ are focal choids of a conic intersecting at light angles 
Find the positions of the choids when PP -t-(2</has a maximum oi imni- 
muni value 


The General Problesi 

481 Suppose CG to be any independent vaiiable capable of 
assuming any real talue uhateier, and let ^(x) be any given 
function of x Let the cuive y — 4>(p') lepiesented in the 
adjoining figuie, and let A, B, G, D , .. be those points on the 
cmv^e at which the tangent is paiallel to one of the co-ordinate 
axes 



Suppose an ordmate to tiavel fiom left to right along the axis 
of X Then it will be seen that as the oidinate passes such 
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points as A, G, ov E it cecises to inciease and hegvnsJoJLccrjsasc ; 
whilst when it passes thiough B, D, or F it ceases to dec) ease 
and begins to increase At each of the foirnei set of points 
the ^idiimte is_s^ijd to have a maximum value, whilst at the 
lattei it is said to have a minimum value 

482 Points of Inflexion 

On inspection of Fig 113 it will be at once obvious that at 
such points of inflexion as G oi 77, wheie the tangent is pai- 
allcl to one of the co-oidinatc axes, theie is neither a niaximum 



nor a minimum oidinate Neai G, foi instance, the oidinate 
increases up to a certain value NG, and then as it passes 
through G it continues to inciease without an}' piioi sensible 
decieasc 

This point may howevei be consideied as a combination of 
two such points as A and B m Fig 112, the oidinate incieasing 



up to a ceitain value then decieasmg thiough an inde- 
finitely small and negligible intei val to E^G,,, and then inci eas- 
ing again as shown in the magnified figuie (Fig 114), the 
points (?j, G 2 being ultimately coincident 
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483 "We aie thus led to the following definition — 

Def If, w hile ih e independent vctp'iahle x increases conUn- 
iioiLsly, a function ^dependent uppn_ %t,_say iiwjiease 

through any finite interv^ Jioioevcr- small until x~_a and 
then decrease, 0(a) is said to be a maximuji value of <f)(x) 
And if 0(^) decrease to 0(a) and then increase, both decrease 
and increase bei ng through a finite interval, then 0(a) is said 
to be a MixiMDM value of 0('b) 


484 Criteria for the discrimination of Maxima and Minima 
Values 

The ciiteiia may be deduced at once fiom the aspect 

of ^ as a rate-measurer Foi is ])ositive oi negative 

accouling as y is an inci easing or a deci easing function Now, 
if y have a maxiniuni value it is ceasing to inciease and 

cZ?/ 

beginning to dcci ease, and theiefoie ^inust be changing fiom 

positive to negative, and if y have a niinimum value it is 
ceasing to decieaso and beginning to increase, and therefoic 

must be changing fiom negative to positive Moieovei, 

since a change fiom positive to negative, or vice versa, can 
onlj’’ occui by pa‘«sing thiough one of the values zeio oi in- 
finity, we must scaich foi the maximum and minimum values 
among those coi lespondiiig to the values of x given by (f>\x) — 0 
01 by 0'(ai) = 00 

485 Fuithei, since -f- must be inci easing when it changes 

d-y 

fiom negative to positive, if not zeio must then be positive , 

dy dhi 

and similaily, Avhen changes fiom positive to negative 

must be negative, so we ailive at another foim of the ciiterion 
for maxima and minima values, viz, that theie will be a maxi- 
mum 01 minimum accouling as the value of x which makes 4— 

dhi . 

zeio 01 infinite, gives a negative or a positive sign 

486 Properties of Maxima and Minima Values. Criteria 
obtained Geometiically 

The following statements will be obvious fiom the figuies 
112 and 113 — 
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(a) Accoidmg to the definition given in Ait 483, the term 
mavimum value does not mean the absolutely gieatest nor 
minimum the absolutel}’’ least value of the function discussed 
Moieovei theie may be several maonma values and several 
nvinvnxa values of the same function, some gieatci and some 
less than otheis, as in the case of the oidinates at A, B, G, , , 
(Fig 112) 

()8) Between two equal values of a function at least one 
'maximum or one mimmum must he, foi wlicthei the func- 
tion be inci easing oi deci easing as it passes the value [il/i-Pi m 
Fig 112] it must, if continuous, lespectively decrease oi inciease 
again at least once befoie it attains its oiigmal value, and 
theiefoic must pass thiough at least one maximum oi mini- 
mum laliic in the inteival 

(y) Foi a similai leason itiscleai that between two maxima 
at least one minimum must lie , and between two minima at 
least one maximum must lie In other woids, maxima and 
minima values must occui alternately Thus we have a maxi- 
mum at A, a minimum at B, a maximum at G, etc 

(o) In the immediate neighbouihood of a maximum oi mini- 
mum oidinate two contiguous oidinates aie equal, one on each 
side of the maximum or minimum oidmate , and these may 
be consideie^ as ultimately coincident with the maximum oi 
minimum oidmate Moieover as the ordinate is ceasing to 
inciease and beginning to deciease, its lato of vaiiatioii is itself 
in geneial an infinitesimal This is expiessed by saying that 
at a maximum or minimum the function discussed has a 
stationary value This principle is of much use in the geo- 
metiical treatment of maxima and minima pioblems 

(e) At all points, such as A, B, G, D, E, , at which maxima 
and minima oidinates occui the tangent is pa)allcl to one or 
other of the co-ordinate axes At points like A, B, G, D the 

of vanishes, whilst at the cuspidal points E, F, 

becomes infinite The positions of maxima and minima oidin- 
ates aie theiefoie given by the loots of the equations 

^'(^) = 0 1 

0'(a5)=co I 
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(f) That ^=9, or themselves suficient ?/ 


conditions for the existence of a maximum or minimum value ' 
IS clear fiom observing the points G, H of Fig 113, at which ’I 
the tangent is parallel to one of the co-oidmate axes, but at' 



which the oidinatc has not a maximum oi minimum value 
But in passing a maxcimum value of the ordinate the angle i/r 
which the tangent makes with OX changes fiom acute to 

cZ?/ 

obtuse (Fig llo), and theiefoie tan i/y, oi changes fiom 
positive to negative , while in passing a nunimum value yfr 
changes fiom obtuse to acute'(Fig 116), and therefore ^ 
changes fiom negative to posihve 



487 Working Rule 

We can therefoie make the following rule for the detection 
and discrimination of maxima and minima values First find 

^ and by equating it to zero find for what values of x it 

vanishes, also observe if any values of x will make it become 
infinite Then test for each of these values whether the sign 

dqi 

of ^ changes from + to ~ or from — to + as a; inci eases 
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tlirough tliat value. If the fonnei he the case y has a maximum 
value foi that value of a , hut if the lattei, a minimum If no 
change of sign take place the point is a point of inflexion at 
which the tangent is paiallel to one of the co-ordinate axes 
or, in some cases it may be moie convenient to disci iminate bj' 

applying the test of Art 485 Find the sign of cone- 

spending to the value of x under discussion A sign 

indicates a mi'iitr/iiMn value foi y , a sign, a maxvnmm 

When ^-^=0 this test fails and there is need of fuithei inves- 

ax- 

tigation (Alt. 488) 

Examples 


1 Eincl tlie maximum and minimum i allies of y wlici e 
2 /=(r-l)(r- 2)2 

Here = 2)*+2(r — l)(i — 2) 

=(r-2)(3i -4) 

Putting tins expiessioii =0 we obtain for the i allies of riilucli give 
possible maxima oi minima values 

1=2 and 

3 

To test the^e e lia\ e 

if I be a little less than 2, )(+)=negative 

if a be a little gi eater than 2, 4l^=(+)(-i-)= positive 

at 

Hence there is a change of sign, viz. from negatii e to positn e as a: passes 
thioiigh the nine 2, and thercfoie a=2 gnes^ a mviimvm lalue 

Again, if 1 be a little less than )=positive, 

3 dv 

and if T be a little gieatei than ^ ^=( -)(+)=ncgative. 


show mg that there is a change of <!ign in viz., from positii e to iiegatii e, 

4 Cc j/ 

and theiefore i = _ giie- a manrawm value foi y 
Othoivrisc _2X3 i -4), 




And 

so that, when r=2, 


so that when is put =0 n e obtain ■» =2 oi - 

’^-O.r-10, 

clc- 
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a positive quantity, sho\^ iiig that, wlieii ^—%y assumes a iiiuiiimim value. 


w Inlst, M hen ^=g> 


d-c^ 

which IS negative, show ing that, foi this \alue of x, y assumes a maximum 
value 

2 If 

■where n and » are positive integeis, shou that a =« gives neithei ma\imum 
noi minimum i allies of y, hut that x=b gnes a minimum 
It mil he dear pom ths example that neithei maxima noi minima values 

can a) ISO from the xanishing of such facto) s of^^ indices 

3 Show that — - IT -— has a maximum value -when x=A and a mim- 

A-10 

mum •when a; =16 

^V. 


4 If 


^=a<i-iy(a-3)*. 


show that i;=0 gn es a maMmuin i alue to y 

and 1 = 3 gii es a minimum 

5 ITiiid the maximuiu and minimum i allies of 

2i® — 15t“+3Gi/+6 

6 Show that the expiessioii 

(a^-2)(t-3)2 ' 

has a niaximiini value -when and a miiunium value when t=3 

O 

7 ShoM that the expiession 

'c3-3^2+6^+3 

has neither a maximum iioi a inininium i aliic 

S Im estigate the maximum and mimmiim i allies of the expression 

3^■®-25^•®+60^ 

9 Foi a cei tarn cm ve 

||=(a-l)(i;-2y(a-3)=(i-4)S 

discuss the chaiactei of the cuiie at the points ^=l, a= 2, i=3, ar=4 

10 Find the positions of the maximum and inmunum oidiiiates of the 

curvp«^6i winch ^=(i. — 2)X2^— 3)‘(3i;— 4)’(4«, — 5)® 

Vll To show that a triangle of mavimum ai ca tnsci ibcd %n any oval cut ve 
IS such that the tangent at each angulai point is parallel to the opposite side 
If PQR bo a nia-amum triangle msciibed m the oial, its veitex P lies 
between the veitices Z, of tw'o equal tiiangles LQS^ MQR msciibed m 



the oval Now, the choid L2C is paiallel to QR and the tangent at P is 
the limiting position of the choid LM, which proves the piopositioii 
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It follo^’^& that, if the oial be an ellipse, the medians of the tiiangle are 
diameters of the cuive, and therefore the ceiitie of gravity of the triangle 
IS aA/tlie centre of the ellipse 

Show that the sides of a triangle of minimum area circumscnJnnq any 
oial curve are hisected at the points of contact, and hence that, tf the oval he 
an ellipse, the centre of giavity of such a triangle coincides mth the centre of 
the ellipse 

Let ABC be a triangle of minimum area ciicumscribing the oval Sup- 
pose P the point of contact of BO Let AB\Gi, AB«Gs be two equal 



circumscribing triangles such that BiGi, B.Gs touch the o^al at Pi, Ps on 
opposite sides of P and intersect m T Then 

triangle rPiPi= triangle TG\G« 
or \TBi TB^\nBiTBi=hTGi TG,smGiTGi 

If -n e bring P, and Ps iieai er and nearer to i* so as to entrap the minimum 
triangle, the above equation ultimately becomes 

TB^^TCP, 

and T being ultimately the point of contact P, the side BG is bisected at 
its point of contact The remainder follows as in Ex 11 

13 To show that a triangle of mavimum perimeter inscribed in any oval 
IS such that the tangent at any angular point males equal angles with the 
sides which meet at that point 

For, -viith Fig 117, let PQR be a triangle of maximum perimeter in- 
scribed in the 01 al , its i ei tex P lies between the vertices L, M of tu o 
inscribed triangles LQR, MQR of equal peiimeter Now since 

QL+LR=QM+MR, 

L and jH lie upon an ellipse uhose foci are Q and R When we proceed to 
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tlie limit ^\Ile^o A and jl/appioich iiulefimteh ncai Pthe cin\e and the 
clhp«o lla^ c llic same tangent at i* Ilcnce the lesult Also if the oval 
be jjjf^elhpsc it is clcai tlait the sides w ill touch a confocal 

J} « iiiaiifjlc of mtntmum pet imetct enamsenbe an oial, the points 
of contact of the sides at e also the points uhei e they ai e touched by the c-cii dies 
of the t) tangle 

I^et -.1/fCbe a tiiangle of inimraimi iiciimetei circnmsci ibing an o\al 
Suppose P the jioiiit of contact of BG Let ABiCi, A BfO^ bo tw o ciicnm- 
stiibing liiangks of equal pciimeter such that BiCi^ B>Ci touch the ciuvo 
at P« on opposite sides of P and intersect in T Then 

B.Uy + BiCi =BjCi + CjUi 



lx*! pel poiidiciil us 7?iHi( = y) and fi«(=c) bo diavii upon Bf!n, and let 
BiTn,—0 an infinitcsinnl of the fiist oidei , ?/ and xiaic theiefoie also 
/list Older infinitesimals The abo\e equation then becomes 
»/coscc/?.+(y+r)coscc cof(:r-Z?»)-| (»/ + c)cot cot (72+s cosec C., 

01 {y Cot V - i cot y)siii 0 + (y + c)( 1 - cos 0) = 0 


Nom 1— cost? is a second oidei iiifinitcsmial, and i ejecting thud and 
highci oidci*s Mc obtain 

tan— 

jJU-1. 
z . G 
tan- 


Nov 


z ^"^2’ VP 

Thus the Ride 2»(?is divided at the point of contact in the latio 


tan ^ tan ~ 
2 2 


Those points aic the points of contact also vith the escribed ciicles of the 

tllil^C 

To find the path of a ray of light fiom a point A in one medium to a 
point B in another medium, supposing the path to be sueh that the least 
possible time is occupied in passing ftom A to B, and that the idoaty of 
propagation of light changes from v to d on passing the boundai y sepai ating 
the media [Fermat’s Problem ] 
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"We shall, foi simphcitj , considci J aiul B to he in the plane of the 
piper, and the separating svufacc of the media to he cjhndnuil >vith its 
generatoi's pei pondicul ir to the plane of the papei 
Let OPP' Lc the section of the separating surface hi the i>lane of the 
papei, and Ici APB, AP'B he two contiguous paths from to B Then, 



if the times in these two paths he equal, the quickest path lies hetiveen 
them Let fall peipciidiculais P’n, P %' fiom P' upon AP and BP, and 
dinw the normal ZPZ' at the point P 
Then since the time in ^lPil=tmic in AP'B, 

\'l AP,PB AP’BP' 

-T"+-zr 


01 in the limit 
whence 


Pii Pii'^ 

V ~ v' 

^,sin nPZ’_ r,Pi<' 
suui'PZ' ^^Pn' 1 /' 


and theiefoic, if in the limit the incident inj JPand the lefiacted raj PB 
make angles i, f lespccUvelj nitU the normal at P, n e ohtam 

s in 7 V 
sill 

thus pro\ mg Snell’s n ell known Ian of refraction 
16 Anothei cNample of the ponei of this geometiical method is to he 
found in the following diiiamical piohlcm 

To find the natinc of the curie along which a particle can slide from one 
qii cn point to a scconcf not in the same t ertical hue undei the action of gravity 
m the shortest time * 

It maj he taken as ohiious that the path hetneen anj* tno pomts lies 
cntiieh in the vertical plane joining them 
Let *1 and B he tno points of the path ven near to each othei Let 
APB, AP B be tno contiguous hiokcn lectiliiical paths, which maj' he 
regarded as so shoit that the aelocitj- through AP and AP may he 
regarded as constant and equal to that at A (e sa\), and that the aeloci- 
tics, m PB and PB arc constant and equal to that at J? (i ’) And suppose 

*‘V\’oodliousc, Isopcrmctucal Prohkms, referred to bj Tait and Steel, Dtjnamicsofa 

Particlf App C 
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that the points J\ P’ ai e m a hoi iroiital line (Pt), and that the times down 
these paths aie equal If Q be anothci point in Pv such that the time 
dou n AQ, QB is a minimum, Q lies between P and P' 

Constructing as iii Ex lo we have in the same way 

iieccos-^, where •^=AQx 

Now it IS know n fiom elemental^ 
d^ namics that v~ cc vei tical distance 
fallen through Hence the ciuwe is 
such that the lertical distance of 
the particle at any mstant from 
the hon7ontal through the starting- 
point occos-^ Thus the path is 
identified with the cycloid, Aits 
304 and 397 ' * 

This cuiwe has theiefoie been 
called a Brachistochione foi parti- 
cles sliding down it under the action 
of gra\nty 

17 Extend the lesults of Exam- 
ples 11, 12, 13, 14 to polygons iii- 
senbed in or ciicumscribing an oval 

1 8 Show that the choi d of a gn eii cui \ e w hich passes through a gi\ en 
point and cuts off a maximum oi minimum area is bisected at the point 

19 Find the aiea of the gieatest tmugle which can be insciibed in a 
gneu parabolic segment having foi Us base the bounding choid of the 
segment 

20 In any oval cuive the maximum oi minimum chord which is noi-mal 
at one end is either a radius of curv'ature at that end, or noi mal at both ends 

21 In the axis of a given parabola and w ithin the curve are taken tw’o 
fixed points P, Q , find the point on the cuiwe at w Inch the line P^subtends 
the gieatest angle, and show that, if the semi-latus lectum is an Aiithmetic 
mean betw een the distances of P, Q horn the veitex, the abscissa of the point 
IS to the geometric mean between the distances as 1 ^/3 [Oxford, 1889 ] 

■if^488 Analytical Investigation 

We now proceed to investigate the conditions foi the exist- 
ence of maxima and minima values fiom a purely analytical 
point of view 

It appeals from the definition given of maxima and minima 
values that as x increases oi decreases fiom the value a thiough 
any small but finite inteival /i, if <p(x) be always less than ^(a), 
then (f»(a) is a maximum value of ^(x) , and that if ^(x) be 
always greater than ^(a), then ^(a) is a minimum value of ^(x) 
EDO 2 c 
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We shall assume in the present aiticle that none of the 
deuved functions we find it necessary to employ become in- 
finite 01 discontinuous foi the paiticulax values discussed of the 
independent* variable “Wo then have by Lagiange’s modifica- 
tion of Tayloi’s Theoiem 

+ h) — 9&('b) = h^t({b) -b 210 X"® + 0^0 


7 ^ 

and q!i(a; — h) — ^(su) = — h^'(x ) + “ ^^'^0 J 

And when h is made sufficiently small the sign of the iight- 
hand side of each equation, and theiofoie also of the left-hand 
faide, IS ultimately dependent upon that of that being 

the teim of lowest degiee in h 

Hence ^{x+h)—^{x)\ 

and /t)— 0(a’)J 

have in geneial opposite signs 

Foi^alnaximum oi mimmum value, however, it has been 
explained above that these exjnessions must, ^vhen h is taheii 
small enough, have the same sign It is theiefore necessai)' 
t]iat ^'(x) should vanish, so that the lowest teims of the iight- 
hand sides of the equations (a) should depend upon ah oven 
powei of h <pXx) = Q IS theiefoie an essential condition foi 
the occuirence of a maximum oi minimum value Let the loots 
of this equation be a, h, c, 

Considei the lOot x=a 

We may now leplace equations (a) by the two equations 

7/2 7jS 

7,2 

It IS obvious now as before that the teim ~4>"(cC), being that 

of lowest degree, governs the sign of the light and theiefoie 
also of the left side of each of equations (b) , ^ c , in geneial the 
signs of ^(a-b/t)-0(a)\ ^ 

and 0(a-/i)-0(a)J 

are the same as that of ^"(a) Hence if 0"(a) be negative 
and ^>(a— 7t) are both < 0(a), and theiefoie ^(a) is a 


(A) 


(B) 
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(c) 


maximum, value of <fi(x) , while if (jj'ict) be 'positive both 
^{a+li) and ^(a—h) aie > 0(a), and theiefoie 0(a) is a 
minimum value of 0(a;) 

But if it should happen that 0"(«) vanishes, equations (B) aie 
leplaced by 

0 (® + A) - ^ (a) = |0'» + |V"(® + W 

«l(«-A)-^(tt)=-|0'"(a)+|r(o-eVOj 

and theiefoie when h is sufficientlv small 

— 0(a)\ 

0(a— /i)— 0(a)/ 

aie of opposite signs, and therefoie there cannot be a maximum 
or minimum value of 0(a;) when x=a unless 4>"{a) also vanish, 
in which case the sign of the light side of each equation depends 
upon that of ^""(a) And, as before, if this be negative we 
have a maximum value and if positive a minimum 

Similaily, if several successive differential coefficients vamsh 
when X is put equal to a, it appeals that foi a maximum oi 
minimum value it is essential that the fiist not vanishing 
should be of an even order, and that if that diffeiential co- 
efficient be negative when a;=a a maximum value of 0^®) 
IS indicated, but if positive a minimum - 

, ' Q nxCUI^'y Tr " 

Examples 








1 Deteimme for what values of x the function 


0(ic)= 12'C® — 4oX ^ + 40x^ + 6 
acquiies niaxihi!^m oi niiniiuum values 

Il^re 0'('c)=6O(t:^-3^’3+2'P®) 

Putting this =0 we obtain ^=0, a;=l, ^=2 
Again <f>'(x)=Q0{4'>^—9v^+4x) 

If ^ = l, <f>"{x)is negative and theiefore we have a maximum value, if 
r=2, <f}"(x) IS positive and theiefoie this lalue of % gives a minimum value 
foi 0(a.) If t=0, vanishes, so we must jiroceed fiuthei 
Now 0"'(t?)=6O(12.^2-18a?+4), 

'which does not vanish when a= 0, so ^=0 gives neithei a maximum nor 
a minimum. 


2 Show that a= 0 gives a maximum value, and ^ = l a minimum, foi 


the function 


X- 
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3 Slio\s that v=0 gives a nia\imiim and ^=l a minimum foi 


Show that the e\piession sin'flcos 9 attains a maximum ^alue when 

0=60° 

5 Illustrate geomotiically the statement of Ait 488 that in geneial 
and aie of opposite sign 

Show that the maximum s alue of 
' or 4 

SJ7a' 

7 If « = ^”'(a - a)", the critical a .dues ai c 

^ mri 

^= 0 , 1 = 0 , - 1 ?= — , 
m+n 

Examine the seveial cases aiising as m and n arc odd oi ci en 
/ v/8 If « = s /log 1 , pi ove that i = c gii cs a minimum 

9 If «=(£il£KllLy piove that the maximum and minimum are 

{x-a){t~b) 

Mspcctady -(jitvl)'™'' 

(Compare Ex 3, p 390 ) 

10 Discuss the maxima and minima a alues of 

cos tm cos"’(a+ v) 

11 ABGDEFahcdcf is a light piism upon a legulai hexagonal base 
The corners B, D, ff’aie cut off by planes through the lines AC, GE, EA 
meeting in a point V on the axis YE of the pnsm, and intei’scctuig Bb, 
Dd, Ff respectiA-ely at X, Y, Z It is plain that the volume of the figiiie 
thus foinied is the same as that of the original prism aa ith hexagonal ends 
For if the axis cut the hexagon ABGDEF in N, the Amlumes YE AC, 
A'^AC^aie clearly equ.al It is requiied to determine the inclination of 
the faces forming the tiihedral solid angle at Y to the axis so that the 
suiface of the figure maj be a minimum * 

Let EVX=9, side of liexagon=a, Ac=/i 

Then A(7=2acos30°=o^f3 

and YX=alsm 9 

Hence ai ea of rhombus = YA XC = aV3/2sin 9 


* Gregory [Examples, page lOG) makes the following interesting remark — 

“This 18 the celebratcil problem of the form of the cells of bees Marakh aaab the 
liist who measured the angles of the faces of the terminating solid angle, and he found 
them to bo 109° 28' and 70° 32' rcspcctiA ely It occurred to Bcaumur that this might 
ho the form, which, for the solid content, giAcs the minimum of surface, and he 
requested Koenig to examine the question mathematically That geometer confirmed 
the conjecture , the result of liis calculations agreeing Antli Blaraldi’s measurements 
within 2' Maclauriii and L’HuilIicr, by diifercnt methods, verified the preceding 
result, excepting that they shou ed that the difference of 2 ' m as due to an error m the 
calculations of Koenig— not to a mistake on the part of the bees ” 
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Again aica of AahX—^^h—\ VX cos 0) 



“cot 0) 

Jj 


ITenco the total aiea=liexagon ahcdef+Za(2h-^cotO)+Sn-^J3|2sm9 


Difleientiatnig, 


rf(Aica)_3a-/ 1 y/S cos q 
(10 ~ 2 Um-0 sm-0 / 

Hence cos<?=-r- 
v3 

The cliange of sign is evidentlj* fiom 
nogatii e to posltl^ e as d increases through 

cos“*-J- , hence this angle gives the niini- 

V'J 

iiiuin surface 


12 A person hoiiig in a boat a miles 
fioin the neai cst point of the beach wishes 
to icach as quickly as possible a point 
b miles fioin that point along the shoie 
The latio of his late of walking to his into 
of low iiig IS sec a. Piove that he should 
land at a distance b -a cot a from the 
place to be i cached 

*'13 Find the gioatest cone that can be 
insciibed in a gi\cn spheic 


V 



V^14 Find the cone of least suiface wdiicli can be cucuniscnbed about a 
giceii Bplieie, and show' that it is also the ciicuinscnbing cone of miiiinium 
volume 


Implicit Functions 


489 In tho case in wlucli the quantity y, whose maximum 
and miniinuni values aie tho subject of investigation, appeals 
as an implicit function of o), and cannot readily be expressed 
explicitly, we may pioceed as follows . — 

Let the connecting i elation between x and y be 


^>(x,y)=:0, .( 1 ) 

then = o (2) 

dy dx ^ 

Now in seaiching for maxima and minima values of y those 

values of a; arc ciitical which make ^ zeio or infinite Thus 

dx 

we should examine the cases foi which oi ~ change sign 
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Taking, for instance, the case of maxima or minima deduced 
ft om the equations 

?^=op ' 

dx J 

■we can pioceed to then disci iminati on as follows — 

Diffcien tinting equation (2) we have 

'dx^'^'dxdj/ dxrKZx'dxr'dy- dxJdxT'dy dx- ’ '' ' 


and, lemembeiing that reduces to 

d?y (5) 

dx- ^ 

Substituting the values of x and y deiived fiom equations (3) 

we can test the sign of and thus disci iminate between the 
® anr 

maxima and minima values 

3"(/ 

The case in which this test fails, viz, when :^=0 loi the 

Cav"* 

values of x and y deduced by equations (3), is complicated 
owing to the complex natuie of the geneial foimulae for 
d^y , d^y 
doj cla^ • 

E\ Find the maximum and minimum ordiintes of the ciin e 

‘^•\-y^=Za%y 


(a,2 -ay) +{ 2 /^ -a = 0, 
'ip’=ay 


and ^^=0 gives 't^=ay 

Combining this with the equation to the ciiive wc obtain 

f=2a%ij , 
y=0 01 3/®=2av 

y=0 gives ^=0, 

•which presents the additional solution 

y=«^/4, 

x—aiJ2 
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Sence tlie points at ■\vlucli maxima oi minima oidinates may exist have 
foi their co-ordinates (0, 0) and (a ij% a J./4) 

Now , and ^=3(y" — ar), 

and theiefoie at the pomt v=a ^/2, 


?Pcf> 

^y_ 9 ^ _ SLv 


-2g^2 


_2 

a 


and 13 negatn e, and theiefore at this point y has a maximum value 


At the point r=0j «=0, the formulae foi ^ aiul both become 

at air 

indeteimmate, and we have to investigate then tiue values 
Dififeientiatiiig equation (1) we have 

Ajid when v and y both vanish these give 

|?_0 and 
ax dtr 3a 

showing that the oidinate y has foi this point a minimum value 


dh/ 


Several Dependent Yartables 

490 Suppose the quantity u, whose maxima and minima 
values aie the subject of investigation, to be a function of 
n variables x, y, z, etc, but that by viitue*of ii— 1 lelations 
between them theie is but one variable independent, say x 
We may now, fiom the ii— 1 equations, theoretically find the ' 
'll— 1 dependent vaiiables y, z, in teims of x, and suppose 
that by substitution u is expiessed as a function of the one 
independent vaiiable x The methods of the pieceding articles 
can now be applied It is often, however, inconvenient, even 
if possible, actually to eliminate the n^l dependent variables 
y, z, etc , and it is not necessary that this should be immediately 
done 

Suppose, foi instance, u=^(«, y, z) 
a function such as the one discussed, x the independent variable, 
y and z dependent variables connected with x by the relations 

y> = 
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Then putting ^=0 foi a maximum oi minimum, we have 

Clnlf 


dx ?>v 


"dx 


"dx 


30 ^ 30 
”^32/ dx'^'dz dx ’ 

(1) 

"by dx"^ bz dx 

(2) 

•» 

bF^ dy bF^ d^_Q 
by dx"^ bz dx ' 

(3) 


and eliminating ^ and 


dx 



b<i> 

30 

b<f> 

bx' 


bz 

bF^ 

bF^ 

bF^ 

bx' 

'dy' 

bz 

bF„ 

bF^ 

bF„ 

bx’ 

by’ 

bz 


= 0 . 


(4) 


an equation in x, y, z which, with y, z), i\ = 0 and 

^*2=0, will seive to find x, y, z and u 

Again, by difierentiating equations (1), (2), (3), and elim- 

, dy dz d^y d^z i j i r i 

matmg ^ we may deduce the value of ^ and 

test its sign foi the values of x, y, z found. 


Ex A Noiman -windoAi consists of a lectangle suimounted by a semi- 
circle Given the peiimetei, show that, vhen the quantity of light 
admitted is a maximum, the ladius of the seiniciidc must equal the 
height of the lectangle [Todhuxteu’s Diri Caic.p 214, E\ 30] 

Let y be the height and 2a. the breadth of the lectangle, then the aiea 
of the v indow is gn eii by A=hr'^+2xi/, 
and this is to be a maximum 
Foi the peiimetei we have 

P = 2y -{- 2 . 1 ; + iro? = constant 

Clioose r to be the independent \anable Then ve have, since A is a 

maximum, 0 =iri; + 2y + 

CM? dx 


dP 

dv 


=0=2^+2-l-7r 

ax 


and since P is constant 
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Elimmatiu^ vre Lave 
dt 

TTi +2y=r(?r+2), 

P 

or a.= 2 ^=— — 5 

5r+*± 

and tLerefore the radius of the semicircle is equal to the height of the 
rectangle 

To test •whether this lesult gives a mavimum value to A we have 

— =-!r+4^+2t^j 
“ dv d'tr 


aud 

therefore 


dx^ 'dor' 

^^=w+2(-2-w)= -w-4, 


aud IS therefore negative 

Hence the lelatiou found, viz., indicates a mavim.um lalue of the 
aiea 


491 In the solution of such questions as the foiegoing it is 
fiequently unnecessaiy to employ any test for the disci imina- 
tion hetn een the maxima and mmima, since it is often suf- 
ficiently obvious from geometrical or other considerations which 
results give the maxima values and which give the m inim a 

492. Function of a Function. 

Suppose z—f{oS), wheie x is capable of assuming all possible 
values, and let y—F{z), then it appears that since 

dy _dy ^ 
dx~dz dx 

the vanishing of eithei of the factois f{x) oi F'{z) will give 

^=0, and theiefore y may have maxima or minima either for 

solutions of F(z)=0 or foi such values of x as make f'(x) = 0, 
and which theiefoie make z a maximum oi minimum Mpie- 
ovei, if z be not capable of assuming all possible values, it maj’’ 
happen that some of the roots of FXz) = 0 are excluded by 
reason of then not lying within the limits to which z is re- 
stiicted Seveial such problems have been discussed at length 
in^he Cambridge MoiJiemoticid JoxirnaT., vol III, p 237 

Ex 1 To find the maxima and minima values of the perpendicular from 
the cenire of an ellipse upon a tangent 
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If j and j^'be conjugate senn-diameteis, oiind h the semi-axes, andp the 
peipendiculai from the centre on the tangent at the point ■whose radius 

lectoi IS », we have 

pr'=ah, 

giving 


Differentiating with respect to r, 


and putting 
ve obtain 


dp 

dt ’ 



r=0, 


a result which is inadmissible, since r is i estricted to lie between the limits 
a and b It appears therefore at first sight as if the oidinaiy enter la had 
failed to determine the ti ue maxima and minima \ allies of » We should 
remembei, however, that since r is restricted to lie between certain values 
it will not do for an independent variable, and we should therefore have 
substituted the value of r from the equation of the curve in terms of 6, 
which IS susceptible of all values and therefore suitable foi an independent 
vanable We should thus have 


, dr. 


dp di 

p^ 


and the vanishing of ^indicates that the maximum and minimum values 
du 


of p are to be souglit at the same \alues of 6 for which the maximum and 
minimum values of r occur , ic, obviously when and when r—b 
This result was of course apparent ab tnitio from the form of tlie relation 
between jo and r 

\/ Ex 2 The orbits of the eaith and Venus being assumed ciicular and 
co-plaiiar, to investigate in what position Venus appears biiglitest 
The bnglitness of a planet vanes directly as the area of its phase, and 
inversely as the square of the distance of the planet from the eaith 



Let E and S be the earth and the sun and Fthe centre of Venus, the 
plane of the paper being the plane of motion 
Lot PVP', QFQ'be diametral planes of the planet, perpendicular to the 
lines li Fand iSF, and let ZVZ' be the diaiiietei perpendicular to the plane 
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of motion Draw iiglit angles to PP' Let cbc tlie planet’s I'adius 
anti <T, f the lengths of E\% ES, and 5 riespectively The hemi'spheucal 
poition QPQ’ IS illuminated b} the sun’s lu^s, vlulst PQP' is the poition 
c\ posed to \ ie\\ fi om the earth The illuminated poi lion \ isible is theie- 
foi c bounded b\ the lino ZQZ'PZ^ w hose pi ejection upon the jilane PZP'Z 
In a ciesceiit-shaped aica bounded h} a semicircle and a seiiii-ellipse, the 
gieatest bieadth being PA^ Tlic area of this descent is 

^ ir( r - ^ jcos .All ’'Q, 

and thoiefoie a 1 -cosEJjQ 

The brishtncss theiefoie 


^ I - cos iV l'<? , , 1 + cos E VE 
Er- EV”- 


Nou 


u hence bnghtncNs oc 


cos;?r.S'= 
(r+r)--a- 


r2+»2-a2 

-- ur-’ 


0, 

1 i- 


Tins expression has its iiia\iiinuii and iniiiimtim values, 

(1) when 1 is a maxiimmi oi a miniinum, i e, 
■when r=a±r, 

1 . t. +3(:^-«=)=o 




(2) uhon 
This second iclation gnes 

'r+4rr+3(r®-ff")=0, 

01 r=\/3tt*'+r2-2;, 

the negatue loot being inadmissible 
Wc h.nc nou to inquiie uhethei this ^.llue of % lies between the 
gieattst .iiid least of the admi«sible \ .iliies of vi/ , a±? 

Now V3a-+r’-2i >«-? 

if » <a, 

and 2><a+? 

if 

4 


Foi the infenoi planets, Venus and Mcicuij, whose mean distances 
fiom the sun aie lespcetnely 7« and 39cf loughlj, ? obviousl} lies wntliin 
the piLsciibcd limits To distingnish between the maMiiia and nnnnna, 
we obsci\c tli.it when the oaith and planet aio m conjunction, %e , when 
A=a-r, the bi ightness=0, and is obviously a minimum Hence 

a.=V3a-+?-— 2i 

gives a m.iMuium and r=«+j' a minimum It is easy to deduce hence 
that, foi the jio'sition of niaMiniim Iniglitness, 

2 tan ^=t.m-l 

an equation due to Ilallcy, and 

3a cqs^’+4} cosi?-4a=0, 

which detcnnines the angle E [Seo Gom RaT’iTAsTnoNOJn, 2n(l Ed , p 287 ] 
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493 other Maxima and Minima; Singularities 
The accompanying figuie (Fig 125) is intended to illustiate 
some points with icgaid to maxima and minima A\liich we 
have not at piesent consideied 



At S theie is an asymptote paiallel to the y-axis The 
cmve y — appi caches the asymptote at each .side towaids 

cZ?/ fZv 

the same extiemity Heie y = oo and ^ co , but changes 

sign in crossing the asymptote, and theic is an wfimtc maxi- 
mttm oidinatc at S 

At T theie is anothei asj’mptote paiallel to the y-axis, but 
in ciossing the asymptote the cuivo leappeai-s at the ojiposite 

extiemity and ^ does not change sign , there is theiefoie 

neithei a maximum noi a minimum at T 

At M theie is a '‘‘povnt saillant" giving a discontinuity in 

the value of The oidinate at such a point is a maximum 

01 a minimum In the case in the ficuie we have a maximum 

ordinate 

At R the cuivo has a point eVanet” and a maximum 

Oidinate, though ^ does not vanish oi become infinite 

At there is a cusp, but is neithei zeio noi infinite 

Yet the ordinate at R is the smallest in its immediate neigh- 
bourhood, and therefore a minimum It is to be noticed. 
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howevei’, that m tiavelliiig along tho bianch il/jV the value of 
X does not 2 Jass through OW, and theiefoie the oidinaiy theory 
does not appl 3 ^ 

At such points as Q, and changes sign, and yet 

obviously the value of y is not a maximum or minimum As 
in tho last case, it should bo obseived that in tiavelling along 
the blanch NQR tho value of x does not pass through the value 
OV, but recedes to it fiom IF to V and then increases again 

We notice, however, that this result may be wiitten as y-" = 0, 

and that ^ changes sign at Q, indicating a maxvmum or 

minimum value of the abscissa x 

Foi fuithei infoi Illation upon this subject the student is 
icfeiied to Piofessor de Morgan’s Di^ aud Int Calculus. 


EXAMPLES 

1 Show algebraically that tho greatest value of 

%ia - %) 

_2 

is and illustrate the result geometiically 

2 Find algebraically the limits between winch the expression 

h 

aa; + — 
a 

must or must not he for leal values of a Illustrate youi result by 


a sketch of the curve 


« = oa; + _ 
a 


6 investigate algebraically the maximum and minimum values of 

,, a® — 4'«+2 

the expression — ~ — ^ — 

for real values of x Illustrate your answei geometrically 

4 Find for what values of x the expression 

(a-l)«(a+3)5 

has maximum or minimum values 

5 Investigate the maximum and minimum values of the expression 

2a;® - 21a;® + GOa: + 30 

6. Find tho minimum ordinate and the point of inflexion on the 
curve sc® - axiy + 6® = 0. 
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7 Find the maximum and minimum ordinates of the curve ‘ 

(y - c)“ = (it - af{'c - b) 

8 Show that the curve y=ae* 

% 

has a minimum oidmate where - I 

9 Show that the vdlucs of x for iihich has maMmum or 
minimum values may be determined graphically as the abscissae of 
the points of intersection of the stiaight line 

y= -v, 

with the curve of tangents y = tan v 

10 Show that the expiession 

a + (-c - 6)» + (a; - b)^ 

has a minimum value when v = b 

11 Find the minimum value of 

a? 62 

/■ T~ H o" 

y' 6in-a COS'® 

■”^2 Show that sin*’d cos’d ^ 

attains a maximum value ivhen 

6 = tan"* . 

\Xl3 Show that is a maximum value of 

14 Show that the function 

a sin a; + cos x + cos2a 

continually diminishes as x increases from 0 to ^ 

15 If y = 2x~ tan~H - log{x + Jl+ 'c2}, 

show that y continually increases as a changes from zero to positive 
infinity 

Vl 6 If «=- + -, 

a y 

where r+jr = <i, 

show that z has a minimum value when 

0 ? 


x = 


a + b’ 


a = 


a — b' 


and a maximum when 
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(tb 

shoM' that the maximum value of ay is — and that the minimum 
A nlue^'u- + y- is 

Show that the aiea of the gicatest rectangle inscribed m a , 
given ellipse and hai mg its sides paiallcl to the axes of the ellipse is 
to ^at of the ellipse as 2 r. t 

19 Show that the maximum and minimum values of 

^ V 

O • O 

whei e ax- + 27ixy + by^ = 1 


arc given by the loots of the quadiatic 

Hence find the area of the conic denoted by the first equation 
20 Diiidc a given numbei a into tw o parts, such that the jiroduct 
of the p‘'‘ pou Cl of one and the 5“' iiowci of the othei shall be as 
gieat as possible 

/ 21 Show that if a iiumbei be divided into tuo factois, such that 
the sum of their sqiiaies is a minimum, the factois aie each equal to 
the square root of the given number 

22 Into how many equal parts must the numbei ne be divided 
so that then continued pioduct may be a maximum , n being a 
positive integer and c the base of the Napieiian Loganthms 1 

23 \Vhat fi action exceeds its 2^^^ powei by the gicatest number 
possil^cY^ 

V^24 Given the length of an aic of a ciiclc, find the radius of the 
circle when the corresponding segment has a maximum 01 minimum 
aica [Pappus AtiXANDniNos ] 

25 The cciitics of two spheies, ladii »i, ^ 2 » extremities 

of a straight line of length 2a, on which a circle is desenbed Find 
a iioint in the circumference fiom which the gieatest amount of 
sphciical surface is visible 

26 In the line joining the centies of two spheres find a point 

such that the sum of the spherical suifaccs visible thcrefiom may be 
a maximum [Eduoatiokal Timxs ] 


27 AG and HD aie parallel straight lines, and AD is drawn 
Show how to draw a straight line GOD, cutting AD and BD in 0 
and B respectively, so that the sum of the tiiangles BOD, GOA may 
bo a minimum [Viviani,] 



416 


CHAPTER XV 


\/28 A person wishes to diiide a tnangulai field into two equal 
parts hj’’ a stiaight fence Show how it is to bo done so that the 
fence maj' ho of the least expense 

29 If four straight rods he fiecly lunged at their extiemities the 
gicatcst quadiilateral thej' can foim is insciibahle in a elide 

30 A tree in •the foira of a fnistmn of a cone is n feet long, and 
its grcatei and less diameteis are a and h feet lespcctivcly Show 
that the greatest beam ot squaic section that can be cut out of it is 

— feet long 
3(a - 6) 

31 If the polar dianictei of the earth be to the equatoiial as 
229 230, show that the gieatest angle made by a body falling to, 
the earth with a perpendicular to the suifacc is about 11' 59", and 
that the latitude is 45° 7' 29" 

32 The lesistanco to a steamer’s motion in still uatci vaiios as 
the power of the velocity Find the rate at u Inch the steamer 
must be propelled against a tide lunning at a knots an houi so as to 
consume the least amount of fuel in a given journey 

Show that the volume of the gicatcst cyliiidci which can 
bo iiisciibed in a cone of height b and scniucitical angle o is 

- fl-ft^tan^a 

■ Show that the height of the cone of gicatcst comcv surface 
■which can be inscnbod in a given spheio is to the ladius of the 
sphere as 4 3 

35 Two particles move uniformly along the a-^es of a and y with 
velocities tt and v lespcctively They aio initially at distances a and 
b respectively fiom the origin, and the axes aic inclined at an angle 
0 ) Show that the least distance betw'ccn the pai tides is 

{av — bu) sin (I) 

(it- + - 2«i; cos w)i 


36 For a maximum or minimum parabola ciicumscribing a given 
triangle ABC, show that the sum of the perpendiculars from ABC 
upon the axis is algebraically zero 


,/o7 111 a submaiinc telegraph cable the speed of signalling lanes 
as a^logi where ^ is the ratio of the radius of the coie to that of the 


covering Show that the gieatest speed is attained when this ratio 
IS 1 Je 
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38 A and B are fixed points and P is a Aaiiablc point on a fixed 
1 me , show tliat A /’ + /a BP will be a minimum if A cos <? = /i cos <f), 
6 and <{> being the angles Aihich AP and BP make with the fixed lino 

39 S IS the focus of an ellipse of cccontiicity c, and ^ is a fixed 
lioint on the niajoi axis, and P is any point on the ciuve Show 

that ■«hen''P7i is a minimum SP= — 

Find the niaxirauin value of 


' (x-ar-lx-b) ^vhen«>6, 

'* ^(2) V hen a<b 

What happens if a = bJ Ulustiate jmui answeis by diagrams of the 


cm ve ?/ = (v - rt)-(x - b) 

in the three different cases [ICS, 1879 ] 

An open tank is to be const! noted with a square base and^ 
vei tical sides so as to contain a given quantity of v atei Show that 
the expense of lining it \\ itli load will be least if the depth is made 
lia^f the v idth 

V^2 If two lanables ^ and y are connected by the relation 
btj- = ah, show that the maximum and minimum values of 
the function X“ + y- + xy uill bo the values of u given by the equation 


, 4 {v - a)(u -b) = ab 

' 43 If SP and $SQ bo tii o focal distances m an ellipse inclined to 

each othci at the given angle 2a, find the gieatest and least values 
of the aiea of the tiianglo PSQ 

44 SQ IS a focal ladius vectoi in a given ellipse inclined at a given 
angle a to SA, wheic A is the icitcx nearest to the focus S Find 
the angle A>SP, wheio SP is another focal ladius, such that the aiea 
of the tnanglo PSQ may be a maximum 

45 Find the point P on the parabola y' — iav such that the 
perpendicular on the tangent at P fiom a given point on the axis 
distant h fiom the veitox maybe the least possible What is the 

^geometrical meaning of the lesult ? 


46 Find the area and position of the maximum tiiangle having a 
given angle which can bo inscribed in a given ciicle, and prove that 
th^aiea cannot have a minimum value 

lx 4 7 Fiom a fixed point A on the circumference of a circle of radius 
c the perpendicular AF" is let fall on the tangent at P Prove that 
the maximum area of the tnaiigle APY is 

leys 


2d 


F D 0 
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If a parallelogiam be mscnbcfl in an ellipse the gicatesfc 
possible value of its peninetei is equal to twice the diagonal of the 
lectangle desciibed on the axes 

49 0 IS a fixed point v itbont a circle, J one of the exticmities of 
the diameter through 0, OQQ' a chord through 0 Find its position 
vhen the area of the triangle QAQ' is a ina\iinum Docs it ever 
become a minimum ? 

A length I of u no is cut into two portions which arc bent into 
the shapes of a click and a square respectively Show that if the 
sum ot the areas be the least possible the side of tho square is double 
the ladins of the ciicle 

51 Obtain the maximum and minimum i allies of the volume of a 
right circular cone whose icitex is at a gnen point and whose base 
IS a plane section of a gnen sphere, and point out the difTcrenco 

of the cases of the point being within oi without the sphere 

[Mvtii Tnxios, 1S76 ] 

52 Provo that a chord of constant inclination to the aic-of a 
closed cunc divides the area most unequally when it is a chord of 
ouiiatiue 

53 When the area of a triangle has a maximum oi minimum 
value and all tho paits vaiy, then 

cosyl da + cos B db + cos 0 tfc = 0 [OvroRu, 1SS8] 

54 Show that the normal chord to the parabola y- = 4fl^ which 

cuts off tho least arc is noimal where y= — ^ and is inclined 

2 V" 

to tho axis at an angle tan"^-^ ■ 

“ ^/3 

65 When the product of two perpendicular radii icctores of a 
curve IS a maximum oi a minimum, show’ that they make supple- 
mental y angles w’lth the tangents at their extiomities 

66 Tw 0 perpendiculai lines intersect on a parabola, one passing 
through the focus Shou that the triangle foimed by them with the 
directrix has its least values when the focal distances of the right 
angle and the i ertex of the paiabola include an angle of 36° or of 
108" 

5 1 A plane triangle AEG, right-angled at B, and of gnen 2^61 i- 
meter P, revolves either round an axis thiough A parallel to BC, or 
round an axis through C parallel to BA, and the solid generated is a 
maximum , show that the three sides of the triangle aie equal to 

^-3+VI7), £(5-717), f(7-717) 

‘ [SmiH’s Prize, 1878 ] 
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68 Show that wheu the angle between the tangent to a ciuve 
and the radius vector of tho iioint of contact has a maximum or 
minimum value tho ladius of cuivaturc at that point is given by 




59 Show that tho gieatest distance which can be saved in a single 
A 0 ) ago by sailing along a gicat circle instead of a paiallcl of latitude, 


is 


n{2 sm-i- + - 4 - ?r>, 


Avliere a is tho eaith’s ladius [Math Tniros ] 

60 ShowhoAvto find tho co-oidinates of tho points on a curve 
given in Cartesians at which the cuivaturc is a maximum or a 
mmiuium. 
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MAXIMA AND MINIMA— SEVERAL INDEPENDENT 

VARIABLES 

494 Preliminary Algebraical Lemma 
The limaiy quadiatic /o=a^^®+2/i^?/+67/® 

may be wntten - [(ax + hyy H- (ab — li^)y-\ 

Of 

and theiefoie ictams the same sign as a foi all leal values of 
X and y if ab—h^ he positive 
The ternary quadratic 

J^=ax^+by^+cz-+2fyz+2gzx+2hxy 
may be wiitten 

i [(oKC + hy + gzf + (ab - h^)y^ + 2(af- gh)yz + (ac - g'^)z^], 

Of 

and theiefoie by what has gone befoie Anil letain the same 
sign as a foi all leal values of x, y, z 

if ab—h? and (ab—h~)(ac—g^)—(af—ghy be positive, 
%e, if ab—li" and a(abc+2fyh—af-—bg^~ch^) be positive 
That IS to say, /g and /g Avill both be jiositive if 


a, 

a, h 

> 

a, h, g 


h,b 


h, b, f 




f> c 


be all positwe, and Anil both be negatiA^e if these expressions 
aie alternately negative and positive 

495 Tlxese lesiilts maj be generalized For the general homogeneous 
quadiatic function of n raiiables can be tin on n into the form 

f’i(^i+«2^2+«3a:3+ +a„r„y 
+Pi(Vz+biV3+ +Kv„f 
+i’3(^3+ +c„r„)2 

+ 
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since the iiunibei of arbitiary constants at om disposal is the same as the 
iiimiber of coeflicients of the oiiginal qiiantic And it is a known pio- 
positioii* that the A talues of j Pn aic 

A Ao A j All 

Pl~^i P3~'^f > Pn~'K t 

iAj l-l* iJll-1 

where Ar is the disciiniinant of the quantic obtained fiom the oiiginal 
function by putting tr+s, , etc , all 7 eio 
Now assuming that all the letteis imohed aie leal, it is cleai that 
if Ai, Ao, A 3 , be all poaitn e, we shall ha^ e 2’ii Pji 2h< > P» positive, 

and therefoie the quaiitic positive, and if Aj, A,, Aj, be alternately 
negatue and positive, tP« negative, and hence the 

quantic w ill also be negatl^ e 

For an inductive pi oof of this icsult the student is refeiied to a noteat 
the end of Di Willianison’s Tieatise on the Diffoentud Calculus 


496 To search for Maxima and Minima 
Def Let y, c, ) be an 3 ’^ function of seveial independent 

vai lables x, y, z, , supposed continuous and finite foi all values 
of these vai wbles in the uoighbouiliood of then values a, h, c, 
lespoctivelj'^ Then the value of 0(a, h, e, ) is said to be a 
inaximuin 01 a iniuiniuni value of y, z, ) accoiding as 
\ r/>(<x+/i, b+l, c -hi, ) IS less 01 gicatci than 0(a, h, c, ), 
\ whatever be the lelative values of the inciements h, k, I, , 
I positive 01 negative, piovidcd they be taken sufficient!}’’ small 
and be finite 

In other ivoids, 0(«+/<, h+l, c+l, .) — f/>(a, h, c, ) is to 
pieseive an invariable sign loi all finite values of h, L, I, etc , 
ljung betwe en zei o and ceit ain »sniall limits, positive 01 negative 
To find a, b,c, the values ol x, y, z, ■which will make 
(fiici, b, ) answer to the above definition we expand b}’’ the 
extended foim of Tajdoi’s theoicni (Ait 178) 


<K'i+h,y+L, ^)-</>(x,y, ) 

. +terms of the second and highei oideis 


Now b}' taking h, L, I, sufficientl}’’ small, the fiist degiee 
teims can be made to goveni the sign of the iight-hand side, 
and theiefoie of the left side also, of the above equation, 
tlici efoie b}’^ changing the sign of k, I , I, the sign of the left- 
hand niembei would bo changed Hence as a fiist condition 


■“ lliirnsidc and Pantoii, Thcoiy of Equations, p ■101 
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foi a maximum or minimum \ aluc m c must have 


and thoieforo as these aibitiaiy increments aic independent ol 
each other, -vve must have 


'dv ' Zy ’ Zz 


O.otc, 


( 1 ) 


If there be n independent vaiiables, ivo have thus obtained 
u simultaneous equations which .seivo by tlieir solution to 
find the admissible values ol a?, i/, s, loi which maxima 
and minima values ma}^ exist 

The above equations theiefoie foim ea^senUal conditions foi 
the existence of maxima and minima, but wo shall sec that 
they aie not m themselves sii^cicnf, and \\c shall have to 
employ a luithei test lor their disci imination 

Wo shall now consider the cases ol two and of tin co inde- 
pendent vanables .sepaiately 

Let one system of values of a;, y, z, . satisfying equations 
(1) be a, 6, c, lespcctively 

y497 Case I Two Independent Variables The Lagiange- 
"Condition 


Lot us put r, s, t loi the values of ^ ^ f when cc—u 

^ dt- d.cdy’ dy 

and y~h, then 

^i(a+h, b+L)—^(a, b)=^~{rh^+2s/il^+f/>r)+B^ 


whole JKg consists of teims of the thud and highci oidcrs of 
small quantities, and by taking h and k sufficiently small the 
second degiee teiiiis now can be made to govern the sign of the 
light-hand side and theiefoie of the left also And if these 
teims be of peimanent sign foi all such values of h and 7. we 
shall have A^maximum oi minimum/for y, ) accoiding 
as that sign m^negativc bi' positive j 
By our Lemma (Aid; 494) the condition for an invaiiable 
sign IS that shall be pq si^m. and the sign will be that 

of 1 , and if be positive, it is clcai that r and i must Have 

the same sign 
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j accoiding as r and f aie both ueg«itive or both positn^e 

This condition was first jiointed ont by Lagrange {TmiTi 
MemoiTB'), and is known as " Lagrange's Condition ” 

If rt < S-, we get neither a rnaxiinuin nor a nnnininin 
If however it=b-, the quadratic terms 

r/r-f become -(/ir+Zts)^ 


and arc therefoie of the same sign as 7’ or i unless 


h 




/8, say 


In this case we must consider terms of higher degree in the 
expansion of b+h)—(f,{a,Z)) The cubic teims must 

vanish colloctivelj' when 7=/5. otherwise, by changing the 

Ml 

signs of both Ji and I we could change the sign of 
h+l) — (f,{((, h) jbid the biquadratic terms must 

collecfcivcij’’ be of the same sign as r and t when ^=/3 


40S In tlio case in which r, s, # ai e each of them zero, the 
qnadiatic teims are altogether absent, and the cubic tor ms 
would change sign with Ji and 7^,and tlieiofoie all the diflcien- 
tial coefiicicnts of the thud oulei must vanish sepaiately when 
x~a and y-=h and the biquadiatic terms must be such that 
they retain the same sign for all sufficiently small values of /t, h 


E\ I^et « = ny+L+L 



- = 11- _ =0 
di '' X- 

"du a 

0// y/- J 

going r 

=7/=sa 

Hence 

di~ yp 



So i and t aio positn c i\heii i 


and 


J, « =2 2-1=3 
1, < 



and IS positive , and theiefoie there is a iniinmuin value of n, viz, 
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499 Greometncal Explanation 

Let the leader imagine that the plane of xy is the lioiizontal 
plane at the sea level, and that y) is the equation of 

the suiface of a mountainous tiact of countiy in -which theie 
aie isolated hills, mountain chains, valleys, lakes and mountain 
passes Let a map be constinicted showing the various contour 
hues of the hills, lakes, etc , at difieient altitudes Conespond- 
mg to an isolated hill oi a lake these contoui lines -vi-ill form 
closed cuiwes, dwindling to a point at the top of an isolated 
lull or at the deepest point of a lake At a saddle-shaped 
mountam pass the contoui lines at the highest point of the 
pass will intei-sect and foian a node while, coiiesponding to the 
iidge of a chain of mountains of unifoim height oi the bottom 
of a V-shaj)ed depiession of uniform depth in a lake, the closed 
contoui line degenerates into a single cuived teiminated line 
Again, at a bar acioss a valley, as at a mountam pass, the 
contoui lines foim a node at the highest point of the bai 


Now at all these seveial places the tangent plane to the 
countrj^ is hoiizontal and the pielmunaiy conditions 
^=0 aie satisfied (Art 496) 

At the top of an isolated hill we have a true maximum 
value of z rt—i” is positive whilst r and / aie both negative 
At the deepest point of a lake wc have a true minimum, 
IS positive whilst r and t aie both positive 


At a mountam pass li— s® is negative, and although the 
tiaveller over the pass ainves at a maximum height in the 
diiection m which he tiavels, yet if he diveige fiom the path 
eithei to right oi left he at once begins to ascend to liighei 
giound This theiefoie is not a pomt of maximum height on 
the suiface The same is true at the highest pomt of a bai 
sepaiatmg two depiessed legions 

II it=^ then m the diiection of hi -f As=:0 the tangents to 
the contour hues through that point comcide Further mA*esti- 


gation IS now necessary If the contoui Imes open out and 
separate immediately after then contact, there is neither a 


maximum noi a minimum but if they dwnndle dowm to a 
single line all along theii length, we have a row* of wdiat may 
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be called maxinia oi minima This is the case of a line along 
the ridge of a mountain chain of luiifonn height or along the 
bottom of a V-shaped depression of nmform depth, and a 
pei-son tiavelling along such a line will move contmually at a 
constant <listance above oi below the sea level (See Gieenhiir& 
Dijj and Inf Calc) 


500 Tlie effect of the variation in sign of rt-s- ivill be more easily 
inidci'^tooil by the stncleiit of solid geometry The equation giriug the 
pniKijiil ndu of cui'\atuie at anj point is 




•where 


7*f t 

h=i+r'-^q-, p=^-^ 


17=-,-.* 
^ QV 


Ileiice the principal radii of cunature are of the same or of opposite sign 
*'cc<'*rding as rl—^ is iwsitivc or negative and one of them is infinite 
ivI'Lii — >r'=0 In the latter case the corresponding line of ciirvatiue 
has either an inllc\ioml oi an undulatoin point 


^ ridge of Masima or Minima 
Suppose that anti ^ contain a common factor v 


Lot 


Then 

37’ , 


<^y ^ 


c> 

<-V “ 


'diL\ 

Tc' 

cu„ 


"dv 


OIL, 
I' -7. 

ai 


. „ OI ( Zl\( c\j\ _ 

^ f — s- = \ Vj,— )( tt'o— 1=0. 

Vr ~cxf \ -ciJ 


Suppo'je we 'sohe ^=0 and find y=j\'c) Sulistitnting this 
in z=:<p{.i. y) we have c a function of x only and 

dz djf^ 

dx~cc ' oy dx 

vhich vanishes foi such values as satisly ^’=0, and therefoie 

make = 0 

cx cy 

TIius along a cuiwe hue on the surface, whose piojection on 
the plane of xy is x ==X>, c is constant 

* Simth's Sct'td neon tlrit, p 21S 
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This IS the case of a locus of maxima oi minima such, for 
instance, as ivould be pioduced by the levolntion loiind the 
c-axis of any closed cuivo The definition of maxima and 
minima accoiding to this view needs a shght modification, and 
we must suppose a maximum value to be one winch is not less 
than and a mmnnum to be one which is not greater than any 
othei value which is immediately contiguous to it * 


Ex Coiisuler the Anchor Eing or Toic formed by the ie\olutiou of a 
cnclc of radius b about a stnnght line in its own plane at a distance o fiom 
the centre Taking the avis of reiolntion foi the r-a\is and the plane 
through the ceiitie pciiiendiculai to the r-n\is foi the plane of ri/, the 

equation is z-=b- -a-— 2as/v^ 


IJcre 



-% + 


OA 


~lf+ 


qy 


The \ anisluiig of the common factor 1 - - > gives both ^ and ^—0, 
° Vi^+y dy 

and the ylindci i 2 + 3 '*==cr- cuts the surface along tlic iidge foinied by 

points which arc all at the same distance b fiom the plane of ty and at 

gicatei distance fioni that plane than any other points of the suifacc 

winch do not he in that ciivulai iidge 


502 Case II Three Independent Variables 
Let a set of the values of x, y, c determined fiom the ccpiatiom 
"dif) __ 30 _ 30 _ ^ 

ho a, h, c, as explained lu Ait 496 Let the conesponding 
values of 

3i^’ 3y’’ 3^2' 

bo called A, B, G, F, G, H Then v c have 
0(ft+/i, 6+7i, c+Z)~0(a, 6, c) 

= 2,(A/t2+57.2+022+2M7+2G'Z/i+27//<Z)+i?„ 


wlicic J ?3 consists of tciuis of the tliiid and liigher oiders of 
small quantities, and by talang h, h, and I sufficiently small the 
second dcgieo teims can be made to govern the sign of the 
I Jght-hand side and theiefoie of the left also If this gioup of 
teims foiiii an expression of peimauent sign for all such values 
'^ix}-rani:ats Aimak! deOcroonnc,\o\ HI Gregoo ’s r^MTjfcs, p HO 
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of h, h, anti I, we sliall have a maximum oi minimum value 
accoitling a£< that sign is negative oi positive Hence b}’ oui 
Lemma Ait 494, if the expressions 


A. 

A, Id 

9 

A, H, G 


Id, 7i 


JT, B, F 




G, F, C 


I he all positivc.Js:a^shallJiavo-a^mnimum..vaI uc of 
and if they, be.altein.i tely negative and positiijg4v,Q.^liall have 
a maximum, wlnlst li these conditions aic not satisfie d we sha ll 
iirgenofcil have iieithei a maxii num noi a mnmnum 
/ )t)3~SnnilaTly we might proceed by aid of the geneiabza- 
t tion in Alt 495 to considei the case of seveial independent 
vanable*? And aecordine: to that aiticle we shall have a 
minimum when all the disci imniants aie positive and a maxi- 
mum if they aie altci iiatel}’’ negative and positive 


•^v'V504 Several Independent Variables Lagrange’s Method of 
Undetermined Multipliers 

Let u = o'„, , o„), a lunction of n vaiiablcs, which we 

shall suppose connected bj' m equations 

> ’^h) “ »/u(’*'li >^n) — 0 > f 

so lliat only n — ra ol the vaiiables aie ludepciidciit 

Suppose the w dependent vaiiables to have been eliminated 
betw ceil the equation u = fp(v, . , -j „) and tlie m equ.itions 

of eouditioii Tlie values oc tlic leraaining vanables which 
gi\e maxima and minima can then be found as in Ait 496 
I’o avoid the absolute elimination we ma}' make use of 
uiidetei mined multiplieis as follows — 

When u is a maximum oi iiiiniinum 

. +|^? a -,=0 

Also = +|^;rf>V=0. 


Jf df„ 1 , Wo 1 .Won , .Won f. 

etc , 

* M^caiuquc Analj/Uquc, ^ol I 


( 1 ) 
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Multiptying tliese lines lesjicctively by 1, Xj, X 2 , , and 

adding, we get a lesult winch may be written 

+P«cZa;„=0 . (2) 

p, +x,M+X2|^+ +X,„|^‘ 

^ajr 3a;, ^?)Xr ox, 


wlioie 


The m quantities Xj, Xj, , X,n aic at our choice 

Let us choose them so as to satisfy the m lineal equations 


, p^ = p^=Pg= =P«»=0 

I The above equation is now leduced to 

I Piii+l^ZjCnj+i + Pm+afZ'l/iH+nd" +PnCZflJ„ = 0 

It IS indifFcieiit which n—m of the n vaiiables aie legaided 
as independent Let thorn be sBm+i, ®»i+ 2 , , ®n Then since 

the n—m quantities cZrtm+i, dvm+ 2 , , dxn aie all independent 
then coefficients must be sepaiately zero 

Thus we obtain the additional n—m equations 

P)ii+l = -Pin+2= =P„ = 0 


Thus the m+n equations 

fi— fi— fz~ — fm — ^, 
and Pi=P 2 = P 3 = =P„=0, 

deteimino the m multipheis Xj, X 2 , , Xm and values of the 

n variables , Xn foi which maxima and minima values 

of u aie possible 

505 If u be a homogeneous fimction of degiee p, and 
/ 1 ./ 2 . U , fm be capable of being put into the foims Ua=A, 
W6=P, Ue=G, , %(,(,= K, Ua, Uj,, ctc , being homogeneous 
expiessions of degices a, b, etc, and A, B, etc constants, theie 
is a veiy useful lelation between the quantities X Multiply- 
ing the 91 equations of which P,.=0 is a type by x^, x^, , a;„ 

and adding, we have by Euler’s theoiem on homogeneous 
functions 

2 m+XiaJ.+X 26 P+X 3 ca-l- 


E\ Let ns iii\estigatc the inn^imam and minimum ladii vectores of 
the section of the “suiface of elasticity”'^ 

, (iHy2+r=)2=«V+6y-+A-2 

made b} the plane l%-\-my+nz=0 
We must make 9"=='i'“+y®+s® a max 01 niin 
•Gregory’s Examples, p 120, and Fiesncl, Mtmoircs dc Tlnslitut, lol VII 
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Then • xdi +yr7^+ce7r=0 (1) 

a~idi + b-)/di/+c-zdz=0 ( 2 ) 

Idi+}ndy+7id:=0 ( 3 ) 

AVheiice multiplj mg (2) and (3) by A,i and Ai and adding, w e have by 
Art 504 r+Aia^v+Ao? =0 (4) 

y+Ai6-^+A2>ft=0 (5) 

s+Ai<5"- H-A211 —0 . . . (6) 

Alnltiplying by i, y, r, lespectively and adding, 

r-+Air‘=0 or Ai=-^\ 

01 1= 

a — r- 

anrl tv o similar equations 

'Whence multijih iiig b\ ?, m, and n and adding, 


:(l-''!)+Ay =0 


o- — r- b — H — r- 

a quadratic which gives tlie ^ allies of r leqiiired. 


EXAMPLES 

1 Discuss the maxima or minima \alucs of « in the folloiving 
cases — v = v^i/-(l - v-y) 

(/?) u — + 2^? + ^rij - 2y” 

(7) u = 2a-r}/ - 3aa-y ~aij^ + xpy + 

( 5 ) « = ar,i/-;P - x-y-:P - xf‘:P ~ x\j-^- 

*' (c) « ^ sin c sin y sin (^ + ij) 

{0 « = 'ty - - Sxy - oif 

V (t]) u='^+y^- Zaxy 

j 

V 2 Find the minimum value of 

x-+y-+z\ 

hanng given ax +by-\-cz =_p 

3 Find the maximum value of 

■with condition %+y+z=a 

4 In a plane triangle find the maximum v^alue ot 

cos A cos B cos 0 

5 Find a plane tnanglo such that 

sin”^ sin”jBsiii^G' 


has a maximum value 
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^ G Divide a number n into three jiarts o,y, s such that 

ay::,-\-hzx + cxii 

shall have a maximum oi minimum value and deteimnio Avhicli it is 
7 Find the maximum oi minimum "values of 

+ y-l¥ + s-jc^ 

when lx + my +n2=0 and ^®/o“ + y"l h- + = 1 [Ovroao, 188S ] 
* 8 Inscribe in an ellipsoid the maximum iccUngulai paiallolo- 
piped 

9 Given a‘¥(f=J, find the maximum value of 

('B+l)(y+l)(- + l) 

Interpiet the result [Waring 1 

7^ 10 Required the rectangulai parallelepiped of given volume and 
least surface 

1 1 Find the minimum value of x-+y'^ + 
with the conditions av + by + cz=a'x+ Vy + dz=\ 

12 Find the maxima and minima of a:-+y® + »® 
subject to the follomng conditions — 

j. (1) ax^ + hf+cz'^ — l 
(2) ax^ + hf + c*® + 2fijz + 2gsx + 2/i^^ = 1 
/gN f ctx^ + hy-+cz^=l 
' \and h+iny+ns—0 
/.X f at“ + iy- + C2‘-i-2fyz+2gzv+2hxy=l 
[and h + my + nz=0 

13 Find the maximum or minimum of a + by'^ + c:f 

iv ith the condition ^‘ + y'“+s"=7» 

^14 Find the maximum value of 

+yXy+zi)(«+b) [Lagb.vnge J 

15 Find the minimum value of 

x-^y'+Z' + ti,^ + 

with condition ax + by + 02 + 1110 + =L 

^ 16 Show that the point within a triangle for -which the sum of 

'"the squares of its pcipendicular distances from the sides is least is 
the centre of the Cosine-Circle 

17 Find a point within a inangle such that the sum of the 
squares on its distances from the three angles is a minimum 

^ 18 Find a point within a tnangle §uch that the sum of the 
distances from the angular points may be a immirmnn [Fermat ] 

19 Find the trianguhii pyramid of given base and altitude which 
has the least surface [Gkegort’s Ex^vmples 1 
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20 Find the minimum •value of the continued product of the 

pcipcndiculais dra-vvii fiom a point upon the faces of a given poly- 
hcdion [CoLi E-^am] 

'-'21 If a be a maximum oi a minimum value of /(r, y, z) foi points 
uhich ho on jP(t, y, = then the sui faces /(r, y, z) = a and 

“) = 0 "ill tonsil [Coll Exam ] 

22 Find the maximum and minimum values of p^vvhere 

ix- + 2sxy + iy- = lfp, 

hav ing given that 

(1 + + 2^ty -F ( I q-)i/ = 1 

23 If there aic ji tops of mountains on the earth and q bottoms of 
lakes and seas, prove that there must be p - 1 passes, oi places vvhcie 
a level surface drawn through the point cuts off two elevated legions 
which meet at that point , and also q—l bars, oi places v\ hei e the 
lev el surface cuts off two depressed regions vv hich meet at that point 
Show also that there must bo at least tvv^o summits higher than any 
pass, and two bottoms lower than any bar [Math Tniros, 1870 ] 

21 A framework crossed or uncrossed is formed of two unequal 
rods ioincd togctbci at then ends by two equal lods, prove that the 
distance between the middle points of either pair of lods is a maxi- 
mum w’hcn the unequal lods are paiallcl and a minimum when the 
equal lods are paiallel, unless the two unequal lods aie togethei 
less than the two equal lods, in w'hich case the unequal rods are 
parallel in both the maximum and minimum positions 

[Math Tripos, 1873 ] 

2o If u be a function of n independent vaiiables -Cj, a,, , -c,,, 

prove that, in ordci that u may have maximum oi minimum values, 
the roots of the equation 

Ui — z, Ujo, , =0 

H-jo, Ua ~ j 

wjh, • c7;,-s 

must all be of the same sign , lA, u„ denoting the particular v'alues 
of ^—1—, for certain values of a:,, x-,, , -r which make 

'dll dll dll _ 

d^ ’ 


[Matii Tripos, 1873 ] 
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506 Construction of a Differential Equation. 
It has been seen that the equation 


/(a;, 2 /, rt)=0 . . (1) 

IS repiesentative of a ceitain family of cuives, for each 
individual of winch the conrlant a leceives a paitieulai and 
definite value, the same foi the same cuive, but diffeient 
for different cuives of the family 
Problems sometimes occur in which it is neccssaiy to tieat 
of the whole family of curves togethei, as foi instance in 
finding the family of curves which inteisect each cuivo of 
the hist system at light angles And it is manifest that 
for such operations the letter a ought not to appeal as a 
constant in the functions opeiated upon, othenvise we should 
be treating one individual curve of the system instead of 
the whole collectively 

Now the process of differentiation can be easily applied to 
get nd of a For by differentiation ivith regard to x, wo have 


'dx^'dy dx ’ 


• » • 


( 2 ) 


and a may be ehmmated between these two equations, if 
indeed it has not already disappeared There will now result 
an equation between „ 

y, imd g, 


which may be called the Differential Equation of the family 
of curves 
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For example, consider the family of straight Imes obtained by giving 
special values to the arbitran- constant m in the equation 

y=CTj 

DifTerentiatin?, ' 4 ^=Jn, 

dc 

and therefore 

a difierential equation -which is true for each member of the family since 
the su ]ia« been eliminated. 

It 13 dear that the m svoiild have disappeared at once upon differentia- 
tion if -vre had written the equation of the line 



for, diCerentiating, we have 



or 


du 


as liefore. 

Tins is then the differential equation of all straight lines passing 
through the origin and expresses the gcometncai fact that the directwn 
of the straight lin: i« the same as that of the xcctor from the ongiv at all 
jioints of the same line 


507. Again, siippo'^e the representative equation of the 

familv of cnr\'es to be 

%• 

/t 'c. y, o. 6)=0, 

containing two aibitrary constants a h whose values particu- 
larize the •several meiubei-s of the family 

Xow a single differentiation witli respect to x -will either 
eaiLse one of the constants to disappear or will i-esult in a 
1 elation between 

V, y, a and 6. 


From this relation and the original equation of the curve 
one of the two arbitrary* constants mav he eliminated sav a 
Then we have a result of the form 



If we agam differentiate with respect to x we shall either 
cause the h to disappear oi shall he able to eliminate h 

E.DC 2b 
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IjctwcGn tliG lesult and tli6 last ctjuation, tlius oTitauung a 
differential equation of the second oidei between 




dy 

dx' 


and 


dx^ 


Thus if a function witli one mdcpendent vaiiablc contains 
one aibitiaiy constant, tlio lesult of eliminating it is a 
diffeiential equation of the fiist oidcr If it contain two 
aibitiai}’’ constants, the icsult is a diffeiential equation of 
the second older. And oiii aigiiment is geneial, so that 
to eliminate n aibitraiy constants we shall have to piococd 
to n differentiations, and the result is a differential equation 
connecting 

' ^ V ilL H. 


and IS theiefoie of the Older 
Again, the final icsult is independent of the order and 
of the manner in winch the ehminations aie effected < 

Foi suppose the aibitiaiy constants to be 

^2» I ^ni 

and let any paiticular values be assigned to those constants 
Then we have made choice of some paiticulai curve of the 
system Next take any value oi x, at the points thus 
deteimined, 

dhj ^ 

2'’ dx’ 

have each definite values dependent upon the chosen values of 

%, Q'j, tfj, • > tt,i, 

thus fixing the inclination of the tangent to the axis of x, 
the measure of cuii’^atuie, and pccuhaiities of shape of a 
higlici 01 del at the point in question Those jieeulianties of 
shape intrinsically belong to tlie chosen cuive, and cannot 
be dependent upon any paiticulai algebiaic process which 
it may be found necessary to employ m obtaining a numerical 
measuie of them, but must depend solely ujion the geo- 
metiical chaiaeter of the cuive Hence, if for the wJiole 
family any geneial algebraic identity be discoveied connecting 
these peculiarities, in winch none of the particularizing con- 
stants aie present, and which is thorcfoie true at any point 
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of any member of the family, it must amount to a statement 
of some geometiical property characteristic of the family, 
and be independent of the method of its discovery And 
in obtaining the n differential coefficients of y with legaid 
to X we have in all n+1 equations, including that of the 
original cuive, with ni arbitiary constants to ehminate, leaving 
one single i elation between 

X V ^ ^ 

’ dx' ' " dx« 


Ex 1 Fomi the general differential equation of all stiaight lines 
The general equation of a straight line is 

i/=mx+o 

Hence yi=nt) ... (1) 

and ^ 2=0 . (2) 

Equation (2) evidently then is the general diffeiential equation sought 
Its geometiical interpretation is cleaily that the cicivature vanishes 
at eveiy point of each member of the family 
Ex 2 Ehminate a and c fiom the equation 

'i?+y'^=i2aio-\‘C 
Differentiating, iio-¥yyi=a 

^Differentiating again, 

This IS the differential equation of aU ciicles whose centres he on the 
A-axis 

Ex 3 Eliminate a, &, and c fiom the equation 

(■c— a)®+(y— &)®=c® 

and thus form the general differential equation of till circles 
We may -write tins equation 

+ 26y + c® -ti®- 6® 

Diffeieutiatmg three times we have the results 

^+yyi=»+^yi> 

i+yiHyy2=&y2. 

3yiy2+2'2^3=&y3. 

Elimuiating b between the last two lesults 

{^yiyt+yys)y%=0- ■^yi^+yy2)ys^ 

or (i+yi%3=3yiy2® 

Eefeiiing to the result of Ex 38, p 110, the geometrical meaning of 
this equation is plainly that the ahettancy of cwrvatuie vanishes at any 
point of any ciicle 

Ex 4 To eliminate the constants from the equation of the general conic 
Let the come be 


asfi-\rHixy+by^+2gv-\-^fy-\-c—Q 
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"Wc have by differentiating 

?/)+ + <7 +/^i =0 

o +/t(a;y2 + + h{yy2 + V^) +fys = 0 
h (xys + Sy«) + Hyys + ^Ms) +Jy3 = 0 
7 ( (r !/4 + 4^3) + 6(y y4 + ^Viyz + ^ 2 /^ +J?h — ^ 

/i(ryj + 5?/4) + h(yy^ + 5^jy4+ 10 ^ 2 ^ 3 ) +f%=0 


From the last thiee equations 

viJz+^l/ii 2/2/3+^2/ i 2/2 > 2/3 

^'^4 + 4^3) 27^4 + 4^1^3 + 3^2® > Vi 
t'/ 6+J>274> 27270+6271^4+ 102'2ya» 2f3 
which immediately reduces to 


01 


3272> ® > 27s 1 — 

4 ^ 3 . 3272 , 274 

6274 . 10273> % 

977/275 - 45272273274+ 40*73® = 0 



( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


This geneial differential equation of all conics was discoveicd by Monge 
Dr Boole, 111 his J)iffe>ential Uqmtioiis, p 20, lemarked “But heie 
our powers of geometrical inteipietation fail, and results such as this 
can scarcclj be otherwise useful than as a registiy of integiable forms ” 
A lemaikable inteiprotation uhich calls for notice has, houever, been 
recently offeied by Mi A Mukhopadhjay, who has obseived that the 
expression for the ladius of curvature of the locus of the centre of the 
conic of five pointic contact with any curve (called the centre of 
abeiiancj ) contains as a factor the left-hand member of Monge’s equation, 
and tins diffeiential equation therefore expresses that the “ladms of 
cm vature of the ‘ cm ve of aberi ancy ’ vanishes for any point of any conic,”* 


Examples 

1 Eliminate a fiom the equation 

y■=4a^ 

2 Eliminate a and b from the equation 




3 Eliminate a and b fiom 


? =a+& cos 0 

4 Foim the geneial diffeiential equation of all paiabolas whose axes 
aie paiallel to the axis of y 

5 Eliminate a and b fiom the equation 

27=ac"*+6e-"* 

6 Eliminate a and b from the equation 

27=a 

* Jownal of the Asiatic Society of Baujal, vol LVIII Part I, 
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508 Elimination of Functions of Known Form 
Wo have alieady met with examples of elimination of 
vaiious functions of known foim fiom given equations by 
means of diflerentiation Foi example, we found that if 

2 /=tan~’a;, 

the function tan~^ was elimuiated by simplj^^ diifeientiating, 
giving the lesult 

And again, fiom the equation 

y = sin 

Ave eliminated the ciiculai and invciso functions sin and 
sin"^, obtaunng the diffeiential equation 

(1 — x-)y „ = ~ m-y (Ait 122) 

These weie both made use of when senes ni ascending 
powcis of X weie lequiied for tan“^a; and sin ?n(sni“\r) 
lespectively And it was seen that such diffeientuil equations 
are fiequeiitly useful in the expansion of ceitam classes of 
functions But the chief interest in the piocesses by Avluch, 
by difieientiation and elimination, the difieiential equation is 
formed fiom its pinnitive equation lests in tlie light which 
they thiow upon the converse pioblem of obtaunng the 
pnimtive equation of the typical membei when the diflei- 
ential equation of the family is given This pioblem presents 
itself in numbeiless investigations and is the subject of 
special consideiation in avoiIcs on Diffeiential Equations 


Ex 1. Eliminate the constant a and the logcinthmic function fiom 

y=alog t 


Ileio 



and ri/i=a 

Dilieientiating again yi+a-,yj=0 
Ex 2 Eliminate o, and the exponential and invcise ciiculai functions 
from y=ae''“isin~^i 

Heic 7/l=amc"*sln~^^+ae’"*-7i=:, 

vl — t" 


W2=ajn-c’”*sm~^*+2ajHe’"-'-7; 5* 

Vl-a’- (l-^2)I 


and 
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(1 _ ia)^„={2m(l - ‘>^)+ i)yi “ j?r^- wwiZ+Hi-i-’y 


E^MPIiLS 

1. From the equation i/=t-logt 

chunnatc the lognntlniuc function 

2 Gnen y=<;'’ 

clinnnatc the exponcntuil and in\crae functions 

3 Given the equation y=coB(logi), 

chiiuimtc the ciicitlar .uid Jogaiilhmic functions 

509. Genesis of Partial Differential Equations 

When inoie than one inclepcntlont xmiahlc cntcis intooni 
piimitive equations, paitial differential coefficients occm upon 
diffeientiation A diffoiential equation containin^^ jiiiitial 
diffeiential coefficients is styled a “paitial difleicntial equa- 
tion ” in distinction fiom an “oidinaiy diffeiential equation” 
in -which there is hut one independent vaiiable 

In Chaptci VI m'c pioved Eulei’s Theoieni, that if 


we have 


3it Dm 


+ 


=nu, 


thus eliminating a function of peifcctly aibitiaiy foim 
We shall give other examples of elimination of arhitiaiy 
functions of unkiiovni foim obtaining as a final icsult in 
each case a paitial diffeiential equation 
When only tliiee A'aiiables a;, y, z occur tiio being inde- 
pendent, it IS usual to take c foi the dependent vaiiable, 
and to use the abbieviatioiis p, g, r, s, i to denote the paitial 
diffeiential coefficients 


Dc -dz ?i^z ?l^z Z^z , , „ V 

Du’ Dy’ Du“’ DuDy’ Dy- 1 ' 0 ) 

Ex 1 Ehmiuatc the aihitrarj fuuclioii fioin the equation 

+1)7/) 

P=0^>(ft%+b7/), 

«Z=hi//(rti + hy), 

bp-aq=0, 

the partial diffeiential equation lequired 
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Ex 2 Eliminate tlie arlnti’arj’- functions ^ and from the equation 

2=-p^(|)+y^(A) 

Here (l) 

'"^'0 

Hence z -jst ~qy— —xy^(r) 

Also %s+yt=v>y{v\ 

. z—pT-qy+vys+y-t=Q, 

a paitial differential equation of the second older 


1 If 
piove 

2 If 
piove 

3 If 
piove 

4 If 
prove 


Examples 

s=<Ky+a^)+i'(y~a'^)> 

r-a-t—0 

sMx+y)<K'^-y-), 

s=p^j-qt 

ps—qr=0 

z=x<f){av+by)+y^{av+by), 

b-r—2abs+a-t=0 


510 Prop. If u and v be explicit fimctions of x and y, 
and tf u he a function of v, then icill 


'dll ——0 

dv dy dy dx~ ’ 

and conversely, if this i elation he identically satisfied, u 
will he a function of v* 

For if u=F(v), 

, du r,,, idv 

we have . ^=-P(%. 


and 






* Boole, Diffcrenttal Equations, p 24 



cnAPfER xvn 


and tliciefoie ehininating F'(v), 

dit ^—0 

dc di/ 'dy 'd'b 

Conveiscly, suppose tins condition satisfied, then will u he 
a function of u 

Foi since u and i; aio known functions of (C and y, we 
may eliminate one of these letteis, say y Then, unless ^ is 
simultaneously eliminated, wc obtain a i elation of the foim 

a) 

Sit Sf dv , "df 

'dxt_'df Su 
Zy So Si/’ 

Zx Zy Zy Z^~Zv Zxj 

rr V A 

rc zr 

ie, either =;-=0, oi =-=0 

’ Zy Zv 

If ?^=0, /(v, a) IS independent of x, and thcicfoio u is a 
function of v And^ cannot in gencial lanish, since v in- 
volves usually both a and y 

If, however, -u be a function of x alone, = 0 If also ?t be 

a function of v, ii is a function of x alone, and — hence 

Zy 

in this case the i elation 

Sit 

Zx Zy Zy Zv~ 

IS satisfied And conveiscly, if this relation be identically 
satisfied, and if |ps=0, wo must have 

Sit 

Zy Si;~^’ 

and theiefore u must bo independent of y, since we cannot 
assume v independent of a as well as of y Hence, as u and 
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V aie Ijotli functions of the same vaiiable, it is obvious 
that by ehminating it we can expiess u as a function of v 

Examples 

, „ v+y j r(l— ?y-)+y(l-'i:-) 

1-ay (H-A-)(l+y-) 

prove that 

and mterpiet tins result 

2 If «=i\^l-y-+yN^l — and v=^y— \^1 — a^Vl— y“, 
pi ore that u is a function of v 

3 If u and v be evjilicit functions of three \ enables r, y, s, and if u 
be a function of v, piove that 


«x, it. 

Vx, v„, u 


=0 


Py ?. -1 

511 Next suppose u a known function of a;, y, and z, 
and that 0(it) is an aibitiaiy function of u We shall 
show how to eliminate the aibitiary function ip(xv) from 
an equation of the foim 

f{i 0 , y, 1 ^, tj>{tv)} = 0 . . . . (1) 

Supposmg X and y to be the independent variables, we 
have by diffeientiating 


'df "df df/du , 'du\ _ 
hz'^'duXdy ® 


( 2 ) 


Hence, elumnating 


df 3/ Sm. “du 
Zf , 3/ Bu, , Bit 


= 0 , 


( 3 ) 


, B/ Bit, 

By ^?>z By ^"bz 

an equation containing x, y, z, p, q and q>{u) , q>{iC) disappear- 
ing on the elimination of ^ Hence, if ^j('ii) be ehmmated 

between equations (1) and (3), we shall obtain a partial 
differential equation of the first oidei between x, y, z,p and q 
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512 Suppose and functions of or, y, and s, 

and «/»i(Ui), aibitraiy functions of iti and w* Wc shall 

now show how the two aihitiaiy functions and 

may he eliminated fiom an equation of the foim 

/{'». y, s, = ^ 

If we foim the equations 

/*=o,A=o, 

wc intioduce the two new functions 

^Pi 

Pioceeding to difteientiations ol the second older, wc have 
the thiee additional equations 

fxx — ^t fx<t~^> fvv~^> 

intioducinof affain two new unknouni functions 

o o 

^j"(tti) and ^ 0 X^ 2 ) 

We now have in all six equations with six quantities to 
eliminate It is theieforo in gencial nccessaiy to piocecd to 
diffeientiations of the third older, theichy obtaining the foiu 
now equations 

fxxx — ^t fxxy — ^t fxyy — ^j fvyv~^> 
and intioducing at the same time the two additional unkiioivn 
functions 

i>z"x^h') 

We now have ten equations with eight iinlaiown functions 
to chminate, leaving in geneial two independent resulting 
paitial differential equations of the thud oidei 

513 Generally, suppose an equation given of the form 

y> j •> 

containing p+l variables, of which aic independent, and 
n aibitiary functions <l>XUj), ^ 2 (^ 2 ) 1 ^ni^n) of the n known 

functions iij, , u„ , to eliminate the n aibitiaiy functions 
Suppose t the dependent variable , then forming all differential 
coefficients up to those of the oidei inclusive, we have 

(a) /=0, one equation 

(^) fx=0,fy=0,., p equations 
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(y)/;x= 0 , fxy = 0 ,/«= 0 , 


equations 


[bcin" the nuinhei of homogeneous pioducts of p 
thmgs of tuo dunensions] 


(/:) and luoceeding to r differentiations; 
3<P+IKV+^) (P+r-1) . , 


equations, 


making in all 


1+j.+£(£+L)+ . .(p+^-I) <,,„.,tions, 


containing paitial diffeiential coefficients up to those of the 
-j'’' Older inclusive 

Tbo sum of this senes is the coefficient of 111 the pioduct 
of the senes foi (1 — a)“^’ and (1— a,)"^ 

= coefficient of in (1— 

_ (i^+l)(p+2) . .(pd-r) (/i+r)! 

,.! 2 )' 1 ' 

We have thciefore thus obtained equations, containing 

difieieniial coefficients up to those of the 7*’‘ older. 

Moreovei, thoie aie (7’+l)n functions to eliminate, nz, 

<f>i, ^2» > originally 

djpj fintioducedainongthediffci- 

dui ihi^’ ’ ’ dv„’ \cntiations of the 1st oidei. 


dy,. 


<^<l>n /intioduced at the diffeienti- 
’ lations of the i older 


Hence, ivo must in general go on fonnmg all diffeiential 
coefficients of the pninitive function until 

IS liiot gieater than (?’+l)72, 

and theie will gciicially be 

; — (7* +1171- independent results 
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Cob If tlieie be tluee variables x, y, and s, we have 'p=% 
and then ^ ^ 


and tbeiefoie 
and 


r4-2 > 211 , 
9’> 2w— 2 


Hence in general it is necessaiy to proceed to differentiations 
of the (291— Older at least, and theie will in general be 
91 independent results 

514 The case however in winch the ni arbitrary functions 
j ^6n(“) to be eliminated are all functions of the 
same Icnonm function of x, y, z is exceptional * We now have 

/{a;, y, z, = 0 

Proceeding as in Ait 611, equations (2) and (3) are still true. 


and we obtain 


3/ , 3/ 3m , 3m 




'^4.0^1 


3^ 

3m. 


"dz 


3m 

'dy^^'bz 



an equation containing 

a:, y, 2 . P, g, 0 i(w), fjiziv). , 

for ^ 2 ('^ 0 j j disappear as before, on the elimination 

of ^ Treating this equation in like manner, we obtain a 
thud equation, containing 

a:, y, z, X>, q, r, s, t, , 0„(9{,) 

And the process may be repeated until we have in all 9 i+l 
equations from which the n arbitrary functions may be 
eliminated, leaving as result a partial differential equation 
of the 91*’* Older 


EXAMPLES 

1 Eliminate a and h from the equation 

y — a sin nx + h cos 

2 Eliminate a and h fiora the equation 

2/ = (a + 6t)e”* 

i. 

* See Todhuntor’s Diff Vale , Arts 251-254< 
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3 Eliminate a and h from tlie equation 

rjjz=a(f+he~* 

4 Eliminate the eirculai and exponential functions from the 

equation y=c'cosa; 

5 Eliminate the circular and exponential functions from the 

equation y^ae^cos Sr+ic^sin Sx 

6 Eliminate the circular and exponential functions fiom the 

equation y = uc'^sin U'c + £c"'cos n r 

7 Eliminate the hypciholic functions fiom tlie equation 

a cosh x + h sinh ^ = c cosh y + d sinli y 

8 Eliminate the constants fiom the equation 

az- + 2hxy-i-hy- = c 

9 Eliminate the circular and logarithmic functions from the 

equation y = sin log r 

10 Eliminate the cucuLu and logarithmic functions from the 
equation ij - log sin r. 

1 1 Eliminate a and h fi om the equation 

y—a cos nx+h sin ?ii: + — ; ^ 

n- - m- 


12. Eliminate a and h from the equation 

y=a cos u.c+5 sin nx+ c sin m 

13 Eliminate a, h, and c fiom the equation 

y = rtc”'* + hc"^ + cc"^, 

Wj, «2i ’’a l>eing the roots of the cubic 

+ i =0. 

14 If y=Ad^ satisfies the linear dificrcntial equation 




+ 


+i»«=o, 


prove that a is one of the roots of the equation 

+i’n = 0 

15 Show that for a given iiriraitii e equation involnng x, y, and n 

72 2 

arbitrary constants, there are — differential equations of the 7^'' 

order (r<n), each-involnng n-r arbitrary constants, but that only 
7 + 1 of these equations u ill be independent ] 
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16 Eliminate a, b, and c from the equation 

y=‘{a + bx)e‘ + ce~* 

17 Eliminate a, b, c, and d from the equation 

y = (a + 6p:)cos nx + (c + rfa;)siii nv 

18 Eliminate the circulai and logarithmic functions fiom the 
equation y = A cos||log(« + K) j- + B siii|^log(a + bx) 

19 Eliminate the function from the equation 

2=yBin-^^+i>{y) 


20 K 

prove 

21 If 
prove 

22 If 
prove 

23 If 
prove 

24 If 
prove 


»=-\+^ay-bx\ 

ap+6g=l 

ps-qt=Q 

lx+my-^nz== F{X“ +i/+ s^), 
(mz - ny)p + (iix - lz)g >=^ly~mx 

z-c \z-cj' 

{a -x)p + (b-y)q = c—z 
y 

z = e''<f>{x-y), 

y+5_j 


25 If 

show that 
. 26 Given 
prove 
27 Given 
piovo 



x-i +2xys+y-t=0 
z=F(y-vix)+f(p-na,), 

1 +{vi+n)s+mnt = Q 
z = xF{axti +by+cz)+ yf{ax +by + cz), 

{b + cq)h - 2(6 + cq){a + cp)s + (a + cp)H ~ 0 


. 28 Given 





3z . Jdz 
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29. A' and F arc functions of 3 and ij Shou* that the result of 
chrainating i hctu ecu the equations 

V 

d/-” 

IS 2A = tX — j 

{Ix\ (i-u 

[ di= J 

30 If u = riizF{x^-^if-{r:?), 

that +(.- r)g^+(!:-j,)gj+' i-_J L_0 

31 If 

, , .3» , .dll , dll f, 

prove that {ij - + (- - + (a; - = 0 


32 If 


z=7rFC^+^fC{ 


shou' that 

. o.. 


33 Show that the ic'^ult of eliminating the n aibitrary functions 
fioni the equation 


may he uTittcn -? Ij 1» .-,1 |=0 

Pv Pif • Pn i 

A-~, Jl-y, Jh’f > iV j 

• • • • * * • . 

i'r> Pa”. • . Pn" I 

(f d 

uhere A lepre^ents the opoiative symbol 
' 31 If K-’-v", 


' 31 If ^.{ii^-x', K-’-y", «2_*2^^0, 

, ,, , 1 1 dll 1 Bh 1 

show that - ; 5 -+- ^+ - . 5 -=-. 

% cx ij dij z dz u 

35 If ^{Si(7t - x), Si(u - y), 5ri(« - ^)} = 0 

where S-x+y+z+7t, 

show that {S - +{8- ij)^ + (S - =8 -v. 


[Ii.\Gra>*Gi:.j 
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M8 
36 If 


w 


= 0 , 


, ^ V dll 1/ da s da u 

show that - :r- + T 5- + ' ■5- = j 

ft 01! 0 01/ c ds ft 

37 Eliminate the arbitrary functions from the equation 
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EXPANSIONS 

(COKTIKCED FROM CHAPTtr. V) 

THEOREiis OF Arbogast, Lagrakge, Laplace, and 

Bcrmasn 


515 Arbogast’s Rule 

Arlxjgast has given in his Calcul des Derivations (Stras- 
huig, 1800) a useful method for the expansion of 

^(«o+ai»+«2®‘+ ) 

* in a series of ascendmg povers of iv, ^ being any arbitrary 
function 

Taylor’s theoiem at once gives 

Ir 

+^^\a,i;+o_^+03«3+ .f 

I •• • • •••? 

01 , expandmg the several powers of this polynomial increment 

which occur, and arranging in powers of £C, we have 
EDC 2f 
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= ^(«o)+‘<‘^'(“o) ®il 

+»“{^0'(«o) «2+^^"(®o) 

+ £C®|^^Ycto) (®o) Cti-®2+^ 

+r(«o)^^+r'(<«»)2^4] 


Upon examination, it will appear that each of these co- 
efficients may be formed fiom the preceding one by diffei- 
entiatmg each term with legard to the last letter contamed 
and integrating with legaid to the next letter, and then 
diffeientiating ■with legaid to the letter next befoie the last 
and integiating with regaid to the last 
Professor Cayley {Messenger of Math , vol V ) called this 
the “ rule of the last and the last but one ” 

I am indebted to Mr A. E Johffe foi the follo-wing elegant 
and convenient form of the theorem 

If ^(«0 + ®l'®+«'2|T + ®3ff+ •) 

be expanded in the form, 

the coefficients A^, An, A^, can be successively calculated 
by the formula, 

m- 

To demonstiate this let 
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then 


A^(rto+ai«+« o|r+...) 

= " 1 “ • • •) 


Hence 


=J,0(«o+- •) 




/> •» 
*fy 


A.£l<,+A.4j..'t+ A.4o^+Ail3g^+. . 

X 


rtj® 


=-4 i+- 42'C+ J-ag, +ud.j^,+ ... 

whence Ar+i=AA,^ 

jSW ^o='/K«o)> 

lienee = a^^Xa^), 

= ciiYM + a20'K)» 

.4, = aiV"'(«o) + 3aia20"(«o) + «8<^'(ao)» 
etc 

516 lilacknrin's theoiom gives a method of expanding a in 
powcis of X whenevci the limiting values of z, , 


when .'5 = 0, can be found It is thcrefoie specially adapted 
for the case in •which z is expiessed explicitly in terms of 
a But in the case of the fundamental i elation bet'ween 
z and X being implicit, the evaluation of high diffeiential 
coeflicients is often tedious and difficult, and it is theiefore 
advantageous to make use of theoiems specially constructed 
to meet the requiiements of tins case We theiefore 
proceed to the investigation of Lagiange’s and Laplace’s 
Theorems 


517 Lagrange’s Theorem 

Suppose z to be a function of x and y defined by the 

equation ' z=y-\-xijt{z), (1) 

and lot it be any function of z, say f{z) , it is leqmied to 
expand it in a senes of po'wois of x. 

Maclaurin’s theoiem gives 


Vj^Uq + X 


''du\ X“/?hu\ , 

21 3 ' W A 


+ . 
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wheie ^ (^1 , indicate that x is to be made zero 

\dv/ff* \dv-/Q 

aftei the differentiations indicated aie completed The values 
of these expressions may all be calculated by successive 
diffeientiation, but the process may be much simpbfied, as 
we now pioceed to show 
It will be deal that 
■d 


^2/ 




( 2 ) 


wheio u IS any function of x and y , for each side is equal to 

. "dv, , m/ V 
"dv 

Diffeientiating equation (1) with legaid to x and y, we 


obtain 




and 

02 , , V02 



Givmg 

^=^( 2 )/{l-aJ 96 '( 2 )}, 

(3) 


1= ini-w^x^)}, 

(4) 

whence 

02 , .02 


. (5) 


If now V, be any function of z, we have 
‘dv,_du “dz 
dx~ dz dx’ 

^_du "dz 
'dy~ dz "by' 
whence equation (5) becomes 


and 


3m- ,, 


( 6 ) 


We shall in a similai mannei change the independent 
variable fiom a; to y foi each of the lemainmg expiessions 

3a,2’ 0x3’ 

0x2 0xL^'^"'^0y J ~ 0y J ’ 


Thus we have 
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lemcmbenng that u is a function of c, and therefore, con- 
vcisely, z a function of it, and applying equation (2) Hence, 


substituting the value of “7 fiom equation (6), 

cXO 


7 )~lt S r / 

Diflercntiating again. 


0 ) 






dij. 




3 3 

32 


J 


(S) 


■sF 

The gcneial hnv indicated bj* equations (G), ( 7 ), (8), vu , 


maj’' easily be pioved by induction For diircientiating equa- 
tion ( 9 ) n ith lespect to x, 


2>7j«+ 1 0^ 0y« 


3//J 


=|r 


dy. 

3”+^'16 . 3”16 

whence follows the same law of formation as : but 

ox 

equations (G), ( 7 ), (8) established the foi m for tlio special cases 
71 = 1 , 71 = 2, 71 = 3 , and hence the foiin holds umveisally 

In finding a; is to be put =0 after the 

difieientiations are perfoimed, but as all these differential 
coeflicionts aie transformed into differentiations taken with 
regard to y, ivhich is independent of a;, it is peimissible to 
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make 'k=0 before effecting the differentiation with legard 
to y, and we shall theiefoie be able o write z — y and 

—=:f'(y)^ and then equation (9) gives 

and the development of u oi f(z) by Maclaunn’s theoiem, viz , 


, , /du\ , , 


becomes 


as® d 






1/ Ex Given • •• (0 

to expand z in po\iers of a 
Heie and - 1), 

Jb-1 1 

and therefoie ^^[(<f'i^)"/y]== 2 S 1)". 


and Lagrange’s theoiem gives 



From this result we may deduce an impoitant expansion, viz, that of 

{l-2yx+x^~^ 


1 1 . 

From Equation (1) s=-—->Jl~2xy+'(^, (3) 

the negative sign being adopted, since when .r=0 ne aie to liave z=y 
Differentiating the right-hand sides of (2) and (3) with legaid to y, 
we have ' 


(l-2y^+ar5)-i=H.|i(y^-lH 


a? 1 dHjfi-lf 
2' 22 dy^ 


+ t 


r” 1 d\f—lY 
^«! 2" rfy" 


Tlie coefficients Pj, Po, of the several powers of % 111 this expansion 
are called Laplace’s Coefficients We tluis have established 


P — 1_ 

" 2"mI dy 


518 Laplace’s Generalization of Lagrange’s Theorem 
The lesult of the preceding article is due to Lagrange* 
The pi oof IS howevei due to Laplace, who has tluown the 

* Memoirci de Berlin, 17C8 



Expansions 


455 


same tlieorem into a more general form, -wliicli is easily 
deducible from tli®' foregoing 
Suppose that ^ '^(-ad of equation (1) of the piecedmg 
rfl'ticle we had 

^ z=F{y+x4>{z)}, . ( 1 ) 

and that it is required to expand any function of z, say f(z), 
m ascending powers of x 

If we write y-\-X(p{z)=t, 

we have s=F(t), 

and therefore t=y+x<p[F(t)'] .... . (2) 

Hence we have to develop f(z) or f[F{t)'] m powers of aj 
from equation (2), which is therefore an obvious case of 
Lagrange’s theorem, the complex functions /{ jP(<)} and 
taking the place of the simple functions f(d) and ^(z) in 
the above result We therefore obtam 


K=) =f{m} 


dyl 


dy 


+ .+ 


'll' dy 




+ 


519 Burmaim’s Theorem 

Buimami has given a senes of very general form for 
expanding any function of z, say f{z), m powers of any other 
function of z, F(z) This hke Laplace’s result includes 
Lagrange’s senes as a particular case, and admits of easy 
deduction from the onginal senes 
Lagrange’s series may be written 



r=sm A rfV 

/(^)=/(a)+S^ 

r=!l ’ 

(1) 

where 

z=a-Yx<f^z), 

. (2) 

and 


.. (3) 




It IS clear then that z=a is a solution of the equation 
F(z) = 0 , also the form of ^(z) is 
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Thus equation (1) hecomes 


r~l * 


wheie 


Tins IS Bunnann’s lesult 
Ex. To expand <r m powers of ~ 


[CoLii Exam 1879] 


Here 

Hence 


F{z)‘=‘-^ and a=0 

4{z)^d‘ 


Hence Bnnnann’s theorem gives 


c*=l+2 


(>-nr 


r»l 


{se-% 


or 


4* 


c'=l +(r«-‘) +|',(2C“*)®+^(re-7+4t(^e")*+ ... 


.5.W-V 


520 We liave not attempted to give any test for the 
conveigency of the senes of the piesent chaptei, and the 
investigation for the form of tlie remainder after n teims, 
coiiesponding to Aits 130 to 136, has been omitted as beyond 
the scope of the piesent woik For further infoimation the 
student is leferred to Legotis de Galcid Diffdrentiel, par M 
I’Abbd Moigno (18“* Le 9 on), Liouidlle’s Journal, vol XI, 
Bertrand, Galcid DiferenUd, hvie Second, chapitre ITT 


EXAMPLES 


1 If 


1C, 


:?-az+h=0 
a a ^ 


proie that one of the roots is 




[PsACocac ] 



2 If 
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prove r=fl|l+a"‘*6+2na^~®|j+37j(3;i-l)«i^"~^|; + . j- 


[Gbegobv ] 


3 If 
then 

4 If 


C =1 +Cft*, 


z=l+a ® + 2 1ogrt^ + 3=(logfl)=~ + 


■'o "• 2 * 
£=a+a;log c, 


[Gbegob^ ] 


xt 1 21ogfl 3 log a,- , >r= 

then c=«+logfl 'r+_-^ - + _^(2-loga)g, 


+ - 9 log al=+ 2 log + 


[Grrcopy ] 


5 If 
pro\ e 


r=(H- 5 (c" + c‘^), 


7 72 

~ = fl + («"+M’‘)r + {27ja-"** + 2 c(j 7 +r)n"'*^'’'* + c-27fl^**}rj — = + 
I i Ji 


6 If 
prove 

7, If 


v — a + e sin v, 

c 2 If 
T d(t^ 


c- d , „ . d- . - . 

It = a + e sin fl + + jft + 


[Gbegobi ] 


[Laplvce ] 




a?-. 




prove c"* = a ~^~~ + + 3)a~^~^ - g^|/.(/* + 4)(/x + 5)a *“® + 
By putting n = 2, deduce 



/ 2 Y 1 

Vl+s/l+J ^ 1 i ■ 1 2 W *• 

[Bebtbasd ] 

8 If 

d C 

cx--hx+a—0 01 v = ^ + j.a:2 


prove 

a a-c 4a^c- o G eV 

W ''-i+i4+ 2P +3 8 F + 

[Peacock ] 


SC- fl- 5 tt^c- , 7 6 ^ 

2~ b*'^2 i'* ' 2 3 js + • 

• 


.... , fl Gc 3 oV 5 4 aV , 

(3) logiu-log j+^^ + 2 +2 3' i** 

• 


[BtRTBAKD ] 
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9 If l-T+aa;=0, 

prove by Lagrange’s theorem 

af = 1 + na + + ... , 


1-1 , a* a» 
e «=l + a+T— s+- 


1 , 2 ^ 1 . 2. 3 


+ ... > 


10 If 
prove 


A 1 \ , a® 

••• 

1 -iB+e*= 0 , 


[Peacock ] 


c* 

11 Given 


-{ 


- 2e 3V^43ca.6V 
^■^ 21 '^ 81 


4 r+'sr+:: /* 

'S*‘+*+a«-i = 0 , 


[Peacock ] 


h i”+\27n + 2 (3m+2)(3m+3) 

prove a:---^,„+s+ j g- ^s«+ 8 “ 31 „ 3 m+ 4 + • • 


a‘ 


[Bebtbakd ] 


Apply this to show that one of the roots of 
a®+4a;+2 = 0 is x— - 4928 . 
coiTect to four places of decimals. 

12 If y=log(xr+a: sin y), 

prove 

.-=.H.s.n(log.)f+ 2 !l^’| 

+ j g 9 an(logs) - 3 sM3(logiS®) + 3 8in(logs®)}^ + . . 


4?2 

13 If , 

.X 


31 

[Gbegoby ] 


prove y —^+ ^cos + rcos ^(cos r - 2 sm ^ + 

14 Hanng given that « is a function of x such that 

, ,dtt 7*3 , . 

'•+*^+ 2 '®+ 


•where 


dx 

du 


-V 


[Paou, Elementi i)’Ai.gebba ] 



EXPANSIONS 


459 


15 Apply Burmann’s theorem to develop ^ in powers of 

2x 

1 +^ 

16 Expand in powers of by Burmann’s theorem 

[Bfbtband ] 

17. If ^(a) be any function of a which can be expanded in powers 
of c®, prove (by aid of Ex 16) 


<li{'c+a) 

= ^^) + + i) + 2b) + — + 3&) + 

Foi example 

(a + a)*" = a*" + ma(x + &)"*“* + - 2&)(a + 2b)”'~" + 

[Abel ] 

18 If ^~^(a) be the inveise function of «^(a), and <^(a) vanish with 
a, prove 

j-i/ X r “I “1 

* ■'UwJo SlLi/i {i(.W}=Jo'^3iL*= {«^)}0o■^ 
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CHANGE OF THE INDEPENDENT VARIABLE 


521 If there be an expiession involvmg two vaiiables x 

and y and contamuig the differential coefficients 

it IS sometimes desiiable to change the independent vaiiable 
fiom X to some thud variable t, of which a; is a known 
function This change may be effected as follows — 

It has been shown in Ait 41 that 

# 
dy dt 
dx~~ dx 
dt 

The opeiation ^ is theiefoie equivalent to the operation 


V. 


For instance, 


1 ^ 
dx dt 
dt 


dx^ ^ dt 
dt 


'dy 

dt 

dx 

dt 


d^ ^_d^x dy 
d9 dt W'dt 


(dx"^ 

^t) 


dhj ^ d^ 

da?~dx dt 
dt 


d^^_^ dy' 
dt- dt dt- di 




4G0 


Similarly 
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dx 


dt 


d?x 

W 



dx _&x dy'\n(dx'^d^x 
dt dt^ dt ) \dt ) dt^ 


dx 


dt 


d^x dy\dx nfd^y dx_d^x dy\d^ 
dt^ dtJdt ^t dt^ dt/dt^ 

/cfa?Y 
\dt) 


and similarly for differential coefficients of a higher order 
Also, X being a known function of t, all the expiessions 

dx d^x d^x 

dt' W' W' ' 


are Icnown functions of t, and theiefoie the desired transforma- 
tion can be performed 

522 If we wish to make y the independent variable instead 
of X, we have at once, by puttmg t = y, 


dt~^' 




etc, 


and theiefoie 


dx dx 
dy 

d^x 

d^y _ dy^ 
dx^ ~ /ctey' 

\dy) 

d^x dx 

d^y _ dy^ dy xdyV 

dx^~ /dxy 

\dy) 


formulae which may of course also be obtained diiectly 
523 Differential equations may often be simplified by sjich 
substitutions, as in the followmg examples — 


(1) Change the independent variable from x to 6 in the equation 


having given 


x~cos 6 
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5 =-sm0, 


and therefore 


I tf?/ 
d%~ s\TLdd& 




dx^ sin 6 di 


d I 1 <?y '\ 
sm Q dO) 


fjdhi ndy 

sin 6 8111^0 

Hence the given equation becomes 

.dh/ ndy 

smO-^i- cos d-fa ^ 


and reduces to 


^+ 3'=0 


(2) Change the equation 

so tliat y may be considered the independent variable instead of x 
Here we have — ^ 


/^y (^Y /^y~ ’ 

\dy) \dyj \dy) 

d^v dx ^ 

^.+^+y=o 


Exaufleb 


1 Show that the equation 



may be reduced to the form 

Cl,|& 

1+ 

II 

o 

by putting 

^=>Jl+ax^. 

at 

2 Show that the equation 

dH 


may be written in the form ® (^) 


524 The Operator x-^ 

A transformation -which lendeis peculiar service in leclucmg 
a certain class of linear differential equations to a form in 
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which all the coefl&cients are constants, arises from putting 

06 = 6*^ 
dco 


In this case 
and therefore 


'—pt 

dt 

^dx~dt 


It rs obvrous therefore that the operators and ^ are 
equivalent Let D stand for ^ Then we have 

"^dxV dx^-y~^ 

"^dx^'Vdx dx^-^’ 


or 


whrch we maj^^ wrute 




dic” ' 

Now putting n m succession =2, 3, 4, , we have 


a?g=(d)-2)^^. 




djif 

d^y 


etc 


Hence, generally, we have 


X 




dx' 


,«n 


(B-n+lXD-n+2). 


or revei'smg the order of the operations, 

^D(JD-lXD-2) (D^oi+l)y 

Ex The differential equation 

reduces at once to 

Z>(D - 1)(D - 2)^ + 2D(J) - l)y + ZDy + 4?/ = 0, 

or JPy-D^+ZDy+iy=0, 

by putting A=<f. 
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525 Transformation to Polars, and vice versa 
It often happens that a result in Cartesians is much 
sunphfied on reduction to Polars, or vice versa 
In such cases we have 

a:=rcos 6, 


y—r sm 6. 

Suppose 6 to be the independent Polar Variable, then 

cly dr a , a 
7 -7A«np+»cos0 

dx~dx~d,i „ A 


Similarly, 


dx- d6 

de 


^ sin 0+1 COS0 

di' A A 

^ cos 0—1 sm0 
dd 


which easily simplifies down to 



526 Suppose x and y to be expressed m terms of some 
third vanable t, then it is easy to show that 


and theiefoie 


dx . dy dr 


^dt 


'dt 

dx 


dV 

do 


0/11 vwv *>v . 

^-i-yd.r^'-'dv 



(1) 

12) 

( 3 ) 


Equation (1) is at once obvious by difierentiating the 


equation x-^y-szi^ 

with regal d to t 

To prove (2) Let 0 be the pole of the curve whose 
equation is obtamed by the elimmation of t between the 
expressions for x and y Let jP be a pomt on the curve 
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whose co-ordinates aie (o/, y) oi (r, 0), Q an adjacent point 
whose co-ordinates aie by Tayloi’s theoiem 




, or in Polars 




The Cartesian and Polar expressions foi the aiea of the 
triangle OPQ, when St is veiy small, aie equivalent Hence 

which gives in the limit 

dt/ dx ,d0 

^dt-yrr'^di 

Formula (3) obviously represents the equivalence of the 

Arts 200 and 201 

All these formulae may of course be established otherwise 
' Ex. Transform to Cartesians the formola 

Tins Tce may write as 


t=~ 


t= 


dr 

^dt 


dx . dy 


, dv 




527_ Two Independent Variables. 

We shall now consider the case in which theie are two 
mdependent variables x and y 
Let U=Xx,y), . . 

Suppose 


a;=0i(w, ^)\ 

y=<t>2{v., v)y 


( 1 ) 

.(2) 


be the proposed transformation, then we have 

‘bU_'dTj 3Z7 'dy'. 
dv, dx dv, dy du j 
dU _dTI dx ^dU dy 
dv dx dv dy dvJ 
2g 


.. (3) 


E.Da 
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These equations may be solved tor — , giving 

'dU "du "dv “dv 'dVi 
Zx 


Zv 


and 


ZU 


Zx 
Zv, 

ZU Zx 
Zv Zv, 


Zx 

Zv 


Zv, 


ZTT Zx 
Zv, Zv 


Zy 


Zx 

Zv 


Zy 

Zv' 


Zx 


Zv, 


If, liowevei, ive could solve equations (2) foi u and v in 
teims of X and y so as to expiess them thus, 

u=i’i(aJ, 2/)\ 

— r> *•*» • *» 

v=F^(x, y)} 

ive can find ", and substitute in the formulae 

Zx Zy Zx Zy 


. . .(4) 


^ 

Zx ~ Zv, Zx Zv Zx 
^ ^ 3v 
Zy~ Zv, Zy Zv Zy. 


( 5 ) 


528 The difieiential coefficients on the right-hand sides 
of the equations of the preceding article aie all partial For 

instance, in finding the value of ^ fiom equations (2), v is 

tieated as a constant, ivlnle m finding ^ fiom equations (4), 

y IS treated as a constant The student should theiefore 

guaid caiefully against any such assumption as that ^ ^ 1 

Foi the truth of this equation was pioved in Ait 65 on the 
assumption of a i elation between u and x and no other 
vaiiable, but this is not the case now considered. 

529 The case of tiansformation fiom the Cartesian to the 
polni foim deserves special notice 

Heic .'c=rcos0, 7*= 


2 /=rsm 0 , 


0=tan-i?^, 

X 
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'dx - X 

=SlIl0=2^, 

Or O' 


dr 


X 


^ \/x^+y^ 
dr 


= COS0, 


^=sin0, 


dO 


a y 

;^=-rsm0=-2/> 


'^y tjx^+y^ 

30_ y_ __sm0 

dx^ 


r 

X COS0 


dy ^ d6 

dO dy fl)“+2/® r 

dV dV do' dY dd sin 0 dY 

~r~'w' 


dY dY dr dY de_ ^dY COS0 dY 
dy~dr dij'^dd dy ^^^dr^ r 00 

3T^_0T'^ dx dY dy _ x dY.y dY 
dr~dx dr dy do' r dx r dy’ 

dY_dY dx dY __ 
de~^ dQ^dy dx'^^dy 

Henco we have the following equivalence of Polai and 
Caitesian operations — 


0 .0 

^ = COS 03 - 

00) 07’ 


Bm0 ^ 
r 00* 


wlule 


0 /a 9 , cos 0 0 
0 ^“®in ^07’"^ r~ dO' J 






and either of tlieso opeiatois may he obtained fiom the other 


by changing 0 into 
Also r 


ir 


and 


■0 


0 , 0 


00 ) 

0 


de~%y 


dx 






530 It will be noticed heie that 

• 07’ 0a 

dx do 


dr dx na 
— ■—=aos^0. 


dr 

0^ 



sin^d, 
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'd'c dd 

30 


52/ ^ 

dO By 


=cos®0. 


tlms beaimg out the observations of Ait 528 that such 
pioducts aie not of the land contemplated m Art 55, and 
•whose values aie unity 


32'p' 3217" 

531 To transform and to Polar Co-ordinates 


We have 


d^-V 

Bn* 


= COSe|;[, 


COS0 


Bin 

BeJ' 


B sin0 BV^ 


Br 


r B0> 


BF sm 0 B 


sm0 BF ^BF sin0BF 


r BeU 


COS0^; 


Br r 30 


•] 


,^B-F oSin0cos0 B-F , stn-0 B^F 
=cos20;^— 2- 




r 


BrB0 


B02 


sm^0 BF 2 sm 0 cos 0 BF 
r Br"^ 7 * 30’ 


. , B^F /dy-y^ ( -B COS0BN2 

=smeir.m9|?+^ n 

3} L Br 7 B0J r B0L B?’ •}• B0j 

_B2F , 2 sin 0 cos 0 B^F . cos20B2F 
= sin-0-;^ -1 — 


Bi 30 


B02 


cos^0 BF 2 sin 0 cos 0 BF 
O' B) 30 


532 Transformation of V®F 
By addition we have 

32 F , 32 F B^F , 1 BF , 1 32pr 

3^2 "^3^2 3, .2 3j. +^2 

It IS easy to deduce from this result the conespondmg 
tiansformation of the expiession 

B^F.B^F 32F 
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to polar co-oidmates, the opeiatoi V- standing for 

^ 4. 4.^ 

The tiansformation foimulae aie now 
a;=rsm0cos 0'| 
y=rsin0sm^i 
s=r cos $ 

Let rsm0='«, 

then ft, = It cos 

y=%i shaft, 

and by tlio pieceding article 

32 F S2]r_32]r 

dx^ u diL u- d(f>- 

n-dj,- 

Tlie quantities u, <[>, c are often termed Cylmdiic Co-oidmates 
Again by the pieceding aiticle, since 

s=rcos0, 

it=rsra0, 

2^y 32 jr ^y 1 dy 1 ‘^y 


32 F 


Adding --V, 

CV 


■die- 


and 

Hence 

whci’cfoie 

V2F= 


3^2 31*2 "^r 3;’ ~^v- d9' 

3F . aoF.cosOsy 
^=sin0— H — 
ou> 3 ?' r W 

1^=1 cotd 3 F 
M 3 it r 7’2 30 ’ 


(Art 530) 


32F. 2 3 F. I32F. cot 0 3 F 


37’2 ' r 3 i’ ^ 7 ^ 302 "^ a 0 ' 7’2sin20 3^2 
Those transfoimations derive their inteiest fiom the fre- 
quency with whicli the equation V2F=0 occuis in vaiious 
piobleins in the highei blanches of plij^^sics (See Ait 189 ) 

533 Orthogonal Transformation of V^F 
If we transfoim the expression 

32 F 32 F 32F 


+ 


32 F 
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lay changing to any other set of axes 0^, 0>;, Of mutually at 
light angles, retaining the same origin, it becomes 

32F , 

For let the scheme of the orthogonal tiansfoimation of 
co-oidinates he that shown in the maigm 
Then it is shown m hooks on sohd geometiy 
that 

etc, 

li+li +V =1, etc, 

Zi‘nii+ ^2^2+ l^m^= 0 , etc , 

Now ljpa+ l^z, 

t) = %a5 + m^y + in^, 
f= oii£C+ %y+ oigZ, 

gF_3F dj ?>V d>] dV 
dx ~ 3^ d}} 3a; 3f dx 

j'dV, BF, BF 

And similaily 
Ba;2 B-cBa; 



% 


t 

V 

\ 

mi 


V 

fj 

WJ» 

nj 

Z 

h 

ni3 

«3 


and 


; ,B’-F , oB’-F 

= t,®-:=-sr+^>V 




B;;2 ' Bf2 


,B2F 


■2'ifn^ 


Simdaily 

B’-F 

V 

B"-F 

B^2 


B2F 

+ 2 Vi§^+ 


B^F 

'^B>/Bf 

B^F 


B|B,; 


-7 2^"^, X 

= L®^;-^7: + etc 


B^2 


Whence by addition 


B^F , B^F , B^F B^-F , B^F , B^F 
B.r2 "bif + B^s ~ Bf 2 ^ 

and the foim is therefoie unaltered by the tiansfoimation 
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EXiUIPLES. 


1 Change the indeiicnclcnt -vanaljlc fioni a; to 5 in the equation 

«v.d“V 

■where a:=sinr 

- 2 Show that the foim of the equation 

„fI~H dif - 

remains nnchangctl if we substitute \ for x 

3 Show' that the equation 

^d-7f dij 

rf“// 

becomes 7::o+y = 0 

bj* substituting c foi a 
1 Ti.tnsfoim the equation 

sin‘*2:^^{ + sin + 4y « 0 

llZ” (iZ 

b}' putting tanx;«(>* 

fi Transfonn the equation 

by putting fl+&c=c' 

G. Tinnsfoim the equation 

(l+>-")=^l+&(l+i :=)^+!,=0 

into one in w'hich z is the inclopcnclcnt variable, given a— tan z. 

7. Transfoim the Caitcsian formula 


2>: 


dy 

-i-y 




to polars 
8. Transform the polar formula 

tan 


di 


to Cartesians 



m 
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9 Transform the formula 


Ht)J 


into polar co-ordinates 

10 Given a;=a(^-PBin 6), 

i/=o(l-cos 6), 
dhj 1 


J 1. Transform ^ to the new vanables u and v, taking u as inde- 


pendent variable, given x=v \y=uv 
^ 12 If F be a function of i alone, where 


[OxFOBD, 1888 ] 


show that 


32 F 1 dr 

3r2 ^ 3^2 dj 2 t di 


13 If F be a function of r alone, where 

}2— a;2 + y2 + g2j 


, , 32F 32F 32F dW 2dF 

Aow(bat + 


' 14 Generally, if F be a function of ? alone, where 


V *1,. B^F 32F,32F^ 
swaat g_,+g^+j_,+ 


.32F (fgF.71-1 dF 
d?2 1 ~3i 


16 If a:=e’secM, y=e’tanM, 

and ^ IS a function of x and y, show that 




[Oxford, 1889] 

16 In transforming any function v, pf a, y, s from Cartesians to 
polars by the formulae %-=r sin Q cos d>, 

y=i sin 9 sin 
«=» cos 6, 


, . dx dr 
prove (a) 


35/ 3a!’ 
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d<f> dx'^di^ 


•• ® ©■•©■•©■-©> (;s)'*(ni^ S)’ 


17 If F be a function of two independent variables x and y which 
are connected with two otbei variables i and 6 by the equations 

'Fi('c, y, 9, 0) = O, 

Fo(ic, y, f, 0) = O, 


show how to express and ^ in terms of ^ and 
IS If in the differential equation 


d0 


nd^V 


-id-V 




dy 


dt 


dx 


the independent variable be changed to 6, where a=c®, show that 
all the coefficients in the transformed equation are constants 
19 Show that by putting x-=s and y^=t the equation 


is reduced to 

P— 

^ dt ds 

Vs Jt , 

20 Transform the equation 



by putting 

a;=cos 6 

21 If 

x^+^=l, 

show that the equation ^'[(1 

becomes r. 

<2= - l)g + (3*= - 1 )^ - Kn + 1).-P - 0 


22. If ' 

show that the equation ^|(1 + 1)-?= 0 

r72P tip 

becomes - 1)~ + 2s»^ - n{n + l){z^ - 1)P= 0 
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23 If 


a;=i cos 6 
ij’=T sin 0 




and r=c', 


3 / 9 \ 9/9 \ 

prove »^+2»te+r^=’g;(’'S"V'‘“3;(s"V^ 


'dxdy 
Zy^ ^^ZxZy 

24 If a;+y=2cffcos and 'B-y=2^/^ c®sm tf>, 


^ 2-» o ZhtZii_ZPu Zn 


show that 

^ / 25 Prove that, if 


Z^F ZW \C Z^F 
> 


+ 


a;=r sin 6 cos ^>, 
y=r sm 6 sin •}>, 
z=r cos 0, 

02 p 92p- 92p_ 

Sx-i ai/8 + 9^2 


[Oxford ] 


transforms into 


and also into + |^=0, 

where /t=cos 0 

26 Transform where P and Q are functions of » only 


dz 


so that t may be the independent variable, where -^—JF 

27 Transform the equation 

ry- - 2sxy + ix^ =px +qy~s 
by putting x=‘ii cos 

y=it sin 

28 If ar be a function of z and y, and Z be ivntten for px+qy-s, 
prove that if p and q be taken as independent vanables. 


:} 


zz 


zz 


Z'^Z 


i 


Z^Z 


- — _ s Z^Z 1 

Zp • Zq'^J' Zf H-s^ ZpZq~~rt-^' Zq^~rt-^' 
29 Show that 


»»2^+ 3A A(^ - 1)(A - 2H 


Z'^ 


/7 /7 /? 

where A represents the operative symbol or in polars. 


d 

Uy 


di 
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30 Prove generally that if and y—^, 

_c'« „ , c"k ,o"« ... ,, 

+jr3^=A(A-l)(A-2)..(A-n + lK 

Trhere 


, 3 3 

^“3(9 ‘ 39 ' 

31. If 5‘=c®, y=(^i 

transform the expression 


,.3^r ,.32F ^oF JbV 
e -^— + c2«i— -f- j- eP—. 
cz- cy- cz oy 


32 If u-^tr=f{z+ty), 

where z and y are independent and u, r, z, y are aU real, prove that 
?^F,o-F 

Hence establish that if 3’=r cos 6^ y=r sin 6, 

32F 32 F c-F IZFlc^F 
czr Cy or- r cr r- co- 

33 Transform the equation 

c^u , d^u , ,, ^ 

C7^ 

to polar co-ordinates 

34 Show bv a change of rectangular axes that 

«■ w w 


[OXFOED, ISSS ] 


3=F.,32F. 3=F.„,3-r.„ 3=F 


cr- 


-r-irl 


xjtJ 


-rC 


CJ- 


■A! 


f 


3>/cr ■ “• 3rcc 




32 F 


c»-c^ 


c-F S^F c-F 

mav be transformed to -f C4-r 

cz- cy- cz- 


•X 

c 

ry 

' z 


-’v ] 35. Under what condition can 

3F ,3F 
^cx ^cy 
oF j cF 

O3— f- 

-O.C "Cl/J 


by a rectangular transformation be reduced to the forms 
respectively ? ^ 

£ 

36 Ift/=/(i?, y) ?‘-=f7p and change the independent vari- 
ables to 7 / in the equation 


z-v- 


cPv 


„o2« .. 3« 
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37 If a;, y be the rectangular, i, the polar eo-orduiates of the 
same point, prove 

V 1 if'&ht idttV 

df~\didy) ~i- Br2 ?>m^r dr » 30/ * 

38 The position of a point in a plane is defined by tbe length r 
of the tangent from it to a fixed circle of ladius a and the inclination 
6 of the tangent to a fixed hne Show that the continuity equation 

transforms into 

^2 '*■ r 3; " 1 Zr)~A ziZe r Zd) 

39 Prove that 

B^r W B^ B^ 

-/nBA Si r S0xV«x 3V 9®A«2 ^S0 „.xWxSWJ 


where ^ 1=1 sin Ojsm 6^ 

sin 0 „_„ 

ttjWl-® 

^2 = ^ sin 0^810 02 

cos 0 „_i, 

n 2 =»'Sin 20 i, 

'r 3 =rsm 0 iSin dg 

cos 0 „_ 2 , 

M 3 = 1 25in20jSin202, 


®n-l®=l'Sin 0jCOS ^ 2 » 

a;„=? cos ^ 1 , ?t„_i=» 2 sin 20 ^sjji 2 ^^ ^ ^ sin 20 „_j, 

and J]r=j" ^siii"~-0jSin"“2^2 sm ^„_5 [Math Taipos, 1889 3 

If Pi=/i(!«, y, -), 

P 2 =/ 2 (a^ y> 

Ps^/s^. »). 

show how to change the independent vanables from %y,zto py 
Ps in any partial differentials 

^f Pv Pa* Ps system of orthogonal surfaces show that the 


expiession 
transforms into 


B^r ZPF B2F 
Bc^'^'^s'^'B? 



[Math Tbipob, 1875 ] 
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JAC01^IA^S 


534 Definition Notation 

If jUrtbe n functions of the n vniuiblcs r^,x^, , 

x^, the deteniimnnt 


u«, 

Bu, 

Bitj 

du 


Bi 



D«, 



dll 





BUn 

B«„ 


By, 

Br^’ 


• 

’ "cr, 


has been called by Di Salmon the Jacobi.in of u^, , tin, 

witli legal d to .Tj, , x„ * 

This detcmiinant is often denoted by 




,Vn) 

c{Xy, x,, I 

01 shoitly J, when tlieic can be no doubt as to the vaiiables 
lefcired to 


535 The Jacobian of Three Curves 

If '« = 0, ^’ = 0, 'm;= 0 be the equations of thiec cuives in any 

homogeneous co-ordinates, it has been shown that the polai 

lines of X, y, z with regaid to these cuives aie lespectively 

Xux. -f Pity -b Ziis = 0, 

XVjc -{- HTvj/ -^Zvg = 0 , 

Xxvg -f YiVjf-i-Zwz = 0 

’Salmon, Higher Alnchra, p nnd p 292 
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These three lines aie concunent if 

J = It/K, Utf, 'U'S “0 

V*, Vy, Vj 

w*. Wj/, 

Thus the vanishing of the Jacobian of thiee cuives indicates 
the locus of a point "whose three polar lines are concurrent 
Ex Show that the Jacobian of three ciicles gives their oithotomic ciicle 

636 Prop If any set of honwgeneom equations he satisfied, 
by a common system of variable, the equation J=0 is also 
satisfied by the same system, and if the degrees are the same, 
'dJ 'dtf 

the equations ^ satisfied by the same 

system 

Foi if u=0, t;=0, 10 =0, be the equations, of degrees 
p, q, r, .. lespectively, and sc, y, z, . the variables, Euler’s 
theoiem on homogeneous f mictions gives 

scUx-^yUy+zUi-\- ’^^pu, 

+yvrf 4- -qv, 
scw^-i-yiOy-^r 

etc, 

and sohdng for sc wo obtain 

scJ^puTT+qvY+rioW-\- , ... (1) 

wheie TJ, Y, TF, are the co-factois of J conesponding to 
w*, Vx, 'o^xi Hence if any system of vanables can be found 
to make u=i;='iu= =0 simultaneously, that system will 

also make J=0 

Agam, diffeientiatmg equation (1) of the last aiticle we have 

=r2mgU+qvxY+ , 

when u=i;= .=0 

Hence if the expicssions to, v, weie all of the same degree, 
we should have p — q= —n say, and 

, r r 

and therefoie for such a set of variables as simultaneously 
satisfy the equations to=0, t;=0, ty=0, . . we have — = 0* 

* The method of proof ndoiitcd is given by Dr Salmon, Higher A}geh a, p 78 
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Similaily, 


V' 


■0. ^=0. 


etc 


537 If then the curves u=0, v=0, tw=0 have a common 
point, the cm VO J=0 xoUl go ihrough that 'poi'nt, and further, 
if the cmves he of like dcgiee, we shall have 


so that J —0 will have a double poixit there 
538 Since the equation 


Ux, «y. Ws 


= 0 


Ux, 1*2 

XOx, XV, „ XVz 


is satisfied when Vx = xi,, = Ug = 0, it goes tin ough all the xnuliiple 
points on the curve u—0. Similarly, it passes tin ough all the 
multiple points on any of the curves of the families u—a,v=b 
xo=c for any values of a, b, c 


539 The Hessian 

The Jacobian of the first difTcrcntial coefficients xix, Uy, Ug of 
any function u is 

Vjxx} XlxVf ***« 

Xf-xtif Xiyy, U,jz 
Uxz, XI, fz, Ugg 

and has been called the Hessian (Ait 311) 

540 Prop. If J be the Jacobian of the system u, v with 

x'cgaid to so, y and J' the Jacobian of x, xj with x'cgard to u, v, 
then will JJ' = 1. 

Let xi=f(x,y) and v^F(x,y), 

and suppose these soWed for x and y, giving 
x=(ji{v>, v) and i/=>/r('u, v), 
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Also 
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'dx^ "by ^ 'bv! pUb 
"dv dv bx i by 
bx by bv bv 

biibx bxiby bvb bx bu by 
bx bu> by bu bx bv by bv 


bv bx bv by bv ^ 

bx bu by bu bx bv by bv 

1 , 0 1=1 


In the same way the theorem admits o£ pi oof if theie be 
more functions and moie variables than two 
This theorem may be written 

3(a;, 2/> ) ) 

SM Prop If U,V arefwnctions of u and v, where u and v 
are themselves functions of x and y, ive shall have 

b(Tf, V) b(U, V) b{v,, v) 

. 3(05, y) ~ b{%, v) btx, y) 

For let U=f(u,v), F=F(w, v), 

u=<^(x,y), v=\[r(x,y) 


Now 


pU^bU pu/dUbv 
bx bu bx bv bx’ 

by bu by bv by’ 

3F bV bu bY bv 
bx bu bx bv bx’ 

BF_ 3F 3io BF bv 
by~bu by'^bv by’ 


B(rt, v) 0(a;, y) 



bU bU 


bu bv 


bu’ bv 

X 

bx’ bx 


bV bV 


bu bv 


bu’ bv 
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__ dll dll dU dv dll dll dll dv 

~ dll dx dv dx’ dll dy dv dy 

3K c)it. dv dV ^ Sy 

dll dx dv dv dll dy dv dy 

dU dU _diU, Y) 
dx ’ dy d(jv, y) ’ 

flT 

dv ’ dy 

niifl (lie .same mcthorl of piool applic.s if fchcio aie .several 
functions and tlio same nundiei of variables 

.)42 The above piopositions exliibit the cuiioua analogy 
pointed out by Jacobi between these detei minants and oidinaiy 
difieiential coeflicicnte 

543 Prop If n, v he coimceied 'mpliGiily tviih the inde- 
jicndcnt variables x, y by the relations 

y, u, v) = 0, 

y , «, 'y)==o, 

g(/;. Q V) 

d{x,y) B(it, y) d{y,y) 

dx~ du ~dx ~ dv "dx ’ 

dy'^dii diydv dy ' 

54 1^/2 4 . ^4 ^‘'==0 

dx '*■ dii dx du dx ’ 

54 54 5^ 54 dv ^ 
dy'^dii dy'^dv dy 

d{i.i, v ) 
d(x,~n]) 


ive shall have 


Foi 


? # 


Hence 


^vfJ. 

d(ii, v) 
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644 If tlicie had been thiec independent lelations -with six 
vaiiables u, v, vj,x,y,c:, it is plain that we should in a simil^ai 
niannei obtain 


KA,Uf,) _?/i _( 

'd{u,v,vi) d{co,y,z) dx’ "dy’ 'dz ^ 'dix,y,z) 

_l/2 

■dx’ dif "dz 
Jdf^ 

^y' ^z 

And in general, if theie be n independent lelations 

/i=o,/2=o, ./„=0 

involving variables Ui, Uo, , w„ and aj^, X 2 , , a„, then 

^(Jl> /g> '^(flyfzf >fn) ^2> » 

?)(pyi,Xo, ,X„) ^ ,Un) d(Xi,X2, ,X„) 


545 Covanant Definition 

Let / be any quantic fiom which another function 0 is 
derived in any manner, involvmg the constants and vaiiables 
of the fust Let the vanables of f and 0 be changed by any 
Imear tiansfoimation, the functions becoming F and # Then 
if it be found that the function deiived fiom F by the same 
process by winch 0 was deiived fiom /is meiely $ multiphed 
by some powei of the modulus of tiansformation, 0 is said to 
be a Covanant of / If none of the variables enter into 0, 
then 0 IS called an Invaiiant 

646 Puop The Jacobian of a system of functions u, v, w 
IS a covanant of the system 


Let the tiansfoimation scheme be that 
shown in the margm, so that 

x=ljX2+ nijyi + UiSj, 

etc 


Then 


'du __Zib j 'du j da j 




2/1 



h 



2/ 

h 

Ml, 

«2 

z 

h 

9H3 

«3 


Hence the Jacobian of the tiansfoimed system is 



= 

V'xt Vfi, Ug 

X 

^2* ^3 

Vv„ Vs,, 


Vx, Vy, Vg 


n\, 771,, m, , 

'J'-'i.. w,,„ W., 


'll'a*, lOy, IVg 


lip 71 g, 71n 
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(bj'- the rule of multiphcation of determinants) 

= J XfJL, 

•wi..eie J is the Jacobian of the original system and /a the 
tiansformation-modulus 

547 Prop Let , tin he a set of functions of n 

independent variables a?!, .,x„ Then if these functions 

are not each independent, hut if some relation exists among 
them luhicli is identically satisfied when their values arc 
substituted, their Jacobian 

. , ajji) 

will vanish identically Also conversely, if J is identiccdly 
seio, some relation must subsist amongst the several functions 
Tins result has aheady been estabhshed in the case of two 
functions of two variables in Art 510 

Consider the case of thiee functions u^, u^, % Let the 
relation subsistmg among them be 

/(«i, «3) = 0 

Then, for all values of the A'aiiables, 

du^ '^'dU2 BTj * 

SlCj 3«2 ^^2 ^ ^^'^3 ^’^2 ’ 

M. ^ ^ ^ ^=0 

'du^ 'dv^~^'dUQ ^^3 

Hence ehmmatmg we have 

^ dw,/ Uitg’ 





g^3 


-dxf 


aci 


"du^ 

31^2 



-dxf 

'dxf 










identically satisfied, le, 

B(ui, 

^2> ^'s) 

548 Conversely, let 


it' 

Xg, X. 

^ = 0 


Between the equations connecting the vJs and the lemaining 
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vaiiaTjles cliiuiiiatc two of the lattei (say and £Co). and we 
obtain a lelation between %, u^, say 

a 63 = i?’(Ui, Us, fCg) 

d(u„ Us, u^ 'd(u„ Us, F) Us, (O j) 

0('l’j, 'Vo, ^3) 3(Wij Uo, 'C3) ^(‘^11 ®2» ^s) 


(A) 


Now, 




0 


Bu», 

Blt^ 

Bw-i 

1, 

0, 

X 


Wo 

B.X’3 

0, 

1, 

0 


Bllg 

'dUo 

BUg 


aV 

Bojg’ 

B'C3 

'dF 


BF 


0, 

0. 

1 

^14 

BUg 

BaSg 


X 


foi in forming the first determinant we arc regarding Ui, u^, 
as independent vaiiahles, and in the second x^, x^, 


Therefore 


Us, uQ ^ ^(^i» ^^ 2 ) 

^ 3 ) ^^3 ^(®1> ^ 2 ) 


Now the left-hand side by hypothesis vanishes, hence either 

<■> S-. 


or 


/9\ Uq) _ Q 

a;,) 


In the first case F is independent of ajg, hence the quantity 
^3 has not appeared in equation (A) after the elimination of rCj 
and Xs, and therefore a relation between u-^, u^, has been 
estabhshed 


In the second case, viz , 


'^ 2 ) o 
^®T.i ^2) * 


no difieiential coefficients with regard to ajg occui, and there- 
fore jBg may be regarded as a constant Hence by Art 510 
there is some relation between Ui and u^, which may howevei 
involve asg as a constant Let it be 


/(Ui, Us, a;3)=0 

If ajg be eliminated between this equation and (A), there wiU 
result a relation between u^, u^, Ug 

By pioceedmg in similai mannei the pi oof may be extended 
to any number of functions of the same numbei of variables 
See Forsyth's Dv^crential Equations, Art 9 
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SosiE IirpoRTAXT Operative Syjibols 
540 The Operator S- 

It has been sliowm in i\j.t 524 that the opoiatoi be- 
comes ^ bv the change m the variable a; = c‘ Let tins 
dt “ 

opoiatoi be denoted by tlie sjnnbol 

The fundamental piojioities of this symbol aio 

(1) 3"<« = a"A«, 

( 2 ) = 

(3) ^”(^^)"»=a(a-lxa-2) (3-»+i).i, 

(4) 

(1) The iii'st of these is obMOUs — 

Foi = — 

d.h 

^2v«=Syf<^“ = aV, 
etc etc 

wheie -n is any positive integer 
For negate e indices — 

Let ^“Vy'=2/> 

theiefoio 

so that h “ = a~^x^, 

supposing that no constants are added in the inverse operation. 
Hence also ^ “ ’’.x** = a- ".x", 

so that the law (1) is inie for any integial mdex 

(2) If {ji^z) be any function of z, which is capable of expan- 
sion m integral powei-s of z, 2.d„o”, say, 

0(S).'c«=2A„a-«x“ 

=2il«a".x® 

(3) The thud law has been established in Ait 524 
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(4) To piove tlie fourth — 

Let 

and let 
then 

=e’“^(j^+n)F(eO. (Ait 101) 

={iiy”(p(%+n)u 

Ev 1 Prove 

[Math Tbipos, 1878] 
Let 

We then have to prove 

And the left side 

=^(^-1) (a-Mi+l)V»^a— 1) (^-J’+l)r-“^A) 

Tins solution and another of the same result are given m the Solutions 
of Senate House Frollems and Rideis foi 1878 

Ex 2 Prove ^r^””^'c™^«“=(c+w).r", 

and that any numher of operatois 

aie convertible -with regal d to ordei [Pnoo Losn Math Soo Voi. VIII] 
Ev3 Pro,o 

[SoI,UTro^s S H Pbobuims, 1878 ] 

550 The Operations E and A 
£ 

The opeiaioi c^=', which when applied to 4>{x) changes x to 
ftj+l (Alt 116), IS often denoted hy E, so that 

Exix~Xt^x-^\ 

Let A Wj. = ~ Ux = Eiix — w* = (J? — 1)16*. 

Then the opeiatois E, A, &ti aic connected tlius— 
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It mil Tdb clear fiom considerations analogous to those of 

Art 89 that the operative symbols E and A like D ^or 

aie distributive, commutative with regard to constants and 
each othei, and obey an mdex law the same in form as that of 
algebraical quantities Hence theorems hold good for these 
symbols analogous to coiiespondmg theorems for algebraic 
symbols of quantity 

551 Secondary Form of Maclaunn’s Theofem. 

It will be evident that the value of when a;=0, is 

2 ^' or zeio, according as p is equal or unequal to q 

Hence, if f(z) and F(z) aie functions both capable of 
expansion in positive integral poweis of s as say, and 

respectively, we shall have 

and thei-efoi-o 

This theorem may be written 
Now, Maclaurin’s theoiem may be written as 

' ■^®)=-^0)+4F(0)+|l^F(0)+g^F(0)+ , 

and theiefore may be transformed by the above result into 

which Dr Boole* calls the secondary form of Maclaurm's 
theorem, and writes 

F(aj)=jF’(D)eO * 

Examples 

1 AX=(j5?- 1 )X=[A"- 


*Ftmtc Diffct dices, p 22 
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2 ^^*=^1^=log(l+A)M [forc»=lTA] 
ii% ctv 

2 3 ■" 

Simihily ^=pog(l + A)3'‘u= — - “ 

(See Ex 11, p 80) 

3 Prove A'’t“=(t:+p)“-p(.'r+p-l)'"+^^^\^+P-2r- 

4 Prove if(c*)=^l)+i^A’)0 x-\-F(_EyP X'^'^ ^F{E)<P ‘ 

i;HPKscHEi.’a Theorem ] 

5 Deduce the secondary form of Maclanrm’s Theorem from Heischel’s 
Tlieoiem 

652 Many other curious results may be established by 
means of these operators 


For example, 

-^+ -+A^-^34t+-®*>^i" 
and Milting foi z the opeiator hD we ha\ e 

J^nh ^ 1 

and therefore 1 + JE* + ^ 

ju” — 1 

s[(ad)-»-1+|ad-§(W+ ](A?'*-i) 

Applying each side to the function (f>{v) n e obtain 
4>'(^)+^'(^+^)+<^'('^•+2/i)+ +^'{a+(n - 1)*} 

3 jji^ix+nli)- ^ t )] + nf‘) ~ 

r*s» 77 

Wr +«/0 - TOJ 

or ^(r+«/0 - ef>(a.)3/jQ^'(t;)+<j!.'(ar+/()+ +^>'{T+(n - l)lt}+^\v-\-nh)] 

( ■■l)’'J5jr_ip^i[^r'’(i +nA) - ^-’■(r)] [Poissox ] 

553 Vaiious tiigonometrical identities may be used to 
establish sinulai results 


E\ Taking the identitj 

cos 0-COS20+COS30- to eo 

(o'* + c- '«) - + (<f' « + c-"'“) - =1 


we have 
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Wilting foi e*® the opeiatoi A/* oi we get 

{E’'+E-'') - + E-”-^)+{E^'+E-^) - = 1 , 

and appljnng this opeiatoi to ^{v) we obtain 

= <^(« + It) — ^(^ +2A) + ^(^ + 37i) — 

+ ^(^ — A) - <^{x — 2A) + — 3A) — [GnFGORY ] 


354 The expansion of c® in poweis of ze~^ by Buiinaiin’s Theorem (Ex 
Ai t 519), may be applied to establish a lemarkable lesiilt due to Muiphy, 
as follows — 

Dividing b} IT we have 


l = c-*+^e-=^ 


+4' ^ 


Replacing s by /i^ we have the conesponding opeiative analogue 


1 ~llT- . ' .-2*1 — 

l = e rf*H — e dx 







and applying each side to the function /(r) we obtain 

/W-A’-'0 + i%(«-2/0+i^3r(<'-3<)+et'! 


Examples 

1 Establish the senes 

- </i(v - Ii)+^ 2 '^{v- 3A) - i c/>(v - 5/i)+ . 

[Franoais and Gregory ] 

2 Piovethat [<li{v+h) — <f}{v—hy]-^[tfj{a,+2h)-<j>{% — 2Ii)] 

+i[<Ka+3A)- c/>(^ - 3A)] - =Ii<j^'(v) 

[GREGORIi] 

3 Pi ove that p{</)('» + h ) + </)(^ - A)} - + 3A) + - 3/()} 

+^</i(r+5A)+^r-5A)}- 

4 Prove that if a be not an integer 

V /(r + ah) -fix - ah) _ f{x+h) ~f{v - h ) _ 7(^+2A)-/(^-2A) 

2 sinoTr 1-— a- 2-— a“ 
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5 If a curve whose equation is y)=0 he subjected to a simple 
translation in its own plane, its equation becomes 

l /)=0 , 

and if the cuive be tunicd loiiiid the oiigin thioiigh an angle w, the 
equation becomes 

If both these operations be peifonned, is the oidei of the operation 
indillcrent ? [CiriiiCTUFL.] 


Tatlob’s Theorem Cauchy’s Method of Proof 


5o5 The foUo'wing line of aiguinent is ailoptcd by Cauchy 
in establishing Taj'loi’s senes 

556 If any function of s, j{z), be contumous and finite 

betvreen two given values of z, say z=x and c =£!;+/«, find 
if /(c) does not vanish oi become mfimte between those limits, 
it iollows that f\z) must lie continuously of one sign, and 
theiefore /(c) continually increasing oi continually deci easing 
between these values Hence — cannot vanish 

557 We shall next establish the lesult that 


F{v+h)—F{x) FXx+6h) 

./(^•+7O-/(^)“/(^+0/ty 

supposing that 

(«) F{c) and f{z) and then first difteiential coeflBcients are 
finite and continuous between the values fc and x+h 
of the vaiaable c , 

(h) that one of the two F'{z), f(z) (say the lattei) does not 
vanish anywheie between these limits 


F{x-{-k)—F{;v) _ 
f{x+h)—f{x) ~ 


which IS therefore a function of x and h It has been shown 
that the denommator does not vanish, hence 


F(x+Ji)^F(x)-R{t{x+h)-t\.ni)}=0 . ( 1 ) 

Let >P(p)=F(z)~F{%)-JR{f(z)-f{pi)} 

therefoie ^'(z)=FXz)-JifXz) 

Now, ^ and aie finite and continuous between the 
specified values of c and ^(x+/0=0 by equation (1), also 
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^(-r) = 0 Ilenco <//(« + Oh) = 0, whei o 0 is some positive pioper 
li action (Alt J2G), tlieicl'oic 

fO'+eii) 


Tims 


F(x+h)-F(o^ = ^!i} 
~K ^ + /O -M Oh) 


under the ciicumstancos specified 
(If FXc) instead of /'(s) had been the one whose value did 
not vanish in the given inlei val, we should have obtained the 
same lesult by similaily treating the iccipiocal fiaction ) 

*>58 If VC add the extia conditions that all the difteiential 
coefficients of ,/(-) and F(c) up to the inclusive aio finite and 
continuous, also that one of the two of each older does not 
pass thiough the value mo between the given values of s, w^e 
have the follov ing senes of equalities — 


F{'i'A-h)—F (x) __ F'(K+0 Jt) 
jio'+h)-f(v) ” f'{io-hOJiy 


FXv+OJi)-FXx)_F'Xv+OJi) 

n'^+oji)-nxj~yx^+ojiy 

etc etc 

F’^-\x-\-0n-ih)-F”-\x) _ F^X^±0h ) 
+0n-i/O-/’'’XO S\x-¥0hy 

vhere 0^, 0,, Oj, , 0„-j, 0 are all positive pioper fractions in 
diminishing ordei 

659 In any case in vdiich aJ=0, 


and 

and 

ive thus have 


;?'(0) = i?’'(0)= =J’’*-^(0)=0, 
/(0)=/(0;=.. = /«-X0)=0, 
F(h)_F'‘(0h) 

m~f”(.ohy" 


.(A) 

(B) 

( 0 ) 


vdicie 0 IS some positive pioper fiactioin 
5G0 Let <p{a+z) and all its difleiential coefficients up to 
the 11 ^’’ inclusive be finite and continuous between the values 
0=0 and s=h, and let 

r~n-l 

i?’(0)=-/;(a+0)-0(a)-0^/(a)- (D) 

then equations (A) aie all satisfied 
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And if "wc put f(z)=z" equations (B) aie sati'slied Also all 
tlie inqiosed conditions as to the coutinuitv of F{p),f(z) and 
then first n difieiential coefficients aie satisfied, and no difiei- 
cntial eoefiicient of /(c) up to the vanishes for a value of c 
inteimediate between c— 0 and c=/< 

Hence equation (C) is applicable and since 
jP"(c)=0’'(rt+-). and /"(c)=7j’, 

1,n 

it becomes FQi ) = + 6h) 

Theiefoie by equation (D) 

^(a +Ji)=if,(a)+li 0'(^) + + _ ly ^*” ~ 

the lesult of Ait 130 

Roulettes, Etc 

561 Dee When a ciuvo lolls upon anothci which is fixed, 
as in the case of the deseiiption of the Tioclioid family, any 
point P earned by the i oiling cuive tiaces out a cuive winch 
is called its loulotte 

562 Geometncal Construction of Normal 

As in Ai t 393 the ]oiii of P to the iioiiit of contact is the 
noimal at P to the loulette 


5G3 A Special Case 

If the cuive r=/'(d) (1) 



Taking the given straight hue as the T-axis, the ladius 
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vcctoi ol the point of contact is the noimal of the loulette, and 
therefore, if », y be the co-oidinates of the tiacing point, 

T=yJ\Ty} ( 2 ) 

Also y IS the pei’pendicnlai fioin the pole upon the tangent , 

If r and 0 be eliminated between these three equations, the 
differential equation of the roulette wnll result 

Ex Tlie curve whose polai equation is )'”cosm6=a”‘ rolls on a fixed 
straight line Taking this line as the v-axis show that the loulette of 

f / \-i2L 

the pole IS 

Examine the cases »i =-^, m = 2 [Frijs'et ] 


564. Curvature of a Roulette 

The radius of curvatuie of the roulette may be obtained as 
follows — 



Let A be the point of contact, B an adjacent point on the 
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fixed Cluvo, B' the point of the rolhng cuive which will come 
into contact with B , F and P' the two points on the roulette 
coriesponding to contact at A and B lespectively, so that 
PA,P'B aie contiguous noiinals to the loulotte , let them meet 
m 0, say, and let PO — R, and AP—Vy so that AO—R—v 
Let G and 0" be the ccnties of cuivatuie of the fixed and 
rolhng cuivcs respectively at A, and and the ladii of 
cuivatuie Tlien, when G’B' comes mto line with CB, PB' 
will come into Ime with BO 

Thus the angle turned through is either of the angles 
between G'B' and GB oi between PB' and OB Thus 

AdB+Ad'F=AdB+APB' 

Now, AGB^~, AG'B'r^-, 

Pi Pz 

, and if PAG'=^, the peipendiculais on BO and PB' from A 
are both ds cos ^ to first older mfinitesimals, hence 

and 

R—r r 


Hence 


1^1 COS0 COS0 

Pi Pz~ R-‘>' 


565 Curvature of Envelope of a Carried Curve 
If any curve rolhng in one plane upon a second curve carry 
a third cur‘’^e ngidly attached to he first, the ladius of 
cuivature of the envelope of the carried curve may be readily 
found in a manner similar to that of the last aiticle 
Let XY, X'Y be two contiguous positions of the earned 
curve, A the point of contact, B an adjacent point on the fixed 
curve, B' the point of the i oiling cuive which wdl come into 
contact with B, AQ, B'Q" the shortest distances from the 
points A and B' to the carried curve, meeting in P the centre 
of curvature of the earned curve corresponding to the point 
Q Then Q''B' turns into the position Q'B as XY comes into 
the position X'Y Tlien since the motion of Q is perpen- 
dicular to AQ, the locus QQ' is the envelope of the carried 
curve Let Q'B intersect QA in 0 
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Let AQ=r, QP=p, QO=B, the radius of curvature le- 
quued, the other letteis remaining the same as in the last 



article Then 'AO=R—r, and exactly as befoie 

we have 

] 1 _ COS0 COS0 

Pi Pi B—r 

If the curve XF be concave to A we must of couise change 
the sign of p. 

When the curve XY reduces to a pomt, p vamshes and we 
have the result of the piecedmg article 

When the cmve XY is a stiaight hne we have 

22 = ^ ^ _£3£2_cos 0 
Pi+Pi 

When the earned cuive XF is a stiaight hne, the rollmg 
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curve a circle of laclius a, and the fixed cuive a straight line, 
we have Pi=30j p=^t 

and i2 = r + C6 cos ^ 

566 Prop A plane lamina lias traced upon it two given 
cvAves, and moves so that these curves pass each through a 
fixed point To find the envelope of a cai ried straight line. 



Let y—fii'c), y—ffip) the equations of the curves 
referied to a pan of axes OX, OY fixed in the lamina, P, Q 
the fixed points, P(3 = 2a, (a\, yfj, ('Cgi y^ the co-ordinates 
of P, Q , and let the y-axis he supposed to have been chosen 
paiallel to the earned line, whose equation ure may therefore 
take as x—h Let A be the mid-point of PQ, and let PQ 
make an angle yjr with the aj-axis, and let p be the peipen- 
dieulai from A on the cained hne 

Then 2/i “■ 3/2 = sm yj/-, 

and a ?! = h —p + a cos yjr, 

X2=h—p—acos yfr 

Hence the tangential polar equation of the envelope is 
2a sin yjr =/i(/i — p -f a cos •^) —ffji —p — a cos y^r) 

Ex 1 If the slots be strsught, say 

y=Cv-\-l)y 

the 1 esult is of the form jp = A + /* cos ■^ + v sin yjr, 

wheie X, fi, V aie constants , so that the locus of the foot of the peipen- 
diculai on the earned line is a limagon, and the envelope being its fiist 
negative pedal IS therefore a circle (See Ait 375^ 
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Ex 2 Suppose one slot elliptical and the othei slot along the major 
axis, the distance bctMeen the pegs being the senii-niinor axis Show 
that the envelope of any line parallel to the minor axis is one of two 
elides, and that the miiioi axis itself passes thiough one of two fixed 
points 

567 Prop If two curves fixed in a given lamina, touch 
two straight lines fixed in space, it is required to find the 
envelope of any straight line carried by the lamina 
We shall consider the case when the fixed stiaight lines 
aie at right angles The geneial case is exactly similar 
Let OX, OY he the fixed stiaight lines, S an origin fixed 
in the lamina, FG the carried line, SR the peipendicular 
upon FG=h, a constant Let OF, the peipendicular upon 
FG, he p, and let p make an angle a with OX Let FGX^yJr 
The tangential-polar equations of the two curves fixed in 
the lamina may be wiitten in the foims 

Pi=/i(«X lh=fM> 



wheiepi andjpg aie the co-ordinates of S lef erred to OX and 
OY, and p=h+ffa)e,os a-\-ff^a)sm a 

Also a = \fr—^ 

2i 


B D c 
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01 p=h +/i(i(i - 1) sm i;i -fi(f - Ijcos V' 

This lb the tangential polar equation ot the envelope o£ the 
earned hue 


EXAiirLFS 

1 A parahola touches tw o fixed lines at j ight angles Ajiplj’ the above 
method to shoiw tfi.xt the cm elope of a line peipcndiculai to the axis is a 
cucle Also that the cm elope of the axis is the Dist iiegatn c pedal of a 
ccitain Cotes’s spnal 

2 Supposing the guiding cuiies to be a ciicic and a parabola ii hose 
focus IS the ceiitic of the ciicle, and the Uio fixed lines at light angles, 
show that ail} line at i ight angles to the axis of the psmbola cm elopes a 
parabola 


5G8 Prop &iven three sb aight lines b acccl upon a lamina^ 
and that iuo of them, are made to touch two given curves To 
find the envelope of the thud 

Let the tin oe lines foim a tiiangle A BO whose sides BO, OA, 
AB make angles i/z-i, \fr,, yp- icspcctively uuth a given stiaight 
line Let p —ffyp), p =f «[}!') he the tangential polai equations 
of the envelopes of BG and GA 
Then 


a and /3 heing constants luiown in tciins of the angles of the 
tiiauglc Also, if Pj, p», p he the peipendiculais lioin any 
fixed oiigin on the thieo given stiaight lines 

npi+hpz+c2)=2A, 

therefoio the tangential polar equation of the envelope is 


cp = 2A - affyp+a)-hfo{yp+^) 
d\p^ 

we have by addition + ftpg 4-Cp = 2 A 


569 Since and 


I -I 7l " I _ A 


0^ 

dyj/i 


Ex 1 It follov s at once that if pj and p, are constants p is also con- 
stant Hence if t-wo of the sides of tlie moving triangle enveloiie circles 
the third side also envelopes a circle. 
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Ex 2 Pimil-irly if fwo of the sides touch respectively p—k^-rii, 
the third 'ivill also touch a curve of the form 
Tliese are the involutes of three concentric circles. 

Ex 3 If t\io rides touch equiangular spirals with a common pole, the 
third side svill touch an equiangular spiral with the same jiole 

Ex. 4. If two sides touch concentric epi- or hypo-cycloids, the third side 
will touch a parallel to an epi- or hypo-cycloid 

570 Many interesting results in this part of the subject will 
he found in Dr. Besant’s “ JVofes on RovJdfes and Glisettes" 
to which the reader is referred for further information 


Note os Bernoulli’s and Euler's Numbers 


571 Bernoulli’s numbera have been already defined m 
Art. 14S as the coefficients Bj, J?-, B-, ... occurring in the 

expansion 


X 

9 


/JT - 1 ^ T /ySl Art AnC 


1 


and the values of «eveial of them were there obtained 


It may 'nve the student some trouble to remark that many writers 
denote the fcamc coefhcionts by the notat»on 

. , 

with coj?»ic 'ftijnumb'rs as sufSzeSjbat the present notation with odd 
numbeis foi sulhxci i* for some reasons more coni enieut 


It was shoavn in Art 149 and Examples 26-32, page 109, 
that many important expansions involve these numbers m the 
coefficient.*! 

Tlius if we write the expansion of tan x as 


tan £c = Sq-,-hSs^-i-Ss-^- 


then bv Art 149, 

«/ ' 


S2r~l = B,r-l 


The numbers /S'j, So, S^, ... we shall refer to as ‘'prepared 
Bemoullians ” 
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672 Euler’s Numbers 

Tlie coeflficients S^, 8^, So, • occuiimg in the expansion 
BQCX-l + S^^+S^+S^^'^ , 


are called Enlei’b Nuinheis 

By division of unity by the expansion of cos x in jioweis of 
X, or otheiwise, we may show that 

,S 2 = 1, 8^=5, £fc=61, ^5^8=1385, etc 
673 We may therefoie wiite 

sec£c+tana;=l + 5i^,+^2|i+'^"3|i+'^4|T+ • , • (1) 


where /S-.„ is the Eulenan numhei (sometimes denoted 
^ 2 ») und Sin—i IS the “ prepared Bemoullian nuinhcr 


22«(22»‘-1) 




Taking loganthms we have 

log(l+Si|j+Sj|^+gs^+ )=log(seoa!+tonK) 

=logtan(|+|) 

=gd~^a; 

= J sec ccc?'U 

offS /j»5 

=X+ + ^Vg[ "h 


Diffeientiating and equating coefficients we obtam (whether 
he even oi odd) 




This senes expresses 

(1) Any Bemoulhan (prepaied) in tenns of lower Euleiians 

(p even) 

(2) Any Eulenan in toims of lower Euleiians and prepared 

Beinoullians (ji odd) 
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It is easy to thus obtain 

S,= 61, 

S,= l, S,=^272, 

^3=2, iSf8=1385, 

8^=5, 8^=7d26, 

8^=16, etc 

Giving 

^ 2 = 1 , E^=5, ^ 0 = 61 , ^8=1385, etc. 

and B^—-^, etc 

574 By expressing 1 — sinaj in factois, and taking its 
logaiitlimiG diffeiential coefficient we obtain 

^ 4i ^ 

seea;+tana;=— , 0- + = - ro,. 


^9=inr, etc 


* 71 — 2x 37r+2a/ 071 — 2aj 77r+2aj 

4 4 


so that 


(jK lying 


■*‘97r-2a; il^+2£»'*"“*’ 


between ±: 


4r 2 22 „ 2" 1 

sec£c+tana;=- IH — x-\ — „x^+ . + 

+etc 

which gives by equating coefficients 

«.-5S'{»{-r +©"+(-»“+©“+ ■ } « 

The special cases, 2, 3, 4, 5, give the well-known 
results, 

,1,1 1 , TT 

^“3+5 “7+'- =5- 

I4.l4.i4.i4. 

=1^ (Tchebechef), 

l+|5+;p+|i+ 

= ^ (Tchebechef), 
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and generally ’vrlieii n is oven (=2w), 


„ 2(2m)' 1 , L_4.. V . ,, 

■^2ni — /^\2in+l1^ q2i)I+i'' 72 m+l '* J’ 


S'2m — gSm+l * giwi+l 7“”* 

w 

and when oi is odd ( == 2m — 1), 


2m (2®v-l)'2="«/, . 1 I i+Aj. I 
iJ2m-l = 22 m(^mZ'X) -jr*'" ^ 32w ^ O'"* 7-’"* j 


2(2myf 11 J_ \ 

— ^27r)“*” I ”2“'” * 3^*'*^4’**^ * 


. (5) 


thus establishing together these well-known expiessions for 
Esm and Bsm-l 


C6 . 


575 Putting y=sec'r+tana;=l-}-/S>ip-l-;Sfo3y4' 


we have y cos -rs: 1 -f sin x 

Diffeientiating n times and puttmg a;=0 and (2/nV=o=^n» 
obtain 






-fcos-^=rsin-^, . (6) 

which if n be even gives the Euleiians, and if n be odd 
gives the piepaied Bemoullians In the latter case putting 
01 = 2m -- 1, we have 

„ (2m-l)(2m-2)„ 

« 2 »i-l= j — 2 02 m -3 

(2m - l)(2m - 2)(2m - 3X27n. - 4) „ 
m ~4 

-fsin(2m-l)|, . . (7) 

an equation which seems much easiei to use foi calculating 
puiposes than Demome’s foim given in Ex 26, page 109, 
since all the coefficients Si, Sg, etc, aie integers 
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We thus successively obtaui 

= 1 , 

== 3^i-l = 2, 

Ss =10, S3- 5;Sfi+l = lG, 

S. =21,Sc- 3 o,S3+ 7;Si-1 = 272, 

;Sf3 =36iSy~126S3+ 84£?3- 9iSi+l = 793G, 

= 5o£fo- 3305^7+ 4G2,S5- lG58f3+ 1 IS^- 1 = 353792, 


wliencc 


etc , 


^ 3 — iV, •®7 — dV, ■®o~'inr> — 


57G Other formulae may be used foi the calculation of 
Bernoulli’s numbers But it seems unlikely that any moie 
than those calculated bj^ Piof Adams (Art 149) will ever be 
lequiied The student may lefci for fiuther information to 
Boole, FiTiiie D{fercnces, Chapter VI , Scheik (Crellc, t IV) 


MISCELLANEOUS EXAMPLES 

1 Sum the infinite series 

1 , 1 , 1 . 1 , 

P + !c2+2-' + !c2'^3*-! + a:2'’'42+.'c2'^” ’ 

and evaluate the lesults ulien ^=0 

2. Piove that if J„{x) is the Bessel’s function of the order, 

( = ( - 

[Maxii Tripos, 1S89 ] 

3 If y = (a'* + ^'*)~^ 

prove that 

3a2(aj3)’‘+>i/„= (-l)"at5in"+‘0|cosee”+’^0 + + 2«+=sm(^u+T0 - 

x+a = aJiBin(6 + ~)Um 0 

^ \ 0// [Pnor Angwn] 


where 
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4 If y = 

prove that 

= ( - l)"n' sin^wTl ^ + 0 + sin"+ ^ sin^Ti + 

where x~acos^0 + ^cosec &=acos^</>- 0cosec ^ 

[Pkof Anglin] 

5 Prove that 

where JP=a,“-ii(n~l)z”-'+n(n--l)(n-2)(n- 3 ) 7 ;”-^- , 

and Q = tn”~^ - n(n - l)(»i - 2)a5"~® + . . . . [London, 1891 ] 

Prove also 

G Piove that 

^ ~ r ~ sin(dz + n^) + Q cos{bx + nfl>)yz"'^\ 

where P=(ja)”- Ji(»'c)"“'cos l)(ra,)"~®cos 2^- 

Q = n{i a:)”~^sm ^ - n{n - 1)(» x)”~hin 2i^ + . , 

»® = a^ + &“, and tan ^ = &/a [Peof Anglin] 

7 Show that lf/(^+7i) he expanded hy Taylor’s Theorem and 
then h he put equal to - the sum of the first n+l terms may ho 
expressed as 

' ' ni rfa:”L '» J 

o Tj? sin X , cos 'c 

8 If 11 = and z= > 

X v 

then ( - l)"'c"'’'Xy„Bin x + if„cos x)/n^ 

and ( - l)"»"+^(s„sin *» - y„cos a)/»i' 

„2?n-3 + (-iy' ,2w+l-(-l)« 

are the sums of and ^ terms icspectively 

of the senes for cos x and sm x 

Show also that the limiting forms, when n = 00 , of ( - Vf'x'^'^hjJn'^ 
and aie respectively zero and unity 
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9. If c*sin »= 2 ^ = 1 + 2 

r=l ’•=1 

prove the following lesults — 

( 1 ) + 


(2) + • • + 5 ' sin(» tan i ^)/w' , 

(3) lln "h ®n-A + + • +^n =2"^COS-j-i 2" sin-^Jii*, 

(4) 2"-Xai - 2’‘"=«2«2 + 2"~®«3«3 - + ( - 

= (- l)"“^2^sm 


where ?jr = w(7i - 1) . (w - » + 1). 

10 Prove that 


[Prof. Anglin.] 


(i) vcvs~hilJ2x 

l_.13a;2 135a:8, ,13 (271- 1)^", 

-i + g— 4221+ 7 43 31+ + ( 271 + 1 ) 4 ” Til'*’’ ’ 

( 11 ) (vers~^'c )72 

„ . 1 t: 2 . 1 2 ^’3 . 1 2 . 3 -c* , 1 2 ( 71 - 1) t:” 

“'^■'■3 2'‘'3 53'*'3 5.74'*’*'‘'3.5. .(271-1) 7i 

[Prof Anglin ] 

11. Establish the results 


[Pfaff ] 

gd“^0 T tan-0 2 tan"*^ 2 4 tan®0 

® fcr5“^+-r-3-5 -+s- 5 —- 

[Prof Anglin ] 

12 Prove that for all values of -c fiom 0 to tt inclusive 


TT , . Slll^ 

8«'(’^-'»')=-p- + 


sill ^ sin 3.15 . sin 5a 


+ 


33 53 

What IS the sum of the senes for values of x between tt and 2ir ? 

[London, 1891 ] 

13 Establish the icsults 


, V IT , 1 1 2 1 2 3 

(«) 2 ^’^3'*'3 5'^3 5.7*^ ’ 

,,, 27r , , 1 1,12 1.12 3 1 , 
3^3 *^3 2'^3 5 22'^3 5 7 2^^' 


9 
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-2 1 1/1\ 1 1 2/lV 112 3/iy^ 

(c) f^G) 3 3 tG/^’” 

{d) 


14 If 


i+ 

^“P 
dhi . du 


dH . dv 


I UU ^ 1 A 

+ and 'e;r 2 +;^+^'= 0 » 


prove ttat the product m» satisfies the differential equation 
Hence show that the product of the senes 


1 +®,+ 


(C® 


P^(l 2)2 ^(1 2 3)2 


1 a: 
l-n+ 


'C‘‘ 


a? 


P^(l 2)2 (I 2.3)2 


T,+ 


is equal to 


1-. 


a:* 


-cc 


P. 2i^(l.2)2 4> (1.2. 3)2. 6« 

I* 

15 Prove that c~”'‘a/(a;) ”/ G" 4 ^g.^ ) 

16 Evaluate the expressions 

/ t IN"** 1 d/’aa:2+Ja;+c\ 

r*“?) ‘‘”'^ 4 ^+/ ~ > 


[Losdox, 1891 3 
[CoMi Exam] 


ex+f 

vhen a!=co 

17. If y=sin(7» cos“V®)> 

prove that Li ^— = ^ 

2^11 4n + 2 

18 Show that if m, n, q be positive integeis, the limiting value, 
when x=^y=:s=a of the fraction, 

_ g") + _ af ) + - 7/”) 

a:’'{^-s")+y'’(;^-a:’) +s''(V-f)’ 


[London.] 


[Oxford, 18S9 ] 


IS 




19 Find LI 


'-•G 


n(jp-s) 

I 2 3. « 


[Math TBn?os, 1882] 

a:(a: + l)Xa: + 2)'~(^:^]] [London, 1891 ] 

20 If « = ^(fl'„), whcic if„ IS a homogeneous function of 'c and y 
of the degiee, show that 

where the function Fs «/>~^(«) 





l^nSCELLANEOUS THEOREMS 


Piove 


B 

B 

B 


'*11 ’*’» '*3* 

, '*« 


Br; 



1 

'P,,. 

} •^11— 1 

B 

Br,.’ 

B** 

Bti’ 

A 

B 


'* ii-l ^ »iJ 

« • 

1 ^i»-2 

B 

B 

Ba; 

Z 

Brj’ 

B 

‘ ’ 'dt„_= 


Xni x^, a^. 

, 




AAA 

22 If c'‘ = . 


[Omoud, 1890 ] 




•*3» 

• } 

'*’nl 

'’n 

'*2* 

) 

a*«- 


'«1. 

9 

.n, 

•’’s* 


• i 


prove tliafc 

provided that i is not a multiple of « 

23. Prove that the maxima and minima values of the fraction 

ax- + htf^ + c + 2/tvy + 2qt + 2fy 
a'z- + b'y- + c' + 2h'xij + 2^'a + 2fy 

arc given by the loots of the equation 

a-a'u, h-h’ii, =0 

h - h'u, b - Vu, f -fu 

9 - 9\ f -/«» c - c'a [London ] 

24. Shoiv th.it if a tiianglc of minimum .area bo ciiciimscnbed 

.about an ellipse, the noi mals nt the points of contact meet in a point, 
and find the equation of its locus [London, 1891 ] 

25 If gr, y, c aic real quantities, the fraction p 

two critical values or none according as c is positive or negative, 
.and intcrpict the result georactncally [Oxford, 1890 ] 

2G Find the maximum aioa of a tiianglc which is such th.at the 
sum of the squares of the distances of the angular points from the 
centioid is constant [Oxford, 1890 ] 

27 From a point P on an ellipse PS, PH aie diawn to the foci 
and produced to meet the ellipse in Q and i? , PiY is the ordinate of 
P Show that when P moves up to one extiemity of the major 
axis, ultimately QR • PN = 4e : (1 - e-) [Math. Tripos, 1882 ] 
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28 A, B arc t'i\o given points and KL a gi\en straight line, find 

a point 0 such that if 00 be drawn perpendiculai to KL, the sum of 
OA, OB, 00 may be the least possible [Cent Exam ] 

29 Given the volume of a paraboloid of revolution bounded by a 

plane perpendicular to the avis, find the maiaraum sphere that can 
be inscribed in it [Coll Exam ] 

30 PF IS a double ordinate of an ellipse, and from F is diawn a 

perpendicular P'Q on the tangent at P. Find the positions of P foi 
which the square of the area PQF is a maiamum, and show that the 
value IS leally a mavimum {Oxford, 1SS9 ] 

31 With the foci of an elhpse as centres two fixed circles are 

desciibcd so as not to intersect the ellipse in real jioints , show that 
the point on the perimeter of the latter at which the two circles 
subtend equal angles is that for which the sum of the four tangents 
from it to the circles is a maximum [Oxford, 18S8 ] 

32 If the equations of two curves are ^ven in rectangular 

coordinates, show how to find the points on the first cuive the 
normals at which will touch the second, and ’determine how many 
such points there are. [Math Tripos, 1885] 

33 Prove that for any constant value of ji the family of curves 

cosh ^ cosec y~ii cot y = constant 
cut the family /-i coth 'c - cosech ^ cos y = constant 
at right angles [London, 1890.] 

34 In the curve ivhose equation is 

+ 2^"+'c+& 

the hjqierbolic asymptotes arc defined by the equations 


, 1 

t m, [Hind] 

35 The equation of a curve is 

y 2 (a ,2 _ _ 2ax{% + 2y){x - y) - a2(^ + y)2 + 2a* = 0 , 

show that the parabolic asymptote is 

(y-a)2=2n('c-«), 

and find on ivhich side of the asymptote 'i=y the coi responding 
blanch lies [Mato Tripos, 1882 ] 

36 If the equation of the curve be 



vheie the equation has two roots equal to /i, and /x is not a 

root of «^( 2 ) = 0, show that there are a doubly infinite number of 
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parabolas meeting the curve in three points at infinitj’-, and a singly 
infinite numbei meeting it in foui points at infinity, and satisfying 
the condition of indefinite appioach, and that the general equation 
of the latter is 

(v - + 4 ('/ - 

ivheie c IS a constant [M vtii Tiuros, 1891 ] 

37 Piove that ivhcn a curve is defined as the envelope of a line 
H+my=l moving subject to the condition ^(/, m) = 0 the line is an 
asymj)tote approached by the cuive at one end, but on both sides 
when the values of /, vi aic those given by the equations 


and 




[Math Tkipos, ISSS ] 


[Coll Exam 1876 ] 


38 Eoi any plane cuive piove that 

1 _ clH ^ ^ 

p® ds“ ds^ ds^ 

39 If the square of the ladius vector be a lational integral func- 

tion of the cuivature of odd degiee, then the perpendiculai on the 
tangent is one of even degree [Math TivU-os, 1882 ] 

40 Prove that if in the equation of any polar curve we put 

c”~b' = ?” and 0' = 7i0, 

the new curve vnll cut the radii vectorcs at the same angle «/> as the 
old curve, and that if p, p' be corresponding ladii of curvature 

—r — =(n— l)sin <p 

p p ^ ' [London, 1887 ] 

41 Show that the centie of cuivature at any point of an ellipse 
is the pole of the tangent at the point with respect to the confocal 
hyperbola ivhich passes through that point 

42 From E the centre of curvature at any point P of an ellipse, 
two other noimals, PQ, ER are drawn Prove that the locus of the 
point of intersection of QP -with the normal at P is an ellipse, and 
that the hne QE always touches the cun^c + (y/b)^ — 1 

[Math Teipos ] 

43 Show that as W'e pass along a curve the tangent turns round 
more quickly than the radius vector, when log p changes its value 
more rapidly than log i Prove that in all curves for which these 
lines turn round with equal speed the radius of curvature is projior- 
tional to either t or 7*® and hence show that these curves must be 
of one of the forms given by i =cc"® or 7 ®sin 26 = c 

[Math Tripos, 1888 ] 
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44 The envelope of a of eqmlateial hyperbolas is a Icmnis- 

cate if a vertex lie on the circle j =ccos B and the pole be the centre 

[CoLi Exam] 

45 Find the equation to the envelope of a circle which rolls on 

an ellipse , prove that the area between the two enveloping curves, 
formed by the circle rolling on the inside and outside of the ellipse 
respectively is tivice the rectangle formed by the perimeter of the 
ellipse and the diameter of the circle [Cor.L Exam ] 

46 A three-cusped hypocycloid moves mthout lotation in its 

on n plane and alivays passes through a fixed point Show that the 
tangent to the hypocycloid which is at right angles to the tangent 
at the fixed point envelopes anothei three-cusped hypocycloid, and 
deteimine its magnitude and position. [Math Tbipos, 1891 ] 

47 Piove that the envelope of the lateia lecta of all parabolas 
inscribed in the same triangle is a three-cusped hj^pocycloid 

[AIath Tbipos, 18S7 ] 

48 Show that the axes of the conic of closest contact at any 
point of the curve whose intrinsic equation is 

are equally incbned to the tangent and normal at the iioint. 

[Math Ti rpos, 1887 ] 

49 Show that the equation of the come of closest contact with 
the cun e y =/('c) at the point whose abscissa is (v, if) is 



2(XF-ry), 

F2- f, 

2(A-^), 

^y-y) 

'Cl 

V +'^h, 

yvv 

1, 

Vi 

1, 



0, 

Vi 

0, 

%2+^y3> 

^ViVs+yya^ 

0, 

Vs 

0, 



0, 

Vi 


50 Show that the locus of the centre of the conic of closest con- 


tact to the curve l/ = 3? 

= S'®', [Math Tbipos, 1891 ] 

51 Find the equation of the conic of closest contact at the point 
(^, ij) of the curve 

Show that the centre of aberrancy is aC the point 




and show that its locus is similar to the original ciuve 

52 If p and j be positive integers such that q is not greater than p, 
and f[z) any function of s which is continuous and finite, as also its 
diffeiential coefficients up to the inclusive, between the values z 
and ic-h/i of the variable show that the remainder after % terms of 
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U- 








h”f’'{(c+6h), 


e being a positive proper fraction 

Deduce the forms of Schlomilch and Roche, Lagrange and Cdiichy. 

[MeMOIKES DB l’AcADLMIB DE MoMPEELIfcB *] 
^ d" / !B \n+l 

53 Show that sin(?H-l )2 is the limiting value of 

when % IS zero 

54 Show that one of the roots of the equation 

i;3_252 + «_4j2=0 

may be expanded in the foini 


[OXFOBD, 1889 ] 


56= 6 8,„ 7 9 11 


l + 26{l-6 + ^-Vfe»4 


6 ^-...}. 

[OXFOKD, 1888 ] 


3> ^ 4' 

55 ProA'e that 

cos at; = 1 - a% sin Iv ~ — a?^cos 26.e+ "^^^, - ^\ i^sin Zbx 

a{a - 45)s 


41 


-'t’cos 4&i;- .. 


5C Tf 
then 
Avheie 


[Math Teifos, 1891 ] 
^^2ajf+2(j,-jP)|+,Py%=0. 


92 , 


gj;+2«tpg+2(a- r=)|+«Va=0. 


u=xu, v=- 

'' y. 


[Coui Exam ] 

57 If the CO ordinates a: and y be transformed orthogonally to r/ 
and Fbe any function of y, then ivill 

-dyi \^xdy) 9^ 9r/2 

58 A cuive PQ rolls on a straight lino Or,, and P is the point of 
contact If G bo the centre of curvature conesponding to P, and GT 
the tangent to the locus of G meet Ox in 1\ prove 

tanOPr=— , 

P 

where p = CP and is the corresponding radius of curvature of the 
ovolute of the rolhng curve 

*See Todliunter, Dtff Calc , p 404 
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Hence show that if for the rolling curve 

p=4>{s), 

then the locus of the centre of curvature of the point of contact ivill 

ho 2/ ='/>('*') 

59 If an equiangular spiral roll along a stiaight lino, show that 
the loci of the pole and of the centre of curvature of the point of 
contact are the same straight line 

60 If a catenary roll along a straight line its directrix always 
passes through a fixed point 

61 If any of the class of curves 

}™ = a“sm W 10 


roll along a straight line, the radius of curvature of the path of the 


pole 


m+1 

5 

m 


Examine the special pascs 

n^= - 2 , 1 1 , 2 . 

62 The curve ?’“ = ft’"sin rolls along a straight line Show 
that the intrinsic equation to the evolute of the locus of the jiolc is 


\ 


J sin^i' 


[Coll E\,vm ] 


63 If the curve r = &sin-0 roil upon an ellipse whoso axes are 


2«, 2b, and if the pole coincide oiiginally ivith the exticmity of the 
major axis, it will always lie on the major axis 

64 The equation of a curve is given in the form f(i^, » 2 ) = 0, 
where lengths of the normals OF, OQ drawn from any 

point 0 on the cuive to two fixed curves The perpendiculais 
diawn fiom the centres of curvature at the points P and Q of the 
fixed curves, at right angles to the normals at P and Q respectively, 
meet the normal at 0 in and Provo that the radius of 
curvature o- of the locus of 0 is given hy 


where a, arc the angles which the normal at 0 makes with OF, 
OQ lespectivcly and the differentiations on the left-hand side only 

[Maxit Tmros, 1838] 
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ANSWERS TO THE EXA^IPLES 


Page 37 


1 (i ) logsm r+^cota: (iv) -^-t==== 

X“ yjitr * A* 


a-- aE2 


(m)£^{l-g 


1+Eliir 

(a' ) O - COS V logeG 

(vi) c''“ ^-cot®(sin?t)"(10gsmw+«ocot«)). 

i^r W 

CHAPTER III 


Page 51 
8 6cos(fl+5r) 


15 , - T - =. 

J\ - V-’ 


2 — 


4 !-■ 


6 cosh r 


6 smhr 


9 i,j.^»-»cos(a+6x”) 10 

10 £2!^ 17 ^cosx* 

2^1 180 

18 log^+l. 


n cos 3 
2^/sm V 


cosjx 

A^fvmQx 


19 ^log(c3:*) 


13 20 cosc* 6'* logi-l — — 


7 (5i7-5a)/4cVr° 14 


A^+2y-2 

^ + 1P 

1 

24 i(o+a.) " 

n 


l+sm-*3: 


^/1 -*-* cos 

22 (i,+a)’"-\t + 6)"-^[(OT+n)r +»!&+««] 

25 27 taiilia. 


01 h>g^/cot V _ 2 tan~^g* ^ 
cosh X sm 23! 


26 28 sech23: 

2^cosh X 

^ 2coBec2y 

log cot X - (log cot vf 

32 L- 33 4 — 

l + 'l^ wfv^] 


^/2- 


■sm-'3: 1 + T- 

34 ^ -23,?— 23?t+ 1 g. sin"*~’Tcos‘'~M®icos*3!— «sm®3!). 


2A3(l + A?)(l+3:a) 
(sm~^r)’"~\cos~^3!)"~^^ ^ 


{m cos~^ x—n sm“^ r) 


37 cos(e*log 3 y]og{xJ)jl -(iogx)^- sin(e*log ^)^'i -(log :py 

38 ^ 40 x*-2a-x^+4a* 

(1-3:;^(1+3 !)t (i,'2-a2)ff(3:2_4a2)^ 

_ 3t+A'3 2+2.1-a^ 

(' + 2(1 - A )1(1 + r+x=)i 


log r* 


38 


(1 -30^(1 +3 !)t 

’(i+’¥ 


39 


41 
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42 

43 

44 

45 


2(1 

1 4- 


log(f) 


46 


ah 




©“("(‘O+i} 


^7 cos~^t - x<Jl — -tr 
(l-r=)§ 

^ a sm(a cosec~^v) 
xjv~l 
y.fb^ 




at 


a a--¥ar 


) 


49 - 


6 +acosa; 


51 c"* i « cos(6 tau~^x) - - , sm(6 1 an-H) ]-. 
( 1 + v- '} 


52 

53 

54. 

55 

5G 

57 

58 

59 

68 

69 

70 

71 

72 

73 


^ 0.^(2 + at log^q) 

1 4-a-“A'^ 

r log ,0 sm(log(,s/ a* 4 - ^~) 
(<7-4- r^)cos-(logas/«'4- 1“) 

2 

6 

l-p‘ 

1 

tlogA 

A log clog-ilog^T; log"~^a; 
1 

a+bcQ:>jt; 

1 1 


60 

61 


2 


^/r<14-4j,) 

ar-l 


74—4 

62 10* lO^o'OogelOls. 

63 «?* <4* 

64 e** r*(Jog7r4-l) 

65 74* e*-flog7 + ll 

(. A J 

66 V** ^•*|(logJ,)2+log 7 4-^j- 

l_o 

67 r*loff ex — c* log 1 


^,/l— 74 Zs/v—xP 

(sin - sin t log sin A ) - (cos 7 y>»'f Ti}^ - cos i log cos x 1 

'SIIIA ' ' \cos 7, ° / 

— (cot p)*®' 'cosetr 7; log e cot 7. — (coth a )“‘***cosecli-7 log c coth 7 
log(a*7 

L +« — p--"*- 

1 


. ( 2^24^ 

14-7’ 14-a=“tr-‘“* 






14-7'“ 

(sin?i4-cos’iiYl-sin!LVcos!?lYA 

' 7T A ^ V 7 1 /v~ 

2^/fl+co85Xl-su.E) 

a,/T^-2.,^7; 

4^/ 7v^ — 7 %,/ ^/a 4-COS"’ r(l 4- s' 7 -!-cos~’j ) 

2k2 
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l-i-Jr 


sin e*" 


U 27J(i +,/.)(! +V>J 


75 — ycot/^:(l+2cosec®^logcos t;) 7G — 

■n (i+l)‘{iog 

r-+f/-— gy 


IoKi,ot~% 


.^+1 1 ) 


'H+i-log4 


1 I 

f)CQt-^X) 


-Si, 


78 - 


85 


{x^+2/-)se(rj^~bx 

A 

79 cos ^ cos 2 r cos-^e”^'* 

80 

hx+bi/ 

81 

2a:W+6a?’7 

82 .yfai^ g+Iogamy 
log cos r- rcoty 

83 ^■(3 -1- 2 tan log a, 4- tan^log v) 


v-iy logi; 


86 l + ^log^;logy 

^ log -> 1 - ^ logy 

87. y{(«+^i-)y-^^‘} 

rCy-'trXa+fcT) 

88 - 

hx-\'by+f 

89 2 

T 

90 6r(l+yS)tani;3 
I+y'-logsetri;® 

91 

2.r2 


84. y(y-y) 

x{x-^y) 

(1 + a-cos*6xX 4 - a^ + a^"~'j ^«(2 r 4 - o)log cot ^ — cosec 4 - or 4 - o®)J 


92 


—ab Bin bx 

93 ^^^(a2cot|-62tanl) 94 a;«'“-^*(lo, 


95 i 


Ofi i Ji+x~+J\-'ir 


97 § 


ig i?4- s Z ^ — sm 
a? 

98 


i- 1 a) 


99. 1. 


100 o ?^(l4-^-)tall-^J;logtan-^^4-t? 

(1 4- 'c®)tau"H(*y'2' cos ,JI — 3 sin ^/v) 

110 ®:^rJ!l+J^-(52^4-4v'’’)sec-W^l 
42J4-T^L2i^7a-^s-l ' J 

121 A,=ni(/n— 1) (ni— r4-l) 

-IT g-Tip-l) 

(assuming ^y>l) 


CHAPTER rV 
Page 63 

2 |s^"(r4-^)-|sm(3r4-!J:) 

^ 4"cos(4r4-^) + 15 2"cos^2v+^')j. 

4 -lj5"cos(5. 4-!^) 4-3'>cos(3^4-?|•) -2cos(a;4-H) J 
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5 ^{8"cos(8r+^)-4 4«cos(4..+!^) | 

6 i|2"sm(zp+’-y^ +4"sm^4a;+^^ -6"sln^6^+^) J- 

7 2"-i |l+2^cos^2r+?jj| 

8 ^|^3(a-+6-)^sm^6?, + !i — (a-+96®)^sm^36A+?itan~^^^ J 

9 (34)%os^5i+?ztaii-i|y(18)-cos(3r+^j)-2(107cos(r+fttan-^i)J 

Page 64 


(-!)"«,»( a 

- ^ ] 

a— 6 ((-c— a)"-^* 


(-l)”raif 1 

3n+l 

7 i(r-3)"-^^ 

(3x-2)”*^ 

(-l)’'H'f 1 

- 1 1 


2/1 


4 ( r>"-^TT -I ^ 4 "1 

^ ' L2(;c- 1)"+'‘ (tr-1)"^- (iP-l)’’« (a-2)"+U 

Page 65 

1. Lr .. ^l j? . ' sm(n + 1)0 sm"'^^0, -where x=a cot 0. 

O/ “ 

2 — 6^ . ~ . 'Q -sm 710 siii”0, where v=acot9. 
a” 

3 (— l)"n'cos(»+l)0sin”-^^0/a"-*-\ wheie A=ocot0 

4 (»-!)' f (-ir-v . 1 ] 

2 1 (a+a;)" (a— a;)”] 

I, (— l)"n'rsm(5i+l)0sin"'^^0 sin(ji+l)^sin"+^^'] 

a^-6-!L h”^- J 

where r = 6 cot 0=a cot <j) 

7 2( — 1)’'~^(%— l)’sni;z0sm"0, wherea:=cot0 

8 (-l)"-X«-2)'sin"-^0cos 0cos7i0{?itan 0-tan?j0}, wheie a?=cot0 

9 (-!)"-’(»- I)'sm«0sm’'0cosec"a, where cot 0=i; cosec a -cot a. 

10 (-l)"ni|^_^,+sec"-^|siB(«+l)0sm"^»0j, 

where A=cos^0+^^cosec 0 

/_iy/ O \nJ-2 

11 n'{sin(?i+l)0sin"+J0-sin(«+l)^sm”-^^<j!.}, 

’\\here a,=-iLcosf 0-1)=— fLcosf A+r') 

61110 \ 6/ sin^ V 6/ 
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AXSW’ERS TO THE EXAMPLES 


12 ( - 1)"« ’|sin(n 4-1)0 - Eec”-=Lsin(;i + 1)<^» j-, 

Page 69 

1 7/„=a’’-=(j^{a=r2+2«flr+«(«-l)} 

2 y„=a"— 


■r«(” ~ l)sin I -h— ^ ---^l- 

.?* «N 


f ^ 2-n-2 n £-n— 3 ,, S'l 

•> «. — _L ^-- ~ j. ^3~ _ J-liiLl 

" Jn T j, 2' ‘ 3’ * il' J 

vrhere ;=rlogt<r and ?jr=}»(j» — 1) (n — r+1) 


Page 74 


1 


2 ^3=1 


3 if3=a-<f^(q‘> 4-3) 
13 2/„=a’'-^®.r^. 


|■Ifr<}^, yr=«(«“l) (7 >-j 4-1 )j""’' 

A -'Kl =il, 2/r=«' 

[if J >«, 

19 7, _ (-l)"n’ f b- ^ 

•'” (a-6) \(7-a)’‘"» (7;-5)"+U’ 

3^„=( — — n4j[^ j 1 1 1 

^ ' \ 2(r-l)’>+® ^(r-l)"-=^(r-l)’'"> (7-2)"-*/ 


20 

21 If 7/1 be e\ en 




■where 


{(r-<r)-"-*-(v-a)-"-*}4-22* rT' " 

* f •»*•— 2ffi cos 1“ 


) M-^' 

“T 

_ 


'1*7“ V '/»*-«• 

cot ^r-^cot - — =- cosec 

m a 771 


and if m be odd 

r=t!rJ cos(=i^4-n4-l^,) 
_a)-"-*J-22‘' ~ 


vn=K-^r^, 


^3p—2avcQS^~-i-a-'j -J 
22 y„=, i*^Iog 0-4-1 4-^-*-i-*- 4-i) 

37 (J:x)"sin^ r 4-7 j^^ 4-«(7> -iXiO^-'an^ 

+'-^ ~V,^^{~/X-'-3) (S^)--*sm(r=+ , 


and the came senes -with cosines vrntten for 


sines 
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CILVPTETI V. 

I’AOl PO 


— “ ' Sh’. 8 h’ 

« 

0 1-® -r r’ J ^ 

10 (<(> t 1 ui“*i -(<( 

q-jn q 

{h) Uin 

(rl eui"’j “ .-itnn ’r-ctc- 

~ 2c»\ ' 2 fin"' »— eta 

I’Ac.l 

" •) 

i lh< eonc^ in H 

'i Trt.l»l< tlu «•< no-* m H 

(» tin'*— , - - -“‘siir’j s^oto, 

V,/| 

Puir ion 

ji ‘ {I J' 'jt 

11 The loliuon lict\\<cn <hm' cmivomtue coollKicnl'i 

2(iH IK^i -IK 4 (J«-lK , 

n v-r+s+ri-iii'v-j 

* \ 2 i I'J 

:n ..«iO»-iX»«--X'«-3Xni- 1) . 

.JJ 1 ~ - J., - - — 


7 stc-* J _ s=o(r 

1 - 2 .)- 

8 ‘inili + 3Mnli‘’> = 

9 PAjire-^Mou- ^sm 'r=!c(c. 


C (1) 


7 - «1, - 


CHAFrEK vr 

Paoi 

13’1 

f/--_l+Ai 
(/< 1-J;' 

p, f/i _ 1 - 2r 
f/y ' 

^ ^ d. l+SiJ* 

d~ 1 -<-2.1 

<P _LV/’> 

. «’ , 2«" 


etc 
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2 (a) - 


AKS^^ ERS TO THE EXAMPLES 
Pagl 137 

a%+JiV (;3) (^) A+Jog™ V 


4^ — Da-r 


Itx +% 

„ V^log - (r+ vy^no£; (jx + ?/) 

' ^ i'*'log X + - (x +y)*'’'’'log ‘^(X' +y) 


log cos a. — root y 


(e) - 


^jz+y-i + ,/*log 1 + i-^^log r sin y - 

y 


“dV 

G . B<? By dv “dx 
c>u 'dv _d^ 5j> 

^ 

JO <^V_s nis c— /icos; 

5c cosy c-bsiwy 

18 


. Sc_ c’•^”-^ 

“ «ii^n-l 


14 \ 


■dx 


(^ r -^(0 

( l )'--(0 


(??/_ b 
rfr o 


ii-i 




«» , «> 
1“+^ 


c {a-xr+b'i/-)^ 


Ex 1 


CHAPTER VII 
Page 147 
Tanqents 


(1) A't + Jy=(r’ 

(2) r»/=2a(A'+r) 

(3) ti^+r=2 
x y 


(4) r-y=sinlil(A'-r) 

c 

(5) A'(2.iy+y2)+r(t?-+2iy)=3a“ 

(6) T — y =cot i’(A' - -> ) 


(7) A’(^--«y)+^(y--a^)=(f^y 

(8 ) A'{2 «<i"+2r) - ff-A}+ I’'{2y('r+yS)+a-y}=a-(ir-y=). 


Normals 

( 2 )-^ 

_+3^ Y_“ 

“ 8 ‘ 8 

Nnninlsaie 1’'= :j:^i!?A'+^CT 


0 ) i '- i ' 

■» y 


Tangents are r=±2iL2A’-- 
” 8 8 


.1'— ^ , T—X! 4. 
— I- i=0, etc 

y 


U) 


j /Pai-ilkl at points of intersettioii vitli ar+/iy=0 
IPoi peiifliciilar at points of nitci«,ection m itli /ix+iy =0 


ifi) 


Piinllflnt ^ pcipriiflic'iilirwlioie 1=0 
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( 7 ) 
•'» (a) 

W) 


fPai.allel at 

\peii)eiKliculai at(0, 0), (2a, 0) 
fTangenl 

a 0 

Noi rual, a i sec O-bi/ cosec 9=a- — b‘ 
f Tangent, i sin ^- ?/ cos ^=<t0 sm | 

Noi mal, t cos ^ +y sin ^ = o <? cob | + 2« sm ^ 




(7)- 


Tangent, i sm V + Z?)3m 

Noiuial, 1 cos ^,^^0+ y sm - /?)eos ^^^0 


2B 

fFoi an ellipse, r^=«-cos'0+6-3in-0 

\Foi a lectangnlar hypeibola, r^=a-cos 20 

7 i-T=— .~T7 i*«i must be confocal 

a b a b 

9 The axes aie tangents at the oiigin Also at the point (2-0, 2’*a) 
the tangents to the pambolas inabe angles tan”’2l, tan"’2~5 ie< 
spectivelj vith the tangent to the Folium 


(a) ai-±by 

1 -7=£^ 

JaP+jf 


Pagf 149 
(ft) 1 =0 andy=0 
Pagi. 152 
8 Aiea=\^a^'>y 

Page 177 


(y) a%=±yjb^-a^ 
9 71 = - 2 , 71.= 1 


E\ 18 p2=9a2(j2-«2)/(72+16a2) 


1 ^+y=f 

2 v+y=0 

3 r+y=0 

4 y=0 


CHAPTER VIII 
Page 191. 

C 1 =2cf 


11 .r=o, y=a, a—y 

12 ^ = ±a 

13 •p=0 

14 ^ —a 

15 ^=±l, y—\ 

IG ^=0, 20 a- 22^=0, ^+2y=±2 

17 ^+2y=0, ^+7/=l, ^-7/=-l 21 7+y=±2^/2, 7+2^+2=0 

18 a=0, ^-y=0, t-7/+l=0 22 y^Z%-~2a, 7+3y=±a 

19 y=0, 1=?/, %-y±\ 


A = 0 


7 r’+y+a=0 

8 r=0, y=0, ^+y=0 

9 3r=0 
10 7 = Xa 
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Al^SWERS TO THE EXAMPLES, 
Page 192 

» ' r » 


1 a-' b- 

6 hvy{x--y-)==a{a‘-h'^{'i^-\-y‘-dPf 

Page 198 

1 ^ = ±a, y—v Abo^e 


h/=v+a, 
2 In the fii 
[ th 


y= — i—a, %=a 
fiist qiindmiifc above the fiist In the foiii fcb quad J ant below 
the bccond 


Page 20> 

1 0=0 2 1 sm 0=cf 

3 nrsni^d -—^=o sec Z tt, -wheie 7 i<? anj integer 

4 rain0=G 5 rcos0=2o 

7 1 sni ^ 0 - M hci e 7 . 11 an) iiitegei 

8 nO=kTr, whole I is aiij integer 

Page 206 

1 (0 (k) '«=y> r+y=.0 

4 x=±a, ^-y+a=0, ^-y=|, ^+y+|=0 


6 0=|, » sill 0=1 


G v±y^=±-} 
13 a:+y+a=0 


5 x=2y-14a, T=3y+13flr, x-y=a, %-y=2a 

8 1 Bill 0=0, rcos 0= -2a/(2n + l)«- 

Sn+l^ / 

9 j Bill 0=0, jcos0=2oe - /(2«+l)a- 

18 (i ) 3 /= 0 , v-y-a=0, r+y+a=0 

(..) (.±.+|)=="^4 

19 (a,2-2^2)2=A^ or j^=o3-£2^ 22. (^’2-7y=)®-4«=+«=0 

20 22^*(a!2-3^2)=3a®a? 23 % = ±a, y=h, y==c 

21 (r-y)2(a;+y-l)*-(a;+y7=0 28 2)r-9c=0, y+2r+ 

30 Linear asjmptoteiy=t + l, y =^-2 

' Parabolic asymptotes 0/ - ^ ^ + 2.t + ^ = 0 


8 Concave' 


CHAPTER IX. 

Page 219 

12 ^=7 and r=l 


tsin 


AK;?\\ 1:KS to TllK i:XAMPLK^ 


.■>23 


r\oK S31 

0 A » nn;’o iYiin]>li«nl ni‘*p 

S \ »l ( 1 . ])no'‘lnin‘. of fan*'* nl*> 7 = ± r 

to) Mjiolo kcnlonKsiap lit ( 1 , - 1 ). 

(/i) '1 wo * niglo Kontoiil rnsp- at *)i ( — ][, - \)> 

(r^ A frintrK' K<'j itonl tii< 5 p at ( — 0 , «) 

10 TJrti* !•« a tijpk jHiint it wliuh llie t inijeiiU aic paralld (o (he hno^ 

1 / 0, m-±i^/2 


P\i.r, 217 


I (u) '/ 0 (/>*) «i - hi/ (y) ,7 -±i. (S) >-0, }/-0 

(> ' -f/ ami i "i’o f) (y - ±>'in V*! 

30 'Jhuo iK a '•inj'Ii* kii itonl < u'tp ami al •> a lliiwl hi-amh Inimo an 

uifliMou al (ho otmm, the litm tmuhmu the (/*a\js The shape 
of (he c.M le i. -1 nihh « the h (toi U 

31 The onjiiii a tuple point, one Innmh tonehini' the »-a\is and (ho 

othi i'- He hm (1 to i( at anjrli'> who>e tanm n(s aio ± . I‘! 

V '' 

32 Thi form of (ht emve i-i (hit of (he “St ifioidshiie Knot ' 

'Ihe nmlt'. lit MtnituI at («, 0) (- 0 , 0), (0, -a) and the xaluei of 

'J'' lu uvputivoh ±sf\, ±^'\, is'-i 


33 


37 


3a 


'At fti, <A, (aui,V = i 7 o 7 

^ .Ifi At » ~ 2, V - 2 V e ha\ 0 , ' -■= + 1 2J2 
. Al (o, 0), t'lnv''* ±V*, " 

\* (2-/.0;, tan ±-“ f') 

Two keratoirl eimpN at (0, +1) , (wo iiodc'i al (±s^2. ( 1 ) 
rom I onjnoate points at (±sf'j, ±\/’) 

'I hn e noth s at fo, 0) ami (1, +1) 


(.'irAPPER \ 

l*A«i 2G0 

1 p ~>t , p~a cos 1 /^ , p ~ 3ff Bfe^y/- Mil y^r ; p — a PCC 

2 p-=:2(ff-l-r)*,V. ; p^f-}c t p~{(t%\\\iO-\-h^o<^W)llah 

PAor 2(57 

1 p~2r'-lH. , p— 0/2 , p--«’"/(ni + l)>™-* 

2 p=(/(t?^+ !):/(/' 

Paoi 284 

1 Infinite 2 p=- _3ff^/2/2 01 

5 If .y-aoO, pa -f/(l +am-0)‘'/cos 0 ; 7/« = 1 - 2 00 s t?+2 see 0 

yla ~0~ (an 0 “tint? sin-’d 
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22 Tlie ladii of ciuvtature are icspeeti\ ely 

«(cosh (i — cos a) ^siu a (2 cosh fi - cos aXcosli /9+ cos a)^ 
and a(cosh /3 — cos a)?/ainh ^(cosh ^ - 2 cos a)(cosh ^ + cos tt)i 
24 eSf‘^ = l+A,® 


2 25 G»/+ 2 rv *=0 
s'* , 6 ^ c* 


3 i.t , V o 

- -1 5 = . 

y 


u- 


4 

-V 27 
f(l) 4r®+27ay2=0 
\.(2) y-—Ah{a+h—x) 


CHAPTER XI 
Page 29G 

C y®+4a(^ -2«)=0 

7 l\v 0 straight lines 

8 A paiabola touching the axes. 

9 Ahypeibola 
Page 302 


/■(I) 
( 2 ) 
(3) 


2 


w«+n 

(«i 


f(i) 

( 2 ) :rf+y 2 =Z-? 

-‘fL 5 »> gw 

( 3 ) i«‘+ 2 +j,«»+J==i*n+J. 

(4) 


( 1 ) 

Til Til Til 

( 2 ) A^:^+y-»*+l=:j{-m+I 

(3) 

Page 308 

1 27ay-'=4(‘r— 2a)® 6 r®=a®cos®0+6®sm®0 

3 ^J+y7=£^J 12 

10 + IGa)® +4 {6/ - (2a-a)2} {f- - 3a(2o - ^)} =0 

37 A imiabola with the given point foi focus 
39 j)*’‘*'*X^'*'* 40 A conic 

CHAPTER XIV 
Page 37G 


1 

logifl 

5 

4 

9 b 

13 1 

17 

U 

21 

00 . 

2 

s 

6 

C 

4 

10 5 

14 1 

18 

A 

^ 1 

22 

1 

3 

m 

n 

7 

2 

11 3 

IB * 

19 

X 

2 

23 

c-i 

4 

1 

n 

8 

1 

12 i 

IG 

20 

1 

24 

0 


V 


2G 


26 c~® 
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6 -1 


7 m~- 


Pagb 384 

10 1 17 -1 

Jg Q 

« 19 ft, 0 

, n<m, 0 20 A 


13 cf 

14 c2 


21 -a 


26 * 

2,-1 

28 

29 0 

30 

31 1 

33 i(l±7^ 


15 e- 


24 


34 0 oi 00 


16 crirtjcrs a„ 25 1 


36 0 01 ±1 39 iV ^ 

45 1, h’^~\b cos b% — sni bx)coi>-bi 

46-3 47 4i 


35 ±--~ 

a** 

41 e~'^- 


CHAPTER XV 
P^iot 390 

9 The height is thiee times the semi-axis to which the base is peipen- 

(liciilai 

o 

12 14 The ceiitioid of the tiiaiigle 
J2ab 

20 If a and 6 aie the sides the maximum aiea =i(a+b)” 

■A maximum iilieii the choids coincide with the tiansverse axis and 
latus rcctuni 

0*1 m 

I A imniranm "ftheii the choids are eqnallj inclined to the tiansverse 
axis 

Page 396 

6 Maximum value =34, niiiiimuin=33 

8 iv=-% —1, 1, 2 give maxima and minima alteniately 

9 Ata;=l y=maximuiu, 

^ = 3 i /= inininuim 

At r=2 and 'c=4 theie aie points of coiiti-aiy flexuie 

10 AtA’=2 3 /=inininium 
At ^ i y =inaximum 

19 Half the tiiangle formed by the choid and the tangents at its extiem- 
ities, 01 thice-fouiths of the aiea of the segment 

Page 405 

13 Its height =i of the ladius. 
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ANSWERS TO THE EXAMPLES. 
Page 41.3 


2 It cannot lie between ±2^J(ib 

4 %= — l gives a iiia\iniiim, ^=l gives a niiiiiiniim 

5 ^=2 gives a in.axjniiini, r=‘5 a miiiimnin 


6 Miiiimuin oiclinate at ^=3^ -A. point of inflexion at (— &, 0) 


{ At r=a, y=c 

At a being supposed giealei than b 

11 («+&)® 22 npaits Contmiied piodiict=c" 

1 


20 -Hi 

p ■ - 

24 I 


23 


p+q’ p+q ^'~UP 

A niaMinnm ■when the segment is a sciniciicle 
A ininmiuni when the i.ulnis is infinite 

25 The distances of the pouit fioni the cxticiiiitics of the line aie 

2a>i 2aro 

2C The point dnidcs the lino of ceiitics 111 the i.atio rj5 rf^, >i and Jj 
being the indii 

27 AO AD=\ ^/2. 

28 If A be the smallest angle and h, c the adjacent sides, the distance of 

e.ich end of the fence fiom A=iyJ^, and the length of the fence 

32 knots an lioui 40 

n 


a+2h 


a>b, iiiaxiniiim if a = 

o 

a< b, ni.axiniiini if a=a 
La = b, gives a point of inflexion. 

rif cosabe >e, Gieatest=f®ILi£2i-“ Least 

(l-ccosa)2’ (1+ecoso)- 

43 If cos a be < c, the aboi e a alnes ai e both ininiina, and thei e are two 

Pcot a 


I 


maxima each equal to ' 


44 Tlie tangent at F must be paiallcl to tSQ 

45 


fif A< 2a, P IS at the a ei tex 
If A 


1 


>2a, the .ibscissa of P is A— 2a, and the peipeiidiciilai is theie- 
foie the noimal at P 

46 Maximum area=4?2sin a cos''a, a\heie « is the ladins of the ciicle and 
2a the gia en angle 

rrj 

49 sin A0Q=~^—, (/being the centie 
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CTLVrTER X^^ 
Pagi 129 


1 (a) ^faMinum when x=^, y=i 
(ft) jMiiuui.i vhon i — ±^/2, »/=q:^/2 

(y) M.iMin.i ■when i— || amlwlu'n >— ^ 

“)■> “ a 

a a 

y= 5 y--r, 

wy 


lunnnn 


vlien t= ^ .ami when 
” .* 

2 /=-" 

— y 


»= s 


(o) ^raMiiinin a'ahie=IOi'0'77' 


(f) Aina\iimim when j=j/=^. 

(D •* =V~0 ‘"i nm\nnum 

iv) ’ =.»/=« give*’ .a nUMiuum oi minimum .iccouhng as a is iieg.iti\e 
oi positne 

2 Minimum v.aluo=;) 7 (a 24 .ft.’+t,-) 

3 Maximum i<ih»*=>«'"7<’'^j<V+"+''(»i+«+jrj)"*+’'+'^ 

4 j\raMmum %ahie=i 

5 A maMiuiim w hen tan J/M=tan Bhi = tan Clp 


G A maMiuum aalue giNcn b\ 

1 

0, 

‘a 

b, 

2h 

1 


0, 


2ii 

71 


b, 


0, 

2it 

n 


1, 

1, 

1, 

71 


assuming that a, b, caro such fh.it a tiianglo conhl bo constructed 
with tlicse side*. 

7 Tlie icsults are the loots of the qnadiatic 

l-ay(l - a^i/)+m-b*J(J - V^u) + «=eV(l - c^it) =0 

8 Volume =8aic/3^/3 

0 {log(il«&e)}'’/log«^ log 6* logc^ 

10 If a’ be the given \oliime the parallelopiped is a cube of suiface Ga®. 

11 Tlieiootof «, 1, 1 =0 

1 , 2 fr, Xo«' 

1 , X«a', X «'2 

12 The solutions aie lespectivelj the loots of 
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( 2 ) 


a — , 


ff 


K l-i, / 




/, c-i- 

M 


=0 




( 4 ) 


rt— - 


h 




7, 


6--, /; 

« 


m 




c—-, n 


=0 


••7' - 

I, VI, n, 0 

13 The ^€ 1 lllcs of t , ;/, s aic gn eii bj 

a-P-t 

Ijpa mjqb vie 

14 a, y, s, h aic to be lu geometrical progroision and the ina\iinnm 

laliie IS 

15 w=^7(«'‘+6-+<r“+ ) 

17 Tlic centioid 

18 It IS such that each side subtends an angle of 120* theie 

19 The faces should be equally inclined to the base 

/ A„) u hen T'is the ^ olumc and Ai, Aj A„ tlio 7i faces 


i^J/o 


22 They arc the loots of 


^(1 +i»=+?=) --{(1 + ?> - 3pqs+(l +p^-)i}+rl~s^=0 


1 2iyi=y 

2 'f{y{-+yuii=yui 


CHAPTER XVIL 
Page 436 


3 


dh 


dff^ 


ytau 0= 


dr 

dO 


4 373=0 


5 y „— n - i / s =0 
*G 370 + 71 - 37=0 


1 737i=«=+237 

1 yi+nhi=0 

2 y2-2w37i + 7iV=0 

3 ^•372+2371— A^=0 


Page 437 

2 . {l + -d^)yi=ay 3 ar 37 s+a 3 ri+ 7/=0 

Page 444 

4 7/3— 2 yi + 2 y =0 
3 ^--4371+ 1337=0 
6 yi~3myi+{in--{-n-)y=Q 
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7 (^3 +.;/!= - f/iX2^r - 1) = 

9 ^■^/ l + r ! J ■^■] ry =0 

10 yj+yi'+i=o 

11 ,■?/>+ «‘^= cos «Jt 

19 37 


12 yj+iry=27z.cos«a; 

13 ys+py^+qyi+^iy—o 

16 ya-yi-yi+y=o 

17 yi+2n-y^+nhj=Q 

18 { a + h %^ y 2 -^ h { a -¥ hv ) yi -] rn ^ li=Q 
{v^) -yH)z+iz~px-qy'%px-qy)=0 


CHAPTER XVIII 
Page 459 


15 


1/ 2t \ 1 / 2i y 1 .3 z' 2.1 V 

2\l + r‘-y'^2 4\1 + Try "^2 4 0Vl + »V 


2 iM + ir; 
•v\ Inch IS tnie bet^\ ceu 1 and — 1 


+ 


If A > 1 the senes stands foi - 

X 


16 c"’ = 1 + a (rc»0 + a{a - +a(a- 36)-^^ + 

Ji* O I 


CHAPTER XIX 
Page 471 


1 0+«V=o 

4 




11 2M»3+4ir«f^')“^-t;6^V 

\du/ du^xduj 

20 ^j^+cot^+«(«+l)P=0 

6 g+3,=0 


8 tan</)=- 


->'+y 


dy 

dv 


27 g+,-0. 

,, ?r-r 

35 ajan+bj),=0 
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